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CIIEHINAJIBHBIE OJHOPOJHBIE KOHYCBHI BUHBEPT A
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AnHoTALUA. B pabore uznaraiorcsa 6asucubie dhakTbl Teopun Bunbepra oqHOPOIHBIX BBITYKJIbIX KO-
HYCOB, TIPEXKJI€ BCETO CIENUAJbHBIX KOHYCOB Buubepra, accormmmupoBaHHbIX ¢ KIU(DDOPIOBEIMA MOITY-
JISIMU, U UX 0000IIeHn0. KpaTko paccMOTpeHbl PUJIOKEHUsI TEOPUU KOHYCOB K JauddepeHnaabHOl
reomerpun, dbusmnke (BKIIOUAs CyErPABUTAIIUIO ), THMOPMAIMOHHON r€OMETPHH, BBITYKJIOMY IIPOTDaM-
MHUPOBAHUIO U JIUMDDEPEHITNATHHBIM YPABHEHISIM.

Karouesnvle ca086a: BBINYKIIBI KOHYC, KOHyC Buabepra, KauddopmaoB Moyiib, auddepeHIuaabHOoi
reoMeTpus.

SPECIAL UNIFORM VINBERG CONES AND THEIR APPLICATIONS

© 2022 D. V. ALEKSEEVSKII

ABSTRACT. In this paper, we present basic facts of Vinberg’s theory of homogeneous convex cones,
primarily the special Vinberg cones associated with Clifford modules, and their generalization.
Applications of the cone theory to differential geometry, physics (including supergravity), information
geometry, convex programming, and differential equations are briefly discussed.

Keywords and phrases: convex cone, Vinberg cone, Clifford module, differential geometry.

AMS Subject Classification: 13Jxx

1. Beemenue. Bonyxaivim KoHYCOM Ha3BIBAETCS BBIMYKJasi 06JaCTh V) BEKTOPHOIO MPOCTPAHCTBA
V = R", unpapuantHast oTHocuTesnbHo pactsaxkennit (RTY = V). Konyc nasbiBaercs 00mopodnmiM,
€CJIU TPYIIa aBTOMOP(MOU3MOB

Aut(V) = {A € GL(V), AV =V}

JeficrByer Ha HeM TpansuTusHO. Torga V = Aut(V')/K u cymecrByer pocTo TpaH3UTUBHAS TPEYTOJIb-
Hag noarpynmna G C Aut(V). 9. B. Bunbepr passui auddepeHnuaibHy0 reOMEeTPHIO BBITYKJIOIO
KOHYyCa, B YACTHOCTHU, OMPEJE/N/I BBIITYKJIYI BMECTe C JIorapudMOM XapaKTepUCTHIECKYIO (DYHKITUIO
Bunbepra ¢, koTopast XapakKTepu3yeT KOHYC U UT'PAET UCKJIOUNTEBHO BaXKHYIO POJIb B IIPUJIO2KEHUSX.
Hocratouno ckazarhb, uto B VHTEpHETE coBocoueranne «Vinberg characteristic functions ymomwuna-
ercs 680000 pa3. B BBIIyK/IIOM TpOrpaMMUPOBAHUN XapaKTepuCTUIecKasi (PYHKIIUsT UCIIOJIb3YeTCsT KaK
6apweprast dyukius (A. C. Hemuposckuit, FO. E. Hecrepon). 'eccnan xapakrepucrudeckoil dbyHK-
u sSIBJIsieTCst (Kanonuseckoll) PUMAHOBOI METPHUKOI M TaKMM 0OpPa30M KOHYC SIBJISIETCSI PUMAHOBBIM
MHOI000Opa3ueM.

leomerpusi KOHYCA JIOIyCKAET UHTEPIIPETAIMIO B PAMKaX UHPOPMAUUoHHOT eeomempu, denuoea—
AMmapu Kak TeOMETPUU OIHOIO U3 CAMBIX BAaXKHBIX KJIACCOB CTATHCTUYECKUX MHOTOOOpa3uil — KCIIO-
HEHIIWAJILHBIX ceMmeiicTB. IIpn sTOM KanoHm4eckast MeTpuka ecThb MeTpuka Purmepa—Pao sxkcnoneHu-
aJIbHOTO ceMelcTBa.

ISSN 2782-4438 (© BUHUTU PAH, 2022



4 JI. B. AJIEKCEEBCKUN

Ornucanre MIMPOKOrO KJIACCA BBIIYKJIBIX KOHYCOB MMeeT OOJIBIION MHTepecC JJIsi IpujoKeHuit. B Ha-
qajie 1960-x rr. Bunbepr siBHO ommcasr Bce OJHOPOIHBIE CAMOCOIPSI?KEHHBIE HEPA3I0KUMbBIE BBIILYKJIbIE
KOHYCBI KaK KOHYCBI IOJIOXKUTEJIFHO OIPEEJIEHHBIX 3PMHUTOBBIX MATPHUI] B IIPOCTPAHCTBE SPMUTOBBIX
marpur, Herm, (K) nas anrebpoii ¢ genennem K = R, C, H, O.

O060611asT 9TOT Pe3yJIbLTAT, OH OIPeJIe/nI MoHATHE MaTpudHoil T-aareOpnol 2 Kak HeaccoOMaTUBHON
ajredpbl MaTpuir X = HxZ]H [OPSIJIKA 7, C BENIECTBEHHBIMU JIMArOHAJIBHBIME 3JIeMeHTaMu Tj; € R,
1 HeJMaroHAJBHBIMI 3JIeMEeHTaMI Z;; € V;j, KOTOpBIle IPUHAIEXKAT PA3JINIHBIM €BKJIIJIOBBIM IIPO-
crpancrsaMm V;j, mpuuem Vj; = sz st ompejiesieHnsT MaTPUIHOTO YMHOXKEHHUsI TpedyeTcs: 3a/aTh
OUJTMHEIHBIE 0TOOPaYKEHUS

Bijk: Vi X Vi = Vi, (@45, 1) — 245 - T,
VIOBJIETBOPSIIONINE Psily akcuoMm. Bakmeiireit akcuoMoit sipjisiercss TpeboBanue, YTo0b! 1pn ¢ < j < k
orobpazkenue [3;;i, OBLIO H30METPHICCKHM.

Bununeiinoe orobpazkenust 5: V XU — W eBKINIOBLIX IPOCTPAHCTB HAZLIBACTCS U3OMEMPUUECKUM,
eci

lu-v| = |ullv|, Vu e U, veV.
Taxkue oTobOparkeHUsT U3BECTHBI TOJIBKO B JIBYX CJIYUASX:

(i) ecsiim dimU = dimV = dim W (ouens cneyuaavroe usomempuyeckoe omobpasicenue) u
(i) ecom dimU = dim W (cneyuaavroe uzomempuseckoe omobpagtcenue).

Ouenb creruaibHOe 0ToOpazkeHue onpejesier (ecau oroxkjaecrsurb U, W ¢ V) B npocrpancTse
V' crpykrypy eBKJmI0Boi asrebpbl ['ypsuiia, koropas o treopeme 'ypsura (A. Hurwitz, 1898) uzo-
vopdua R, C, H nm O.

CrenpmajbHoe n3oMmerpudeckoe orobpaxkenue V x U — W onpenensier B Zo-TpajlydPOBAHHOM IIPO-
crparcTBe S = Sy + 51 = U + W crpykrypy Zso IpajlyHpOBaHHOTO MOJYJIsSI HaJ Zo IPaJlyuPOBAHHOI
anre6poit Kinddopmaa CI(V) = C1°(V) 4+ C1H (V) u o6parno m1060it Zg rpasynposanmbii Kiubdopaos
Moysb S = S+ S7 BMecTe ¢ JIOIyCTUMON eBKJINJIOBOI MeTpukoii gs = (-, ), Takoii, uro (Sg, S1) = 0,
9s(tys,s) = 0 (vae puy: s — v - s — ki dOPIOBO yMHOKEHNE) 3a/a€T CHEUATbHOe U30METPUIECKOe
0TOOparkeHue.

pajgyuposannblie Moiynu kKiauddopaa S = Sp + S1 Hag moboit kaudopaosoii anrebpoii C1(RP:?)
kiaccudbunuposanubl M. F. Atiyah, R. Bott, A. Shapiro (1966), a jonycrumble IICEBIOPHUMAHOBBI
MeTpUKN — B coBMecTHOI pabote ¢ V.Cortés (1997).

Asnas knaccudukanusa T-aaredbp Bunbepra m ogHOPOIHBIX BBIMYKJ/IBIX KOHYCOB H3BECTHA TOJIHLKO
B JIBYX CJIydasix: KOIJa KOHYC CaMOCOmpsizkeH u korja T-anarebpa ecth crenuaibHas T-aarebpa Bun-
Oepra panra 3, acCOIMUPOBAHHAS C METPUIECKUM KIU(PDOPIOBBIM MOJLYIEM.

OkasbIBaeTCsl, 9TO MOC/IE/[HsIsl KOHCTPYKIs 0bobiaercss Ha uHuaedUHUTHIA ciaydaii 5], xorga gg
€CTh IICEBJIOEBKJINOBA JOIMYCTUMAs METPHUKA B I'PAJIyUPOBAHHOM KuMdOpmoBoM mojyiie S = Sy +
S1 maj npousBosibHOi anrebpoii Kimuddopma Cl(RPY). Mbl n3/10:KuM 3Ty KOHCTPYKIMIO U KPATKO
pPaccMOTpUM IPUMEHEHHsT OJHOPOJIHBIX KOHYCOB K CyII€prpaBHTAIINN, WH(MOPMAIMOHHONW IeOMETPUM
1 JIPYTUX JACIUATLIMHAX.

2. Bazsosble (pakTbl TEOPUM BBIIMYKJbIX KOHYCOB. 1101 6bnyKkavim xonycom Mbl OyJeM IIOHH-
MaTh OTKPLITBIHA BBIIYKJLIA KOHYC ) BEKTOPHOIO IpocTpanTcea V ~ R™, e comepKaiiuil IpsaMbIX.

[Tpsimoe npomssegenue V = Vi X Vo C V; X Vo aByx BbIIyKJIBIX KoHycoB Vi C Vi, Vo C V5 ecrb
BBIIIYKJILIA KOHYC.

Onpenesenne 1. Boimykiblii KOHYC HA3BIBAETCS HEIPUBOIUMBIM, €CJIU OH HE Pa3JiaraeTcs B IIPO-
U3BEJICHUE BYX BBIIYKJIBIX KOHYCOB.

ITycrs V C V — Bomykistii kounyc u Aut(V) C GL(V) — ero rpynna aBroMopgdu3MoB.

Omnpenenenue 2.
1. CoupsizkeHHBIH KoHyC V* B CONPSI2KEHHOM IIPOCTPAHCTBE V'™ olpenesseTcs KaK BBILYKJIbIA KOHYC
Vi={2' e V* 2'(y) >0Vy eV}

JIMHEHHBIX (DOPM, MTOJIOKUTETBHBIX Ha V.
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. Konyc HazbiBaeTcst caMOCOIPSIZKEHHBIM, €CJIU IIPU OTOXKIecTBIeHun V ¢ V'* ¢ MOMOIIBIO HEKOTOPOIi

eBKJINI0BOI MeTpuku V = V*.

. Xapakrepucruieckasi MYHKIU (p BBITYKJIONO KOHYCa 3a/1aeTcsd (popMyJIoit

o(x) = /e_(x/’z)dﬁ', xeV, 2ieVr,
V*
e da’ — dopma obbema npocrpancTsa V* = R™.
Teccuan g = 0% log ¢ onpejieNisieT KAHOHMYECKYIO PUMAHOBY METPHKY B KOHyce, HHBAPHAHTHYIO
oraocuresbao rpynnsl Aut(V) C GL(V) aBromopdusmos.

. Tloepxuoctb ypoBust S := {x € V, ¢(x) = 1} Ha3bIBaeTCsi XapaKTEPUCTUYECKOl (UM JeTepMu-

HAHTHOM) TUIIEPIIOBEPXHOCTHIO.
Konyc V HazbiBaeTcst 0JJHOPOAHBIM, eciu rpynna Aut()) meficTByer Ha HEM TPAH3UTHBHO.

B srom ciaydae xapakTepucTUUeCKUe THIEPIOBEPXHOCTH Sy = 15, > 0 ABJIAOTCS OpOUTAME YHU-
MOJLyJIsIpHO#i (HOpMasbHO#) moarpytsl Aut(V), rpynnst Aut()).

IIpennoxenne 1 (9. B. Bunbepr).

1.

D.

Xapaxmepucmuueckan GYHKUUA © €Cmod 2AaG0KAA NOAOAHCUMEADHAA GYHKUUA 6 KoHyce V), neoepa-
HUYEHHO BO3PACTNANOWGA NPU NPUDAUNCERUL K 2PAHULE.

Qynryuu @ u ln @ A8AA10MCA BHBINYKADIMU.

Qynryus In @ asasemes Aut(V)-unsapuanmom, a @ — OMHOCUMENLHBLM UHBADUAHITOM:

o(Az) = ﬁgp(m), AcG).

B wacmmuocmu, p(Ax) = A""p(z), A > 0.
ITycmov © = rxg, ©g € S. Toeda eunepnoseprrocmv S, = rS = {p(x) = r~"} codeporcum x
U UMEEM KACAMEABHOE NPOCTNPAHCINEO

T,S, = Hg* = {y ev, (x*¢y) = ’I’L}
B wacmmnocmu, x* € V* u (z*,x) = n. Boaee moeo, xosexmop
¥ = /e(z/’x)x'dwl// @) dy! = / w'dw'/ / dz’
v+ V* VI V*AIlz
ABAAECMCA UEHMPOM MAHCECTNU CEHEHUS CONPANCERH020 KoHYyca V* 2unepniockocmuvio
7 ={2" e V*, (x,2") =n}.

Omobpasicenue x — x* ecmnv dugpdeomopdusm xonyca V na xonyc V*.

Kazkiast Touka o’ CONpPsIKeHHOI0 KOHyca OIpeJie/isieT IJIOTHOCTh BePOSTHOCTHON Mephl

e(f:r’,m)

Per(T) = W

Takum 06pa30M, COHpH}KEHHbIﬁ KOHYC OTO2K/ICCTBJIAETCA C ceMeiicTBOM BEPOATHOCTHBIX MEDP B V.

ITpengioxkenue 2 (9. B. Bunbepr). Ecau svnykavd konyc YV 00nopoden, mo conparcennvill KoHyc
V* mootce 00Hopoder, U cnpasedaussl CACOYULUE YMEEPHCOEHUA:

1.
2.

Omobpasicerue x: V — V* unsomomusno: (z*)* =z u p(x) - ¢(x*) = const.

Ilyemo
Tmin = TTo = / e(m/"’”)a:dx/// e(‘”l’m)da:, 9 €S

vNIl VNIl
ECMb YEHMP MmAadcecmu cevenus xKonyca V nexomopoti 2unepnaockocmoio I1. Tozda eunepnaoc-
xocmsb Il wacaemesa moseprrocmu ypoens @ = const 6 uewmpe MANCECMU Ty, 2UNEPNAOCKO20
cevenus ITNY u Ty, ecmo (edunemeennan) mouwka munumyma dynruuu @ 6 ILNYV. Hhave
2060DA,
M=71,_(S) =1 Tmin = 'Ly, xo € S.

min
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3. Kiuuddopaossr anrebpsbr u kiinddopa0Bbl MOIYJIN.

Ounpenenenne 3. Anrebpy Kimddopna ncesmoeskimuoa npocrpancts (V. = RPY (- .)) Mox-
HO Ompeje/nTh Kak accormarusHyio anrebpy Cl(V) ¢ exununeit, mopoxaeHHY0 OpOCTPaHCTBOM V/
U COOTHOIIEHUsIME U - U + v - u = —2(u,v)1. Bekroproe npocrpancrso Cl(V') ecrecrBennbiM 06pazom
OTOXKJIeCTBIIsieTcs ¢ BHenHeli anrebpoii A(V).

Basuc (e;) npocrpancrsa V nopoxaaer 6asuc anredbpsl Kimnddopa:
€iy..if = €y " €ig .- Ch_1 €4y i1<...<ik, k:zO,l,...,n.
Anrebpa Kmdbdopma monyckaer Zo rpaayuposxy C1(V) = CI°%(V) + CIH(V), rae CI°(V) (coorser-

creenno, C1' (V) nopoxkaaiorcess MOHOMAMM YeTHOM (COOTBETCTBEHHO, HEUETHOI) CTEIICHHL.

3.1.  Kaaccupurayus anzebp Kauggpopda. Anrebpa Kmudbdopra Cl(V) umeer pasmeprocts 27,
n=p+q, a ee YeTHas mHomaIredpa Cl?/ — pasmeprocTh 2771 O6e 5TH anrebpn H30MOpPQHL TG0
marpuuHoii anrebpe K(N) nekoroporo nopsizika N, e K = R, C win H — anrebpa ¢ genenuem, au6o
npsimoii cymme 2K (N) nByx takux ajareop.

Omnpenenenne 4. Tosopst, aro amrebpa Cl, , umeer tun ¢(Cl, ;) = rK, r = 1,2, eciin ona nso-
mopdua anredbpe rK(N). I'pajynpoBaHHbIil TUII OlIpe/Ie/IseTcsl Kak napa

(roK'rK) = (t(C1°(V)), t(CLV))).

I'pajrynpoBannbiii Tun anrebpst Kinddopsa 3aBucuT TOIBKO OT CUTHATYPLI § = P — ¢ IO MOJLYJIIO
8 n yKasaH B cie/yfomieil Tabimue (cum. [5]).

s | 1 | 2 3 4 5 | 6 7 8
t(s) | R,C | C,H |H,2H | 2H,H | H,C | C,H | R,2R | 2R,R

3.2.  Mempuueckue modyau Kaugpgopda. Hanomuanm, 9o j10b0e IpeicTaBIeHue MATPUIHON aredpbl
K(N) ectb npsimasi cymma kK(N') HECKOIBKI'L KOIUI TABTOJOIMYECKOIO HEIIPUBOJAUMOIO IPEJICTaBIIe-
HUSI.
Asre6pa 2K(N) uMeer jiBa HEIPUBOMMBIX IIPEJICTABIIEHNUSI, ONPe/iesisieMble POEKIeil Ha epBoe
1 BTOPOE CJIaraeMoe.

Drto maer kiaaccudukanuio Kinddopaosex Cl(V)-momyseit: moboit Cl(V')-momyns sBisercs upsi-

MOii CyMMO#I HEIPUBOIUMBIX U HMeETCA POBHO OAUH KJMMDOPIOB MOLYIL S) 4, €CIN S i= P — q =
1,2,4,5,6,8 (mod 8) n /iBa HENPUBOAMMBIX MOyt Sp g, Sy, ., ecm s = 3,7 (mod 8).

Zo-T'pajxyuposannbie (aenpusogumbie) Cl(V)-Momysn HAXO#ATCS BO B3aMMHO-OHO3HAYHOM COTBET-
creun ¢ (menpusomgmvbivi) C1O(V)-momysmsiv, em. [11]. Tpagynposammomy C1(V) momyitio S = So+ S
OTBEYAET CIO(V) Moyib Sy. ObpaTHoO, CIO(V) MOJYJIb S OJHO3HAYHO MPOIOJIXKAETCSI 110 Zo T'PAIyH-
posannoro Cl(V') momymnst

Oupenesienne 5. Zo-rpaayuposansbiii C1(V)-momyis S = Sp+ 51 HA3bIBAETCST METPUIECKUM, €CJIN
OH CHAOYKEH TICEBJIOEBKIINIIOBOI MeTPUKOi gg = (-, ) JiIst KOTOPOii onepaTopsl KiauddopaoBa yMHOXKe-
HUST

y:S—=v-8, veEV, s€S5,
kococuMmMerpudHbl ((s - v,v) = 0). Ecau merpuku gy, gs €BKIMJIOBbI, TO TOBOPAT, 4TO KauddOopioB
MOJIYJIb €BKJIUJIOB.

Kb dopmoso ymuoxkenune p: V x S — S jist Merpudeckoro kjanddopIoBa MOy eCTh H30MET-
pudeckoe oTobpaykeHue, T.e.

- s = (u-s,0-8) = o - s = (v,0) (s, 5).
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3.3.  Cnumnopnas epynna u ee cnunoproe npedcmasaenue. Crunoproit rpymmnoii Spin(V) = Spin,, ,

HA3BIBACTCS CBSI3HAS TPYIIIA 0GpaTHMBIX d1eMenToB anre6psr C1°(V), moposkieHHas MpOM3Be eHIsIMIT
V1 Vg ... Vg, IETHOTO YHCJIA 3JIEMEHTOB v; € V ¢ KBajipaTtom v? = +1. EcrecTBennoe npejicrap/ienust
rpymma Spin(V) ¢ CI°(V) B mpocrpancrsax Sy, S] HA3BIBAIOTCS CIMHOPHBIME [DE/ICTABICHASMI.
I'pynna Spin(V') takzxke geficTByeT NPUCOEMHEHHBIM TIPE/ICTABIEHIEM

Adjv=g-v-g ', ge&Spin(V), veV
B ipoctpanctse V' ¢ aypom Zg = {1} u rakum obpasom Adgpiny = SO(V) =~ Spin(V)/(£1).
4. CrhenuasbHble IICEBJOEBKJINIOBBI OJJTHOPO/IHbIE KOHYCHI.

4.1.  Onpedenerus. Cnenmanbuast T-anrebpa Bunbepra A = A(S), acconunpoBanHast ¢ METPHYECKIM
Cl(V)-momymnem S cocTouT u3 MaTpuIl BUJIa

I X3 X2 T v S1
/ /
X = H$Z]H = X3 i) X1 = (% T2 So s
X, X{ w3 shosh w3

e x; € R,
X3=vevy, Xi1=50€85), Xo=s5€5
X,=veV* X =s,e8; X,=s)€S8.
B npocrpancree A orpejiesisieTcss HHBOJIIOIUST

*: A>3 X = HI'UH — XY = H.’L‘:}H
rie x;«kj = ¢ © Xj; — COIPSIZKCHHBII 3JICMEHT K T ;.
Marpuunoe yMHOMXKeHUE BepxHE (M HUYKHE) TPEYTOJIbHBIX MATPUIL onpejessiercst KianddopaoBbiM
YMHO2KEHHUEM
T19 x93 = X3 - X1 =wv-59 €51
1 YMHOXKEHUEM YUCEJI Ha BEKTOPbI U CIIMHOPDI. OCTaJH)HI)Ie YMHO2KEHUA MaTPUYIHBIX 9JIEMEHTOB OJJHO-
3HAYHO OIIPEAEJIAIOTCA ABYMA YCJIOBUSAMM:

(i) aCCOIMATUBHOCTH MPOU3BEJIEHUN BUJIA

Tij - Tjk - Ty € R
*

(i) ycnosuem (wij - xjx)* = a7y - o7,

; O3HAYAIONMM, 9TO oTobpazxkenune X — X™* ecTb aHTHABTOMOD-
dusm anredbpor A.

O6osnaunm uepes H = {X € F, X* = X} noanpocrpancTBo SpMUTOBBIX MaTPHUII BUA

1 X3 Xy 1 v Sy
X = Xg X9 X1 = v* T2 So | - (1)
X5 X{ w3 5] sy T3

Crenytomiasi TeopeMa ecTb 0000IIEHNE KJIACCHIECKOro pedyibrata D. b. Bunbepra.

Teopema 1 (cwm. [1,5]).

1. Cneyuarvhas anzebpa Bunbepea A(S) ydosaemeopsem ecem axcuomam mampuynot T-anzeo-
po. Bunbepaa 36 uckAOMeHUEM GKCUOMDL NOAOAHCUMEABHOCTIU MEMPUKY, KOMOPAA GOIMONHAETCH
MOABKO ECAU MEMPUKY Gy, §S €6KAUIOGHL.

2. IIpocmpancmeo H = {X € A, X* = X} spmumosoir mampuy, ecmsv HeacCouuamuenas arzebpa
omnocumenvho opdarosa ymroocenus X oY = %(X Y +Y-X), aepynna G = G(S) eepa-
HEMPEY20ALHOLT MAMPUY, C NOAOHCUMENDHDLMU IACMERMAMY 1A OUGZOHAAY eCTND PA3PEULUMGS
ceaznas odnoceasnas 2pynna Jlu, xomopas deticmeyem 6 npocmparcmee H. Opbuma

V=GId)={X =A- A% AeG}
et?unu“mmi MaAmpuusbl AGAAETNCA OdHOPOdH’bLM omKEpouLLIMbIM KOHYCOM C NMPOCMO MPAH3UTNUGHDIM

deticmeuem epynno. G. Konyc A6aAemcs 8unyKkivm mo2da U moavko mozda, k0204 gy, gs —
€6KAUAOBHL METNPUKU.



8 JI. B. AJIEKCEEBCKUN

Omnpenenenne 6. OaHOPOIHBIN KOHYC V HA3BIBAETCS CHEIHATLHBIM KOHYCOM, aCCOTMHPOBAHHBIM
¢ METPUYIECKUM KJIMD@POPIOBBIM MOJYIEM S.

I'pynma G cocTouT u3 MaTpHUIl BAIA

a1 a2 a3 a1 a2 a3
A= 0 axp a3|=|0 o ax], (2)
0 0 ass 0 0 a3

e aq, o, a3 > 0uag €V, asg € Sy, arsg € S1. Ee anrebpa Jlu g cocront u3 Bcex BepxXHETPEYTOTbHBIX
MaTpul, A u JIMHEeHO JIeficTByeT B MPOCTPAHCTBE H SPMHUTOBBIX MaTPHIL 110 (POPMYJIe

AX)=TaX = AX + XA*, Acg, XeH

D710 [eHCTBIe WHTErPHPYETCs [0 AeiicTBus (sKcrmomenmanbuoit) rpymmst JIn G = {4, A € g}, zama-
BaeMoro opmyJoi

1 1
&mpwmamxzx+nx+5ﬁx+gﬁx+m.

4.2.  Csoticmea cneyuaavrozo xonyca Bunbepza. Ilycrs V = {X = AA*, A € G} C H — cuenmain-
uplii Konyc Bunbepra. Tak kak rpymnna G jeiicTByeT B KoHyce ) IPOCTO TPAH3UTUBHO, METPUUHDIE
9JIEMEHTBI (vj, 412, (23, G13 ONPENENSIOT (IPYNIOBbIE) KOOPJAMHATHI B KOHyce (HO He B IIPOCTPAHCTBE
H). B oboznauenunsix (1) onpegenum, ciemyst Bunbepry, onnoposusie moauaoMbr p3(X), pe(X), h(X),
p1(X) crenenn 1, 2, 4, 3 B IPOCTPAHCTBE SPMUTOBBIX MATPHIL

p3(X) =x3, pa(X) = mox3 — | X1’ p1 = p3(X)W(X),
3
h(X) = z12073 — in|Xi|2 +2(X3-X7) - X5.
i1

OFpaHI/IquHe 9TUX IIOJIMHOMOB Ha KOHYC B I'DYHIIOBBIX KOODJAMHATAX UMEET BUJI
2 2 2 2 2 4
p3 =03, p2=(maz)®, h=(aiaga3)’, p1=azh= (o) as.

OTH TOJMHOMBI ITO3BOJIAIOT OIMCATH KOHYC HEPABEHCTBAMH U YKa3aTh €r0 XapaKTEePUCTUIECKYIO PyHK-
IUIO.

Teopema 2 (cwm. [5]). Konyc V zadaemea nepaserncmsamu pi(X) >0, i =1,2,3, a ezo zapaxmepu-
cmuveckas Gynkuua @ umeem eud

@_1(X) _ (()dl()d2)2+n+NOd§+2N _ (@1@2043)2+n+NCLéV_n,
2den =dimV, N =dim Sy = dim 5] .

OTrMeTnM, 9YTO NPH OTOYKJECTBJIEHUU COIPSIYKEHHOTO TpocTpaHcTBa H* ¢ H C MOMOIIBI0O METPUKH
g9(X,Y) = tr XY, coupsizkennsiit konyc V* s3agaercs nepasencrsamu p;(X) > 0, ¢ = 1,2, 3, rue conps-
JKE€HHDbIE TTOJTMHOMBI UMEIOT BU/T

p3(X) =z1, p3(X) =zize — | X% pi(X) = p3(X)R*(X)
u h*(X) = h(X).
p1(X)

p3(X)
HOTEHIMAJIOM KOHyca (uau KyOukoii), a runeprnosepxuocts Vi = {h(X) = 1} C V — nerepMuHanTHOI

THUIIEPIIOBEPXHOCTBIO.

= (a1a2a3)? HasbiBaeTCs KyGHYCCKHM

Ounpenenenne 7. Kybuueckas dbynkius h(X) =
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5. Ilpumenenus B nuddepeHuajabHO reomerpun u cyneprpapuraiuu. Co cuenuajbHbIM
OJIHOPOJHBIM KOHYcOM V C H (accorMUpOBAaHHBIM € €BKJMIOBBIM KM MOPIOBBIM MOJyJIEM) MOKHO
CBA3aTh PsJT BAXKHBIX OJITHOPO/IHBIX PUMAHOBBIX MHOT000PA3uil, IpezK e BCEro OHOPOIHOE CIIEINAILHOE
addurHOE K3/1epOoBO MHOTOOOpasne M W OTHOPOIHOE CIEINAIbHOE MPOEKTUBHOE KIJIEPOBO MHOI000-
pa3ue, a Takke CIeNUaIbHOE THIIEPKIJIEPOBO MHOI00Opa3ue M CIEIUAJIbHOe KBATEPHUOHHO K3JIEPOBO
MHOTO0Opa3ne ¢ OTpHUIaTe/bHON KpuBu3HOi Puddu. CooTBeTCTBYIOIIE KOHCTPYKIMH OBLIN BIEPBBIE
upesiozkensl dbusukamu e Burom u Ban IIpoiienom [17] u HasbiBatorcs (adbUHHBIM 1 IPOEKTUBHBIM )
r-0TOOparKeHUsIMH U c-0ToOpazkeHusiMu. V13 paborsl [4] cieryer, 4To criennasibHble KBATEPHUOHHO KJIe-
POBBI MHOTOOOpAa3WsI, ACCOIMUPOBAHHDBIE CO CIIEIUAILHBIMU KOHycamMu Bunbepra, MCUepIbIBAIOTCSI BCE
KBATEPHUOHHO K3JIEPOBBI MHOIO0OPa3us, JIOIMYCKAIOIINE TPAH3UTUBHYIO PA3PENIUMYyIO IPYIILY H30MeT-
puii.

5.1.  Addunnsie u npoexmusHble CREyUaIbHbe KIAepoes. MHo2000pasus. Ilycrs V C V. = RPH —
CHENUAIbHBI OMHOPOAHLIH KoHyC n H = V| = {h(z) = 1} — ero merepMHHAHTHAS TUIEPIOBEPXHOCTb.
Teccnmanona MeTpuKa gy = —0%h(z) nveer curnatypy (n, 1), a ee orpanmdenne gy, Ha H ecTh pUMaHOBa
MeTpHKA.

Onpenenenune 8.

1. (Addunnoe) crermanbaoe (11CeBI0)KJIEPOBO MHOroOpasue ecTh (IICEBI0)KJIEPOBO MHOrooOpasne
(M, g, J,w), cHabOKeHHOe TLIOCKO}i CBSI3HOCTBIO (6e3 KpydeHust) V, KOTOpasi COXpaHsieT KIJIEPOBY
dbopmy w (Vw = 0) u yJoBIeTBOpPSIET yCIOBUIO

(VxJ)Y = (VyJ)X, X,Y €TM.

2. Mnoroo6pasue (M, g, J,w) Ha3BIBAETCST KOHMYECKHM, €CJIH 3a/IaH0 TaKoe 1oj1e § rovmorernii (Leg =

cg), 910

(a) V& =V9¢ =id, e VI — cBsisnoctsb JleBu-Yupurhr;

(b) Merpuka g 10JI0KUTEIBHO OlpeieieHa Ha D = span(&, J€) u orpuIiaTebHO OIpeJesIeHa Ha
D+

(¢) Kommyrupyrorue rosomopduble BeKTOpHbIe 1100151 (£, JE) mopoxkpaoT cBobojHoe rojoMopd-
noe geiicreue rpymel C* = {pe®} = {expté - exp0JE}, tne € = expfJE ectn rpymma
TOMOTETHUMA.

Ecmu (M, g, J,w,{) —Takoe KOHHYECKOE CHEIHAIbHOE MHOroobpasme, TO Ha (DaKTOPHPOCTPAHCTBE
M = M/C* unmymupyercsa KajaepoBa CTpYKTypa (g,.J), n Kajeposo MHOroobpasme (M, g, .J) Hasbl-
BaeTCS NPOCKTUBHBIM CIEMUATLHBIM K3JIEPOBLIM MHOroobpasmeM. IIpocTeiimmmnM mpumMepoM 3Toi KOH-
cTpyKumn sBasgercs Merpuka Oyourn—IITymn na CP™ = C*tL/C*.

JIoKaIbHO CTPYKTYpa KOHUYIECKOTO CIEIUAILHOIO K3/1epoBa MHOroobpasus M onpeiessieTcst OHoi
rosiomopdHoii dyukiweit F(z) (npernoreHnuamoM), KOTOPbIi B CIEIMAJbHBIX KOHUIECKAX T0JOMOPd-
HeIX Koopamnarax z = (z1), I =0,1,...,n apiaserca oxnopoanoil dbyukimeii cremenn 2 (cu. [16]).

Merpuka jaercst hbopmMyJIoi

gu = Npjdzldz?, Npj(z,zZ) =2Im Fr; = 2Imd,10,, F.
1 nMeeT K3/1epoB notentmal gy |y = r2 = g (€, €), e mose romoreTnit
&= Zlazl + 21(921.

5.2.  Adgpunnoe r-omobpasicerue. Addunnoe r-orobpaykeHne COMOCTaB/IsIET JeTEPMUHAHTHON TUmep-
TOBEPXHOCTHU H. CIIEIUAJIBHOTO OJTHOPOIHOTO KOHYCA OJHOPO/IHOE CIIEIUAIBLHOE KJIEPOBO MHOIO00Opa3ne
(M, g, J,w). Muoroo6pasue M = TH ecTb KOKacaTeabHOE PACCIOCHUE JIETEPMUHAHTHON THIIEPIOBEPX-
woctu. Muoroobpasue M = TH = EV) ecTb KacaTe/lbHOE PACCIOCHIE XapaKTEPUCTHIECKON TUIIEPIIO-
BEPXHOCTH.

[Lnockast cBsizHOCTH V onpejiesisier n30Mopdu3M KacaTebHOro npocrpanctsa 1, M B Touke v € T,V
B IIPSIMYIO CyMMY BepTHKaJILHOTO Hojmpocrpanctsa Ty M ~ T, V| U ropu30HTAILHOTO MOIIPOCTPAH-
crBa ‘H ~ T,V u teMm cambiM uzomopcdusm T,M ~ T,V @ T, V. D10 1n0o3BojsieT onpeaeantb B M
CTPYKTYPY CHEIHAJIbHOIO OJHOPOJHOIO K3JiepoBa MHOroobpasust (cM. [6]).
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5.3.  IIpoexmuenroe r-omobpasicerue (cMm. [16]). Ilycrs V C R™ — crenuasbHbIN BBILYKJIBIH 0JJHOPO/I-
HBI{T KOHYC C JIOpeHtieBoii MeTpukoit ¢ = —0%h(x) m H = Vi — XapaKTepucTuiecKas THIIEPIOBEPXHOCTD
C UHAYIAPOBAHHON METPUKON (I/IJH/I O4YeHb CIICIMAJIbHOE BellleCTBEHHON MH0F006pa3I/Ie). [TpoekTuBHOE
r-oTOOparkeHue COIOCTaBIsieT MHOroo6pasuio (H, gly) MPOEKTUBHOE ClielHaJbHOe KIJIEPOBO MHOI000-
pasue
M :=R"+4iVccC"

¢ MHIYIIUPOBAHHOM KOMILIEKCHOH CTPYKTYPOil J U K3J1epOBOil METPHUKOH ¢j, 3adaBaeMoil B rojioMopd-
HBIX KoopauHaTax XH = y* 4+ ix¥, u=1,...n K3/I€POBBIM MOTEHITUAJIOM

K(X,X) = —log8h(z"), =t =ReX".

9T0 MHOroobpasue sIBJISEeTCsl MPOEKTUBU3AINEH KOHMIECKOro ad@UHHOIO CIEMUATBLHOINO K3JIepoBa
vroroobpasus (M, gay, Jar, €), sBastiomerocs o6IacThio KoMILIeKcHoro poctpancta CH = C x M.
Muoroobpazue M wmmeer BHU

M={z=2"01,X), Xe M =R"+V, 2 € C}.

Ero K3JiIepOBa CTPYKTYpPa 3aJacTCd CICAYIONMMMU IIPEITOTCHIINAJIOM U II0JIEM TOMOTETHIA:

1 n -
_ M, §=Y ("0 +2'0.).
=0

5.4. c-Omobpasicerus.

Ounpenenenne 9. Pumanoso 4n-mepaoe muoroobpasue (M, g) HasblBaeTCs TMIEPKJIEPOBLIM (CO-
OTB., KBATEPHUOHHO-K3JIEPOBbIM), ec/iu ero rpyia rojonomun Hol(M) comepxkmurest B rpytme Sp(n)
(coorBercrBenno, Sp(1) - Sp(n)). Jlroboe rumepkaIepoBO MHOrooOpasue siBJIsieTCsi KBATePHUOHHO-KIJIe-
POBBIM M XapaKTEpU3yeTCsl KaK KBATePHUOHHO-K3JIEPOBO MHOTOOOpasue ¢ HyJIeBOil KpUBU3HONW Puadm
WM KaK pUMAHOBO MHOrooGpasne, 00J1a1aomee TpeMs MapalIeJbHBIMA AHTUKOMMYTUPYIOIIAMEI KOM-
wiekcHbiMu crpykTypamu (VJy, o =1,2,3) ¢ J3 = JyJs.

KBarepHHOHHO-K3JIEPOBBI MHOr0OOpa3usi ¢ HEHyJIeBOil KpuBu3HON Puuunm («cobcrBeHHBIE KBaTEp-
HIOHHO-K3JIEPOBBI MHOTO00OPA3Msi» ) XapaKTepU3yeTcss KaK PIMaHOBO MHOroobpasmue, obsajaroriee ma-
paJlJLIeJIbHOI KBATEPHUOHHOI CTPYKTYPOH (), T. e. mapasuiesibHbIM nojpacciaoenunem Q C End(TM)
JIOKAJILHO TTOPOK/IEHHBIM aHTUKOMMYTHUPYIOIIUMHA TOYTH KOMILJIEKCHBIMU CTPYKTypamu Ji, Jo, J3. aB-
JISTFOTCsT HEIIPUBOJUMBIMI MHOTI'O00Pa3usiMi DUHIITEHHA.

C KaxKJBpIM COOCTBEHHBIM KBATEPHHOHHO-KIJIEPOBBIM MHOroobpasueMm (N, g, () co CKaaspHOl KpH-
BU3HOIT s¢ # 0 cBsi3bIBaeTCsl (IICEBJIOPUMAHOBO, ec/ii s¢ < () TUIIEPKJIEPOBO KOHUYECKOe MHOroobpasue
S , OIIPEJIEJISIEMOE CJICIYIOMNM 00PAa30M.

Paccmorpum SO(3)-rimaBnoe 3-cacaxmeso paccioenne 7: S — N, rae cioit S, = 7 (x) cocrour
u3 6asucos s = (Jp,J2,J3) npocrpaHcTBa (Q;, YIOBJIETBOPSIONMX KBATEPHUOHHBIM COOTHOIICHUSIM.
Cesaznoctsb JleBu-Husutbl VI uHIyupyeT CBA3HOCTH B IVIaBHOM paccjoenuun 7: S — M. Ilyctb

0=0"Qe +0>Rey+ 0> @e3: TM — s0(3)

— 1-dopma sroit cesizHOCTH, THE (€4) — CcTaHAAPTHBIH Gasuc aarebps Jlu so(3). Merpuka g 1pomgos-
JKaeTcst J10 (11CeB/I0) pPUMAHOBOI MeTPUKH
3
gg = Z(Qa)2 + 7T*g
a=1
B S, KOTOpasi HA3bIBaeTCs 3-CACaKMEeBOHl METPHKOIl. PUMaHOB KOHYyC (5’, gs = dr?® + r?gg) smnserca
THUIIEPK3JIEPOBBIM MHOI000pasueM ¢ I'PYIIOi TOMOTETHH, TOPoXKIaeMoii mojeM ditaepa & = 10, U na-
PaJIJIeJIbHBIMU KOMIIJIEKCHBIMU CTPYKTYpPaMNU
Ja = ggl o d-)om

riue
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— rounbie 2-gopmbl Ha S. Takoe MHOrooGpasue S Ha3bIBACTCS THIIEPKIEpPOBLIM KoHycoM. I'pymma H =:
H*/Zo = RT - SO(3) ecrecTBenHO JeiicTByeT Ha I'MIEPK3JIEPOBOM KOHYCe S 1 paKTOPIPOCTPAHCTBO
N=25 /H ecTb KBATEPHUOHHO K3JIEPOBO MHOIOOOpAas3ue.

EcrecrBennoe paccioenne S — M maswiaercs paccioenmem Cpama (Andrew Swann), KoTopbii
YCTAaHOBHUJI B3aMMHO OJIHO3HAYHOE COOTBETCTBHE M€Ky COOCTBEHHBIMU KBATEPHUOHHO K3JIEPOBBIMU
MHOTOOOPA3USIMU U THIIEPKIJIEPOBBIMIA KOHYyCaMU. DTO COOTBETCTBUE COXPAHSIETCS] U JIJIST IICEBIOPUMa-
HOBBIX KBaTEPHUOHHO-K3JIepOBbIX Muoroobpasuit M. Ecin M umeer curnarypy (4k,4¢), To coorser-
CTBYIOIIHIl THIIEPK/JIEPOB KOHYC S HMEeT CHIHATYPY (4 +4¢,4k) (cm. [8]).

Addunnoe (nmu KecTkoe) c-0ToOpazKeHne COMOCTABIISIET CrienuaaTbHOMy abdUHHOMY KJIEpOBY MHO-
roo6pasuto (M, g, J, V) ero kokacaresbuoe paccioenne N = T*M ¢ uHyIMPOBaHHOI MUIIEPKIIEPOBOii
crpykTypoii (gn, J1, J2, J3), KOTOpasi CTPOMTCsI € MOMOIIBIO TPUBUAJIN3AIMN KACATEIHHOIO PACCIOEHHST
€ TIOMOIIBIO TIJIOCKO# CBsi3HOCTH V KaK JiJisT apPUHHOTO 7-0TOOPaXKEHMSI.

[IpoekTuBHOE C-0TOGparKEHHE COIOCTABJISIET IPOEKTHBHOMY CIIEIUAIBHOMY K3J1epoBy (2n — 2)-mep-
HoMy MHOTOO6pasuio (M, g, J), ABISIONIeMycst TPOEK THBH3AIAET CIIeIMATLHOTO K3JIePOBa KOHIIECKOTO
2n-meproro Muoroodpasust M, KBATEPHUOHHO K3JIEPOBO MHOOr0o0pasue N pazmepHoCcTH 41, KOTOpPOE
SIBJISIETCs IPOEKTUBM3aIueil runepkaiepoBa konyca (N) pasmeproctu 4n + 4. Iosromy pocrarodno
COIIOCTABUTD CIIENHAIBHOMY K3JIEPOBY KOHHYECKOMY MHOroobpasmio M rumepkaiepos konyc N. On
crpouTcs B jBa npuema. CHadajia paccMaTpUBAETCsS THIIEPKJepoBo MHOroobpasme N = T*M, mo-
crapysemoe apPUHHBIM C-OTOOPAXKEHUEM, & 3aT€M K HEMY IPUMEHSETCS KOHCTPYKINS KOHU(DUKAIINN,
npeJIozkeHHast B [7).

5.5.  Ilpumenenusn e gusure. KOHCTpYKIINN r-0TOOpaskKeHUsT U C-OTOOparKEeHUsI BOBHUKJIU B TEOPUU
cyneprpasurtanuu B paborax je Bura u Ban Ilpoiiena.

Ckansipuble noss B ngruMepnoii (D =5, N = 2) cyneprpaButainuy IPUHAMAIOT 3HAYEHNs] B OY€Hb
CIIeIa/IbHOM BeIl[eCTBEHHOM MHOI000pa3uy, 3a/1aBaeMOM KyOHUUeCKUM OIHOPOJHBIM T10JHOMOM ¢(X).
Kak mokaszasu jie Bur n Ban Ilpoiten (cm. [17]) u Koprec (cm. [15]), Bce Takue 0AHOPOIHBIE MHOIO-
o6pasus (B HEIPUBOIMMOM CJIydae) UCUEPIBIBAIOTCS TUIIEPIOBEPXHOCTSIMU V] CHEIUATBHBIX KOHYCOB
Buntepra V().

r-OTobparkeHne COOTBETCTBYET Pa3MEPHOCTHOM peayKinu K pasMepHoctu 4. Muade rosopst, B D = 4
CyUeprpaBUTAIINN, TIOJYIEHHON Pa3MEPHOCTHON peIyKInel, CKaJISpHbIE IO/ IPUHUMAIOT 3HAYMEHUE
B IIPOEKTUBHOM CIIEIMAIBHOM K3JIEPOBOM HPOCTPAHCTBE M, SIBJISIONIErocst 06pa3oM JeTepPMUHAHTHONR
THIIEPIIOBEPXHOCTH TIPHU 7-0TOOparKeHnn. AHAJOIUYIHO, pasMEPHOCTHasI peaykiust D = 4 cyneprpabu-
tarmun K D = 3 COOTBETCTBYeT c-0TOOPAXKEHHUIO MPOCTPAHCTBA 3Ha4YeHMH M CKaJISpPHBIX TI0JICH B KBa-
TEPHUOHHO K3JIepOBO MHOroobpazue N .

6. IIpumeHenusi B mH(POPMAIIMOHHOI r€eOMETPUN.

6.1. 06 ucmopuu cozdarus unpopmayuonrot 2eomempuy. OCHOBHOU 3ajadeit WHMOPMAIMOHHON
TEOMETPHUH SIBJIsieTCs u3ydenune juddepeHnaaibHOil reOMeTpUr MHOTOOOpa3uil PA3/IMIHBIX KJIACCOB
BEPOSITHOCTHBIX Mep Ha MHOroobpasun M u ee IPUMEHEHHUIO K CTATUCTUKE U TEOPUHU BEPOSITHOCTEH, Ma-
MIUHHOMY 00y YeHUI0, UCKYCCTBEHHOMY HUHTE/JIEKTY, MATEMATHIECKOMY IIPOIPAMMUPOBAHUIO U K JPY-
ruM npukianaabiM gucimiinaaMm. C 2018 r. uzmaercs xypHast «Information Geometrys.

Nuadopmanuonnast reoMerpusi BocxoguT K paboram P. A. @umepa u ero ydenuka K. P. Pao mo
crarucTuke. BaxkHbiil BKIaJ B co3nanne umHpopMmarmonHoii reomerpuu BHec C. Kympbak, KOTODHIIL,
06061as nien K. [llenHoHA, BBEJT OCHOBOIIOJIATAOIIEE TIOHSITHE OTHOCUTEILHO SHTPOIINN, TIOJTY IUBIIEi
Haspanue juBepreriuu Kysibbaka—Jleitbiepa nin uHMGOPMAIMOHHOIO YKJIOHEHUS.

Cucremarndeckoe paszpurTue HHMOOPMAIMOHHAST N€OMETPHS MOy duia ToJbKO B paborax H. H. Hen-
nosa (cM. [3]) u3arem C. . Amapu, u oHa 9acTo HasbIBaeTCs Ha 3arajie nHMOPMAIMOHHON reoMeTpueit
Yeunosa—Amapu. H. H. Henros, 3aoxkuBImit ocCHOBBI 3T0it Teopun, 6bu1 yueaukom A. H. Kosmoro-
poBa u paborajs B Mockse.
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[Tapamgokcanmbuo, aro B Poccun ceifgac mpakTUIeCKNd OTCYTCTBYIOT UCCIEIOBAHUS 110 WH(DOPMAIHOH-
HOIT reoMeTpun, a B pycckoit Bukumeaun nazxe ner crarbu 0 H. H. Yennose u npakTudecku OTCyTCTBY-
eT craThst 00 mH(MOpMaNMoOHHOM reomerpun. Kak mHammcano B ctarbe «Kareropust: MadopmanmonHast
reomeTpusiy B Bukunenuu «Y 9Toit KaTeropuu HeT OCHOBHON cTarhu ‘Undopmannontas reoMeTpust .

OCHOBHOI reOMeTPHYIECKON CTPYKTYpOil, n3y1uaeMoil B HHMOPMAIIMOHHON M€OMETPHUH, sIBJISIETCST JU-
Bepreunus (win nHGOPMAIMOHHOE YKJIOHEHNUEe OJIHON BEepOsITHOCTHOMH Mepbl 0T pyToit). C quBepreHu-
elf CBA3BIBAETCS PUMAHOBA MeTPHUKA ¢, Ha3biBaeMmas Merpukoit Ourepa—Pao, u nuneiinass ¢BA3HOCTH
6e3 kpy4enust V, BeejienHast HeH1I0BbIM, it KoTopoii S = Vg ecth cummerpudeckas 3-opma (TeH30p
Amapu—Yenrosa). B sTom ciryuae conpsizkeHHas cBsi3HOCTH V* Toxke He uMmeer Kpydenust. [Tapa (g, V)
Ha3BbIBAETCI CTATUCTUICCKON CTPYKTYpPOi, a MHOroobpasme M cO CTATHCTHYIECKON CTPYKTYpOit — cTa-
TUCTUYECKUM MHOI0OOpasueM. Ecim npu 3ToM CBSI3HOCTD siBJIsieTcst 110CcKoii, To (M, g, V) HasbiBaeTcs
FeCCUAHOBBIM MHOT000Opa3neM Wi MHAE JIyaIbHO IJIOCKIM MHOTOOOpasmeM. B 3ToM ciydae B JIOKAJIb-
HBIX IJIOCKIX KoopjuHaTax Merpuka g = 02 f(x) = Hess(f(x)) ectb reccuan HeKoTopoit byHKIMH.

6.2. Basoevie NOHAMUA UHPOPMAUUOHHOT 2eomempuu; dusepzenyus, mempuka Puwepa—Pao, c6a3-
nocmov Yenuosa. JluBeprennust siBJIeTCSA TUIAJKON HEOTPUIATETHLHON (DyHKIIMEH D(x,y) napbl TO4YeK
MHOr00Opasusi M, obparmatorieiicss B HyJib TOJIbKO Ha JIMATOHAJM TaK, YTO TOYKU JMATOHAJIN SIBJISIEOTCST
TPAHCBEPCAJILHO HEBBIPOXKJICHHBIMI TOYKAMEI MUHHMyMa. dT00bI JaTh 60jiee pasBepHyTOe OIpejese-
HI€e, BBEJEM CJIe/lyolue 0603HAYCHUSI.

Mmnoroo6pasue M ¢ JTOKaJIBHLIMUA KOOPAMHATAMHI L' MbI GyIeM OTOXKIECTBIATh C AMaroHaubio M =
{y = x} nexaprosa xBagpata M x M = {(z,y)} ¢ nokambubME KoopmuHaTamu (z°;y7). YacrHbie
npoussoubie byskiyn f(x,y) € C°(M x M) obo3nauarorcs

azf:f,l = 0Oy f, 5]f:f75 = ayjf'

Mosnoxkum Of == (01 f,...,0nf); 5[ = (O1f,...,0nf). Ecrm meorpunarenbuas dynkuus f(z,y) obpa-
maercst B Hysb Ha M, 1o Of|ar = Of|ar = 0 u MaTpuna BropbIX 4acTHBIX HPOU3BOJIHBIX

Hess(f)\M = 82f\M = 52f_M = —85f|M >0

OlpeJIeIsieT CHMMETPHIECKY0 HEOTPHIATEIBHO ONIPE/Ie/ICHHYI0 CHMMETPHYECKYI0 brmaeiinyio dopmy
(reccuan) g = 9% f| ) wa Muoroobpaszmm M.

Onpenenenue 10. [upepreniusi, njan nHOOPMAIMOHHOE YKJIOHEHNE €CTh HEOTpUIaTeIbHas (DyHK-
st D(x,y) mapbl Touek MHOroobpasusi M, Koropasi obpaiaercss B Hy/Jdb TOJBKO Ha JUATOHAJIM
M C M x M u nMeer B TOYKAaX JMArOHAJM TOJIOKHUTEILHO OIPEJICICHHbIH reccuan g = 02Dy,
T.€. pPUMaHOBY METPUKY

9 = gij(x)dz'da’, gi; = —0:0;D(x,x),

KOTOpas Ha3biBaeTcsd merTpukoit Purmmepa—Pao.
YacTHble POU3BOJIHBIE METPUKU
Likm(x) =D jpm(z, x), F;km(a;) = DJEm((E,(IJ).
3a/1a10T 11apy COIIPSAYKEHHBIX CBA3HOCTEH
V=Vi+C, V'=V"+C
6e3 Kpydenusi ¢ cumBosiamu Kpucroddesrs
F;‘k = gimrjk.m, (F*)j'k =g ;km

CoOlps2KEHHOCTh 03HAYAET, UTO

Z - g(Xa Y) = g(vZXay) + g(X¢ VZY)

Cummerpuueckast 3-gopma
S=Vg=goC =g;;Ci,

Ha3bIBa€TCsA TEH30POM AMapI/I*quHOBa.
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Onpepenienne 11. CrarucrudeckuM MHOrooOpa3neM Ha3bIBAETCsl PUMAHOBO IpocTpancTso (M, g)
co ceszHocThio V = V9 + C 6e3 kpyuenusi ¢ cummerpudeckoii 3-popmoit Vg = g o C. Bnece VI —
CBS3HOCTDH JIeBu-YuBUTHI.

B sTom cityuae conpsikerHast cBsisHOCTb V¥ = V — C' Toxke He uMeeT KpydeHust. JluBepreHimst orpe-
nensiet Ha, M CTPYyKTYpPY CTATHCTUYIECKOr0 MHOTOOOpasns. CTaTucTuiaeckoe MHOr00Opa3ue Ha3bIBACTCSI
recCHaHOBBIM (MU JIyaJIbHO IJIOCKKM), €CJIM CBSA3HOCTH V (& 3HAUUT, M CONpSIZKEHHAsI CBS3HOCTH V*)
ILJIOCKHE.

6.53.  Ipumepvi cmamucmuyeckur mno2000pasud. TIpuBeaeM JiBa BayKHBIX IIPUMEpPa CTATUCTHIECKUX
MHOT000Pa3Hii, CBSI3aHHBIX C CAMOCOIPSIZKEHHBIM KOHYCOM P (1) T0JIOKUTEIbHO OIPEIeTIEHHBIX MATPHUII,
Vx 0600mIeHnIo Ha JIpyTrue OJHOPOJHBIE BBINYKJ/IbIE KOHyCa IMOCBSIIEHa OOJIbIIas JIATepaTypa, CM.,
Hanpumep, [10,20,25].

ITpumep 1 (KOHYyC rayccoBbIX HOPMAJbHBIX pachpejenenuii). CraHmapTHas MyJIbTHBAPHATHBHAS
HOpMaJIbHAsl rayccoBa Mepa B eBKngoBoM npocrpancrse (R™, go) umeer Bu

jz?

Yoldx| = (2m)™? exp <—7> dzl,  |z* = go(x, ),

e |dx| — mepa JleGera, a yo = (27)™/? exp(—|z|?/2) — crammapTHOE rayccoBO PaCIpeIeIeHHEE.
Ceasnas adbdunnas rpymmna Aff = {A = (L,a), * — Az + a} jeficTByeT TPaH3UTHUBHO B KOHycCe
P(n) eBKIMIOBBIX METPHK 110 hopMyJIe

A*(g)(x’x) = gL(a?,x) = g(L_1x7Lx_1) = g((LL*)_l.’L',{L') = g(S_2{L',{L') = xs—2xt’

roe S = (LL*)I/ 2 > 0. D70 jmeHCTBHE MPOIOIKAETCS 0 TPAH3UTHBHOTO jeiicTBust T4 = T(1,0) ad-
dbunnoit rpymmsr B npocrpanctee N = N (R™) rayccosbix pacupesesennii mo dopmyiie

1

37772 dot S exp (—(x — a)S*Q(x - a)t) =

Lo <_ (z —a)Sy2(x — a)t> |

Tavo =74 = (A7)0 =

= oron/2 x 202
Tae
L=oLy, detLo=1 S=0Sy, S%=LL*=0%LyL}= 05"

Orobparkenue

~ 2 t
N 54 s A = (det §)~2/0+) (5 ta®at a

a 1) €P(n+1)1 CP(n+1).

ectb Aff;}-sxkBuBapmanTHbIil muddeomopdusm mHoroobpasua N = Aff, /SO(n) rayccosbix pacrpeie-
JIEHUI Ha XapaKTepucTuieckyio (jnerepmunanTayo) Aff,-uHBapHaHTHYIO MMIIEPIIOBEPXHOCTD

Pn+1) ={XeP(n+1), det X =1}

onuopojaoro konyca P(n+1) = GL(n+1)/SO(n+1) nonoxureasHo onpe/iejeHHbx Marpull. leiicrBue
rpymnsl Aff,, onpenensiercst Bioxkenunem Aff,, — SL(n + 1,R):

A= (L,a)— A= (det L)t <€ ‘f)

Taxum obpazom, MHOTOOOpa3HUe TrayCCOBBIX PACIPEIeIeHUN OTOXKIECTBIISIETCS C JeTePMUHAHTHON T'U-
nepriosepxuocteio P(n+1); = SL(n+1,R)/SO(n+1) u rpansurusnoe peitcrsue rpymmst Aff,, mpogos-
»Kaercst j10 siefictBus rpymst SL(n+ 1, R). Oxaopoaroe npocrpanctso N (R™) = SL(n+1)/SO(n+1)
ABJIACTCA HEIIPUBOJIMMBIM CHUMMETPUYICCKUM IIPOCTPAHCTBOM. FeOILeSI/ILIeCKI/Ie 9TOI'0 IIPOCTpaHCTBa XO-
poirio u3BecTHbI. [lycrn

X =AAAT'eP(n+1), AcSOn+1),
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riae A = diag(A1, ..., Apt1) € P(n+ 1) —marpuna u3 coberBeHHbIX unces A; Marpurpl X € P(n+1);.
Torna reofesudecKas U3 ¢IUHIYHON MATPHIILI, TPOXOAAIIAA Yepe3 TOUKY X, UMEeT BH/I

v(t) = AA(t)A™L,  A(t) = diag (e“ogkl, cee e“ogA”“).

ITpumep 2 (MmHOrOGpasme pacupesenennii Bucxapia (Whishart distributions, 1928)). Ilycte M =
P(n) — KOHYC TIOJIOXKUTEJIBHO OIIpe/IeJIeHHbIX MaTpuil. J{jisi GUKCHPOBAHHOrO YuCIa M > N HPOCTPAH-
cTBO pacupesenennii Bucxapna N™ oroxaecrsasiercs ¢ konycom P(n). Pacnpenenenne, acconuupo-
Bannoe ¢ V € P(n), ecrnb

1
Py(X) = c(V,m)|X|™ " Lexp <§ tr V_1X> .

[Iycrs Y — (mxn)-mMarpuiia, cTpoku KoTopoii Y7, . .., Yy, € R™ cyTh He3aBucuMble cirydaiiHble BEKTOPBI
¢ HOPMAJILHBIM 3aKOHOM PacIpele/ieHnsl ¢ HyJIeBbIM cpeauuM. Pacrpenenenne Bucxapja onuchiBaeT
pacmpee/ienne JIUCIIePCUn

X = fj Y'Y
i—1

caydaiinoit marpunsl Y. Pacnpenesnenns: Bucxapia obobiatorcst Ha Jpyrue OfHOPOJIHBIE BBILYKJIbIE
kouycol (cM. [10]).

6.4. Ilpobaema nocmpoerus KaHOHUYECKOT JUBEP2EHUUL HA CIMAMUCTUYNECKOM MH02000pasuy. Kax-
Jloe craTucTHdeckoe Muoroobpasue (M, g, V) obmagaer museprenrumeii D(z,y), KoTopas HOPOXKa-
eT CTaTHCTHYECKYIO cTPYKTYpy (g, V), HO Takas JuUBEpreHIMsi He eJMHCTBeHHA. VIMeeTcsi HEeCKOJIBbKO
KOHCTPYKIUil KaHOHW4YecKoi jucnepcun. Ormerum paborsl [18, 19|, B KOTOPBIX Jijisi 10600 CTATH-
crudeckoro MHoroobpasust (M, g, V) crpositcst JiBe KaHOHMYECKUX juBeprentmu D, D* takux, 4ro
D*(p,q) = F(D(q,p)), tne F —uexkoropas ¢yuknus. Eciu crarucruaeckoe MHOrooOpasme sIBJISIEUCst
CUMMETPUYECKHM, T. €. er0 KOBapHaHTHbI TeH30p KpuBu3HbI R koBapuanTHo mnocrosinern (VR = 0)
U YJOBJIETBOPSAET YCJIOBUIO
RX,Y,)Y,)Y)=0 VX, Y €eTM,

To D*(p,q) = D(q,p).

[Tpusenem npumepst nuseprennmii. JJusepzenyusa Bpeemana (Bregman divergence) Boimykiioit Gpynk-
mn ¢ B V = R"” 3amaerca dpopmysioit

Dy (& 1, &0) = (&) — ¥(&o) — dp(§0) (€ — &o)-

Jlusepzenyus Kyavoaxa—./letbaepa (Kulbach—Leibler divergence) win oTHOCHTE/IbHAST SHTPOIIUST MEK-
Jly JIBYMsI BEPOSITHOCTHBIME pactipe/iesennsvu p(x), q(x) 3amaercsa dopmyinoit

Dy r(p(z),q(z)) = —/p(a:) log %.

6.5. Ilpeobpasosanue Jlescandpa. Hamomunm, uro npeobpazosanue Jlexkanapa conocTaByseT BIMYK-
aoit dyuknun f(z) B obsnactu U BEKTOPHOTO HPOCTPAHCTBA V' CONPSI?KEHHYIO BBIMYKILYIO (DYHKIUIO
f*(€) B Hekoropoit obactu D* C V* conpsizkennoro npocrpanctsa V*. OHa 3a1aercs e Lyomum 06~
pasom. Orobpaxkenne D S5 x +— z* = df(x) = df (x) € D* C V* ecrb quddeomopdusm. CompsizkenHast
QyHKIMS UMeeT BU/T

fr@®) = (2", 2) — f(z) = sup [(§z1) — f(z1)] (3)

x1€D

rie © = x(z*). duddepennupys (3), noayvaem
ox ox
ox* 0f(x) ox*

of(x*) =z + 2~
Orciozia cirejiyer, 9To reccuas
Ox(z*)
Ox*

Hess f*(z*) = 02 f*(z*) =

HOJIOKUTEIEH Kak o0paTHasi MaTpuia K reccuany 0z (x)/dx.
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6.6. Bunykavie KOHYcol, KoK 2€CCUGHOBDE MHO2000DA3UA, IKCNOHEHUUAADHLE CEMETCTNEA U TAPAKMEe-
pucmuveckas Pynrxuyus Bunbepea. Ilycrs V C V — Bbimykiblil KoHYC B npocrpaHcTtBe V. = R™ co
CTAHJAPTHBIMU JEKAPTOBBIMU Koopaunatamu & u V* C V* — coupsizKeHHBIT KOHYC C JTBOMCTBEHHBIMU
koop/mHaTamu ¢, Tak uto (£, ) = &a'. Tlycrs

o) = [eteng
V*
— xapakTepucrudeckas dynknus konyca V. Touka £ € V onpejiesisieT NHBAPUAHTHYIO BEPOSITHOCTHYIO
Mepy B KOHyce V* C IJIOTHOCTBHIO
(@) = pelo) =
p(x,8) = pe() = ——
¢ (£

Takum obpazom KoHyc V 3aJ@eT ceMeficTBO BEPOTHOCTHBIX Mep B KOHyce V*. DT0 ceMelcTBO Ha3bl-
BaeTCsl SKCIIOHEHIMAIBHBIM CEMEHCTBOM U SIBJISETCSA OJHUM M3 CAMBIX IOIYJISIPHBIX CTATUCTUYECKUX
MHOT000pasuii, BosHuKamux B crarucruke. Kak ormerun C.-U. Amapu (cMm. [9]), sxcnoneHnuab-
HOE CeMeiiCTBO CTATUCTHYECKUX PACIPEICICHHN «HEe TOJBKO ABISETCS THIMYHON CTaTHCTUIECKO MO-
JIEJTBIO, BKJIIOYAIOIIEH MHOIHE XOPOIIO M3BECTHDbIE ceMeficTBa BEPOSITHOCTHBLIX paclipejieeHnii, Takue
KakK JIMCKPETHOE paclpe/iesieHne, pacipejesenne [aycca, MyIbTHHOPMAJIbHOE PACIpe/eIeHIe, TaMMa
pacrpejieJieHie U T. JI., HO ¥ aCCOIUUPYETCsl ¢ BBIMYKJION (byHKIMeH, U3BeCTHON KaK KyMyJIsITUBHAS
HOpOXK IatoItast PyHKIUS WA CBOOOHAS SHEPTUSI».

[Monoxxum ¥(x) = —log p(x). Torna kanonmueckuit Aut())-uasapuantabiii guddbeomopduzym Bun-
Oepra 3alMCBHILIBACTCA B BUJIE

VSV, £ = dy(E) = /gpgcc)dx — B(¢).
y

e £ = diy(§) ecrb dopma Komyns. Takum obpasom, 1n(§) = £* ectb MaremaTnueckoe OXKUIaHUE
c/rydaiinoit Besmannel § Ha KoHyce V* ¢ pacupesesenueM pg(x). Kak nmokaszan Cacaxu, 310 oTobparkeHne
SKBUBAPUAHTHO OTHOCUTEIHLHO T'PYIIBI TPOEKTUBHBLIX MPEOOPA30BAHUN, COXPAHAIONMX V), a 3HAUWT,
u V*.

Koopmunarer ' touxu n(£) € V* 06pasyioT cHCTEeMy KOOPIMHAT CONPSAYKEHHOro Komyca V*. Omm
HA3BIBAIOTCS €CTECTBEHHBIMU MM KAHOHMYECKUMU MAPAMETPAMU IKCIIOHEHIIUATBLHOIO CeMelCTBA.

[Tokaxkem (cMm. [9]), aro npeobpaszosanue Jlexxanapa e(n) = ()*(n) bysknun ¢ = —logy ectb
surpormst —FE(log pe(x)) pacupenenenns pe. Vmeem

—B([log pas()]) = — / pe () log pe () = / Pe(@)[(2,€) — H(©)dx = (€,1) — B(E)) = ¥ ().
y %

Baecs n(&) = dy(§) u £ = £(n) = de(n) = dyp*(n) — obparHoe npeobpazoBanue Jlexanpa.
Bamernm Takzke, 4TOo JEBeprennus Bpermama Dy (n,n') coBmamaer ¢ guseprenrmeii Kynnbaxa—
Jleitbnepa Dgr(pry, py) 1 uMeeT BuT

D€ €) = w(0') = 0(60) — (1.¢ ~ &) = [ pla.)log (< f,))dx—DKL@ &),
%

Kanonmueckast MeTprka coBIiagaeT ¢ MmeTpukoit Ouirepa n nMeeT BUT,
2

= 9%(¢) a/sa (2,€))de = /5@@:@ /@ms — B(Ew€) - B(€)° = Var(e).

6.7. Ilpumenenua 6 suinyksom npoepammuposaruy. OCHOBHAs MpobJEMa BBITYKJIOTO TPOrPAMMUPO-
BaHus (UM BBIILYKJIOH OINTUMU3AIMA) COCTOUT B HAXOXKJIEHUM MUHUMYM BBINYKJIO# dbyrkimu F(X),
X € V =R" B BoiykJioit obsactu D C V.
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Nreparnmonnsiii metos, HpioTona cocrout B jiBukenuu imaramu B cropony munumyma. [Ilar Heiorona
Xo — X1 cocroutr B anmpokcumarmn ¢ynkmun F(X) B okpectHocTH TOYKN X KBaJAPATHIHON (DYHK-
mueii F'(X )y (orpeskom psiyia Teitsiopa) u ¢BUTY B CTOPOHY MHHUMYMa 9TOi KBaJpaTUIHON dDyHKINH:

Xo = X1 = Xo+tAXy, AXg= —(Hess F(X))'VF(X).

[Ipobjtema cocTouT B TOM, ITO UTEPAIUS MOXKET YBOJIUTH HA TPAHUILY 00jiacTi. Y T0OBI 9TOr0 M36e2KATh,
Hazio Mojudunuposars dhyuknuio F(X), npubasus K Heil bapbephyio dyuknuio B(X ), Koropast Bejmka
B OKPECTHOCTH I'DAHUIIbI U He MeHsteT MunuMyma yukiun F(X).

ITpumep 3 (mos102KHUTEIILHOE TIOJIYOIPEIeIeHHOE IIPOrPAMMUPOBaHue). 3ajada COCTOUT B HAXOXK-
JIEHUH MUHUMYMa BbIIyKJI0#i dbyukiun F(X) B koHyce P(n) 10JI0KUTEIBHO ONPEJIeIeHHBIX MATPUIL
wi, GoJiee 0010, B CedeHUH 9TOr0 KoHyca II0cKocThio 1T = { X tr A1 X = by, ..., tr 4, X = by, } KO-
pasmeprocT m. Takas npobsema BO3HUKAET, HAIIPUMED, B Teopun yupasienus |9,25]. B arom ciyuae
bapbepHOil (byHKIMEH ABJIsIeTCsT JOTapUdPM XapaKTePUCTHIECKON (DYyHKITNN

B(X) = —logdet X = 2log p(X),
rie ¢(X) xapakrepucruieckas Gynkius Bunbepra, cm. [12].

6.8. Ilpumenenua 6 meopuu uPdepenyuarvhvi® ypasHeHusd. XapaKTepUCTUIECCKHE TUIEPIIOBEPXHO-
cTU @ = const OJIHOPOJHOIO BBIMYKJIOTO KOHYCA SIBJISIOTCS OJTHOPOJIHBIMEU adOUHHBIMEU rutiepcdepamu
runepboJIMIecKoro Tuma (CpeHsis KPUBU3HA €CTh OTPUIlaTe/bHAsST KOHCTAHTA) M BCe Takue rumepcde-
PBI MCYEPIBIBAIOTCS XapaKTEPUCTHIECKUMH TUIIEPIOBEPXHOCTIMU. XapaKTepuctuieckas (GyHKIUS
ectb perenne ypasaenusi Monxka—Awmnepa. Henr u fy (em. [13]) pasBuiu obiiyo Teopuio ypaBHeHuit
Momka—AmMIiepa B BBITYKJIBIX KOHyCaX.
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4. CTPYKTYPA INPOEKTHBHBIX 1 A®PUHHBIX AJITEBP JIn
MATUMEPHBIX KECTKUX h-ITIPOCTPAHCTB

B nanHOM paziese UcciieryoTcs IsSTUMEDPHBIE MICEBIOPUMAHOBBI IIPOCTPAHCTBA, JIOIMYCKAIOIIHE UH-
PpurumesuMarvLHule NPoekmusHovie npeobpasosarus. Haxomurces oblee pellieHre ypaBHEHIsT JH3eHXap-
Ta JIJIs KAQXKJI0r0 U3 XKeCTKux h-npocrpancts tuios {221}, {32}, {41} u {5} menocrosiHuOil KPUBU3HBL.
yCTaHaB.HHBaIOTCH HeO6XO,Z[I/IMbIe 1 JJOCTATOYHbBIEC YCJIOBUSA CYIIECTBOBaHUA HET'OMOTETHYIECKOI'O ITPOEK-
TUBHOI'O JABHUXKEHUA B KazK/IOM U3 IMEPEIUCJICHHDBIX h—HpOCTpaHCTB HEIIOCTOAHHOMN KPUBU3HLI U OIMUCHI-
BAETCsI CTPYKTYPa HETOMOTETHIECKON IMPOEKTUBHON aredpnl JIu 9TuxX mpocTpaHcTs.

4.1. TIIpoeKTHBHO-IrPYIIOBbIE CBOMCTBA h-mpocTpaHcTB Thna {221}.

4.1.1.  Haiigem obmiee perenue ypasHeHusi Ditenxapra B h-nipocrpancrse (Haz1,g) HEIOCTOSTHHOI
KpUBU3HBL. VIMeeT MecTo ciiefiyroliee yTBEPKICHUE.

Teopema 4.1. Jhoboe pewenue (k, g,1) ypasnenus Disenzapma

VE(Y,Z,W) =29(Y,Z)Wt + g(W, Z)Y p + g(Y,W)Z4, (4.1)
PABHOCUALHO20 NocAe 3amenv. k = b+ 2ig ypasneruto
Vb(Y,Z, W) =gW,2)Y+ + g(Y,W)Z1), (4.2)

6 h-npocmpancmee (Hao1,g) muna {221} nenocmosannol kpusustov, yooeaemeopaem ycao6ulo

1
=0 <f1 + fo+ §f3> + const = ¢ + const, (4.3)
ede ynruusa @ onpedenena pasencmsom (77), ¢1 — NPoU3BOALHAA NOCTNOAHHAA.

Jlokazameavcmeo. BBuly HHBApUAHTHOCTH BEJWYUH f; U TEH30PHOrO Xapakrepa paseHcTBa (4.3) jo-
CTATOYHO JIOKA3ATh €ro B KAHOHMYECKOM KOCOHOpMaJibHOM periepe (?7), rye ypasaenue (4.2) npuHuMaer
BU/L

5
dbpy + 3 e (thwp,; n Bphwqﬁ) = (Y,)0, + (Yy)0,; (4.4)
h=1

371eCh (POPMBI W, OTIPEJIETICHBI dopmysnamu (?77), a qu — KOMIIOHEHTBI TeH3opa b B penepe (77).
[Tpumenus BHemuuit auddepentman d K ypaBHenuto (4.4), mOJIy9IuM yCJIOBUsSI MHTEIPUPYEMOCTU

9TOr0 yPaBHEHUSI:

D2 g + bpg Uy = ™ A Oy + Ppgd™ A O, (4.5)
rie

h — l

Q%% = enllj,, pn = —YaYp — 7 pnYith = Ypp.

[IpupasHuBast k03¢ dUIHEHTH! IPU OAMHAKOBLIX OasucHbIX 2-dopmax ), A 6, creBa u cipasa B (4.5),
upu (pg) = (11), (13), (15), (14) naiigem

_ e3 A3 )__ e3A3 _ < esA3 Gy )
pi=—tn <Cl+(f3—f1)2 = T =) T\ B HoR)

. C: A2
b11< 2+ o873 )>:O.

fa=fi  (fs—=fi)(fs = f2)?

Ecim by; # 0, To orcioga caenyer (?7), u no teopeme 77 mpocrpancTBo Hagy MMeEET MOCTOSHHYIO

KPUBHU3HY, UTO IIPOTUBOPEUUT IMPEJIITOJIOKEHUIO, 103TOMY b1 = 111 = 0.
AHAJIOrUIHO BBIBOISATCS PABEHCTBA

biys = biys = biyiy = 0, Piy5 = tins = Yiyi, =0, i1 =1,2; iy = 3,4. (4.6)
C yuerom sTux paseHCTB ypasHenusi (4.4), rje wps onpesesnenst dopmynamu (?7?), upu (pg) = (11),

(12) nator
Yi’(ﬁ = 0, db12 = GlYlblz = (Y2w)91'
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[Tosb3ysich dopmysmamu (?7), BHIBOJUM OTCIO/IA
bio = era(x?), Otp = o (z?).

Tak ke IOJIyHJal0TCsdA paBEeHCTBa

_ - 1
byt = eaB(a"), b5z =e31(2”), O =P'a"), Osv = 57'(2");
B pe3yJibTaTe

¥ = a(z?) + B(z) + 57(3:5) + const .
U3 (4.4) upu (pg) = (23), (14) naiimem

o= fB il 8

—a ,
f2—ff

B cayuae fo f{ # 0 orcrona ciemyer

(o//1)(@?) = (8'/ f5)(a") = e1 = const,
T.€.
a =cyf1 +const, [ = cyfo+ const;

K TAKOMy 2Ke BBIBOJLy npujem upu fo! f{ = 0.
Unrerpupyst ypasuenne (4.4) ¢ (pq) = (15):

/ lel
V=
fs -h7
nostyuuM 7y = ¢ f3 + const; B urore umeem (4.3):
v =c (f1+f2+ f3> + const . O

Teopema 4.2. /o601 Kosapuarmmo nocmosrmnsili cummempunoili mensop b;; 6 h-npocmpancmee
(Hs21,9) muna {221} nenocmoantoti Kpususns, Nponopuuoraiet MEMpuUeckomy mer3opy:

bij = c2g9;j, c2 = const.
Hoxazamenavcmeo. Ilociiennee paBeHCTBO SIBJISETCSA TEH30PHBIM, T.€. CIIPABEIIUBBLIM B JII000H crcTeMe

KOODJIMHAT, II09TOMY JIOCTATOYHO IIPOBEPHUTH €I0 B KOCOHOPMAJIbHOM perepe (?7), rie ypaBHenue b, =
0 npuHEMaeT BUI,

5
dbpq + Z ehn <bhquﬁ + bphwqu) =0. (4.7)
h=1
Tak Kak 9TO ypaBHeHHe IoJydaercss u3 ypapHeHus (4.4) npu ¢ = const, TO ClIpaBeJJIUBbI paBeH-

crBa (4.6):
b215 == b225 == bi1i2 == 0, ’Ll == ]., 2, 12 == 3, 4,
Garomapsi KOTOPBIM CHCTEMA (4.7) CBOJIUTCSI K YPABHEHUSIM
dbig = dbss = dbss = 0, e2bzs — e1b12 = esbss — eabgs = 0,

U3 KOTOPBIX CIeAYeT bpy = C20pq, L€ MaTpuna (gp,) onpeenena Kanonndeckumu (opmamu (?77) u MHO-
JKUTEJIb Cp TIOCTOAHEH BBUJLY yCJIOBHUA b;j = 0 1 KOBAPUAHTHOIO MOCTOSHCTBA METPHYECKOIO TEH30Da
gij- DTO JIOKa3bIBaeT Teopemy 4.2. ]

Tax kak BekTopHoe mojsie X sBisiercs adduuHbIM aBuKeHneM B Hoo1, €Cm W TOJIBKO €eCin
(Lxg)r =0, To u3 TeopeMsl 4.2 BBITEKAET CJIEIYIOIIEE YTBEPAK ICHHE.

Teopema 4.3. Beakoe agpurnoe dsuorcenue X 6 h-npocmparncmese (Haz1,g) muna {221} nenocmo-
ANHOT, KPUBUSHDBL eCNb UHPUHUMESUMAAbHAA 2omomemus: Lxg = c¢g, ¢ = const.
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[TockoubKy Jr06ble JiBa perenusi hy u hy ypaBHenusi Jditsenxapra (?7) ¢ oquHakoBoil npaBoil Ja-
CTBIO MOT'YT OTJINIATHCS JINIIb HA KOBAPUAHTHO IIOCTOSTHHBIN TeH30D b, TO u3 TeopeMbl 4.1 u imHEHOCTH
ypasaenust (??) cieyer, 4To 00lee pelieHne ypaBHeHUs Jii3eHXapTa B OOBIKHOBEHHOM h-IIPOCTpaH-
crBe (Hag1,g) Tuna {221} moxer ObITh 3amucano B Buje c1h + b unm, B cuity Teopembl 4.2, B Buje
c1h + cag, tie h = a + 2¢g, g 1 a oupejesieHbl B KOCOHOPMaJIbHOM periepe (?77) KaHOHHYeCKUMU
dopmamu (??), ¢1, co — nocrosiable. OTCIO/IA TOJIyYaeM CJIE/YIONLYI0 TEOPEMY.

Teopema 4.4. Bexmoproe noae X A6AfemCcA npoexmusHum deusicenuem 6 h-npocmpancmee
(Ha21,9) HENOCMOANHOUT KPUBU3HYL 0200 U MOALKO Mo2da, K020a
Lxg=c1h+ cag = c1(a+ 2¢9) + cag, (4.8)
2de p — onpedessrouLan PYHKYUL NPoexmueHo20 deuxcenus X, g U a onpedeseHv. 8 KOCOHOPMAALHOM
penepe (17) xanonuveckumu gopmamu (7?7), c1, ca — NPOU3BOALHBIE NOCTNOAHHDIE.

Teopema 4.5. Ecau h-npocmpancmeo (Haz1,g) muna {221} nenocmoannot xpususnv, donyckaem
T-MEPHYIO HE2OMOMEMUYECKYI0 Npoekmuenyto aszebpy Jlu P,, mo sma anzebpa codeporcum (r —1)-
MEPHYI 20MOMEMUIECKyto nodaszedbpy.

Jlokasameavcmeo. Ecom (X1, ..., X, ) —6a3uc anrebper Jlu P, To
Lx.g= glh—i—ggg, s=1,...,m

rae oJHa U3 IIOCTOAHHBIX C1, HallpUMEDP, C1, OTJIMYHa OT HYJIA (B IIPOTUBHOM CJIy4dae PT COCTOUT U3
s 1

romoreruii). B HoBOM 6azuce Z1 = X1, Z; = ?XT — ¢1X1 uMeeM
T
Lz g= (6162—6201>g, T=2,...,T. ]
17 17

4.2. TIpoeKTHBHO-IPYIIIOBbIE CBOMCTBA h-ipocTpaHcTB THIa {32}.

4.2.1. B srom pasmene Oymer HaiijeHO 00Ilee pellleHne ypaBHEHHUs Dii3eHXapTa B A-IIPOCTPAHCTBE
(Hs2,g) HEIOCTOSIHHON KPUBU3HBI.

Teopema 4.6. Jloboe pewenue (k,g,v) ypasnernus Siusenzapma (4.1), pasrocusvrozo nocae 3a-
menve k = b+ 21pg ypasnenuro (4.2), 6 h-npocmparcmse (Hss, g) muna {32} nenocmosanmnotl kpususho
YO006AEMEOPACTN YCAOBUIO

3
Y= (§f1 + fz) + const = ¢ + const, (4.9)

ede Ppynruyua @ onpedeaena pasercmeom (77), ¢1 — nPouseosvHai NOCMOAHNHAA.

Jlokasamenvcmeo. YuurbiBasi TeH30pHbI xapakTep paBeHCTBa (4.9), J0CTATOUHO JI0KA3aTh €r0 B Ka-
HOHIUYECKOM KOCOHOpMaJsibHOM penepe (77?), rie (4.2) npunumaer Bujt ypasHenust (4.4), B KOTOpOM Wi
onpesesenst dopmytamu (??), a by, — KOMIOHEHTHI Ter3opa b B KocoHopmasibiom perepe (77).

U3 ycmosuit unrerpupyemocru (4.5) ypasuennsi (4.4), cobupasi 9IeHBI, coJeprKalye 6asucHbe 2-
dbopmst O A 0;, ipu (pg) = (14) u (k1) = (34) nomyuum ¢1; = 0, 3arem npu (pg) = (11), (k) = (13) u
(pq) = (15), (k) = (34) maiizenm

Bibip = Sab1p = 0.
Ecrm by; # 0, To orciona caenyer (??), mw mo Teopeme ?? mpoctpancTBo Hsy WMeeT TOCTOSHHYIO
KPHBH3HY, YTO IIPOTHBOPEYUHT IIpe inooxkennio. [lostomy bip = 111 = 0. Tax ke mosryaum

biz = bag = biiy = P12 =Yg = Viyi, = 0,
te iy = 1,2,3, iy = 4, 5.
Uz (4.5) upu (pg) = (33), (24), (55) cremyior pasencrsa
Sibsz =0, (4.10)
By

(e2bys — 61622)m = e1¢23, (4.11)
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Sabss = 5. (4.12)
C yderom noryueHHBIX BBIINIE DABEHCTB U3 ypaBHenus (4.4), rae wpys onpenenens: dopmymamvu (77),
upu (pq) = (35) momyanm (Yse)bsz = 0, a uz (4.10) umeem S1bzz = 0.
Eciu b3 # 0, To S1 = (Ys¢) = 0; orciona
Sl = 61}/3(B1) == 52 = 62Y5(Y5(,0) = 0.

Judbdepeniupys pasenctso S; = 0 no ', Haitiem £; = 0; BBy 1oro B = 0. Cneosarensuo, Hsp

MMEET IOCTOSIHHYIO KPHBH3HY, UTO IIPOTHBOPETHT IIPEIIOIOKCHIIO, 1109TOMy bgg = 0.
U3 ypasuenus (4.4) ¢ yuerom pasencrsa bgs = 0 upu (pg) = (23) naiizem egY3bys = 0. Tax xe npu
(pq) = (33) nosyunm
e1ba3(Yap) = Y3, (4.13)
nocsie storo u3 (4.4) mpu (pq) = (12), (23) u ypasuerus (4.13) BoBoamm Yibog = Yobos = 0.
Anasornuno n3 (4.4) numeem
Yiboz = Ysbas = 0.

B wurore Yil_)23 = 0 mrsa Bcex ¢ = 1,...,5; oTciona cjemyer 1_323 = const. Obo3zHaunM 523 = eycy,
c1 = const.
U3 ypasuenus (4.4) npu (pq) = (11), (14), (24) umeem

Yig =Yop =Yap = 0.
Otciona, ncronmssyst bopmyitet (77), maitnem ¢ = (a3, ).
Unrerpupyst ypasuenue (4.13), rue beg = e1¢1, noaydum
3
Y= §le1 +7(2).
U3 ypasuenust (4.4) npu (pq) = (25) caenyer c1(Yse) = Y51, orciona nocjie MHTErpupOBAHUs UMEEM

~v = c1 fo + const. B urore

3
P =c (§f1 + f2> + const = c1p + const . O

Teopema 4.7. /0601 Kosapuarmmo nocmosrmnsili cummempurnoili mensop b;; 6 h-npocmpancmee
(Hsa,g) muna {32} nenocmosnnoll kKpusudns, nponopuuoraier MEempuseckomy mensopy:

bij = c2g;j, c2 = const.

Joxasamensvcmeo. Ypasrenue b;j, = 0 B KoconopmasibHOM pernepe (?77) umeer Bug (4.7). YunTsisas,
9TO TO ypaBHeHUe nojydaercs u3 (4.4) npu ) = const, ¢ y4eTOM IOJIYIEHHBIX BBIIIE PABEHCTB

b1y =bia = bgz = bag = biyi, =0, i3 =1,2,3; ia = 4,5,

u3 (4.7) umeem

(e2bas — e1b13) f2Yis0f1 =0, (4.14)
(e2bas — 61522)(]52}/37?1) =0, (4.15)
(esbis — exba) 25 = 0. (4.16)

U3 ypasuenus (4.7) upu (pg) = (33), (35) naiigem
e1ba3(Yap) = 0, e1bas(Ysp) = 0.

Ecrm bog # 0, To (Y3p) = (Ys¢) = 0; orciona By = So = 0, n 1o Teopeme 7?7 H3y MMeeT TOCTOSHIYIO
KPUBU3HY, UYTO IPOTUBOPEIHUT IIPEJIIOIOKEHNIO, T0ITOMY bog = (.
Barem u3 (4.7) upu (pg) = (13), (22) mosyunm

Yibi3 =Yibea =0, i=1,...,5,
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OTCIOJIA CIIEJLYeT, UTO b13 ¥ Doy TOCTOSTHHBL Tak ke JIOKA3BIBAETCS MOCTOSHCTBO KOMIIOHEHTHI bys.
U3 ypasuenwnii (4.12) nupu 1 = const u (4.7) npu (pqg) = (35) Haiigem

Sabss = (Ya)bss = 0.

Eciu bss # 0, To (Yzp) = By = So = 0, n mo Teopeme ?? mpocrpancrso H3zp mMeeT TOCTOSHIYIO
KPHUBHU3HY, M03TOMY b55 = 0.
O6osnaunM bjg = ejcy = const. 113 ypasnennit (4.14) n (4.16) umeem

(e2bys — e1b13)Ysp = 0,  (e2bas — e1bi3) Y3 = 0.

Ecrm (egbys — e1b13) # 0, 1o (Y3p) = (Ys) = 0, orciona By = S = 0, u 1o Teopeme ?? MPOCTPAHCTBO
H3o uMeeT 1OCTOSIHHYIO KPUBU3HY; CJIeI0OBATEILHO,

eabss — e1b13 = 0, bys = ereabiz = eaca.

Tax ke u3 ypasuennit (4.11) u (4.15) maiizem eabys — erbga = 0, orcioma by = e1co. B urore nmeem
bpq = C20pq, T/ie MaTpuna (Jp,) Opesiesiena Kanormaeckumu opmamu (??) 1 MHOXKHUTEIb Co TOCTOSTHEH.
O

[Tpuaumasi Bo BHEMaHMe, 4To BeKTOpHOe mosie X spisiercss abdunnbiM jpuxenneM B (Hsa,g),
ecJIM ¥ TOJIbKO eciiu Ipou3BojHast JIu Ly g KOBapHAHTHO MOCTOSIHHA, JIeJIaeM CJIe/IYIONHil BBIBOJ (CM.
Teopemy 4.7).

Teopema 4.8. Besakoe agpunnoe dsuorcerue X 6 h-npocmparncmese (Hsa, g) muna {32} nenocmo-
AHHOT KPUBUSHDL ABAAEMCA UHPUHUMESUMANLHOT 20momemueti: Ly g = cag, ca = const.

U3 reopembl 4.6 u jimHeliHOCTH ypasHeHusi (4.2) cieyer, 4To obiiee pelienne ypasHeHus Difzenxapra
B 0ObIKHOBEeHHOM h-mipocrpaHcTBe (Hsg, g) Tumna {32} moxker 6biTh 3amucano B Buje c1h + b, tae b—
KOBapUAHTHO ITOCTOSIHHBIA TEH30D, WK, B CUJTy TeopeMbl 4.7, B Bujie ¢1h+cag, e h = a+2pg, ¢ naercs
dbopmyitoit (?77), g u a onpeneseHbl B KOcOHOpMaJIbHOM penepe (?7) kanonndeckumu dhopmamu (77),
1, co —nocrosinubie. OTCIO/Ia BBITEKAET CJIeLyIOmuil hakT.

Teopema 4.9. Bexmoproe noae X Aeafemca npoexmusnvm deusicenuem 6 h-npocmpancmee
(Hs2,g9) HENoCmMoanHnol Kpusudns, mozda U moavko moezda, kozda eunoansemcs pasercmeo (4.8), ede
© — onpedeasrouan ynrkyus (77) npoexmusnozo deusicerua X; g u a onpedeservl 6 KOCOHOPMAALHOM
penepe (77) xanonuueckumu popmamu (77), ¢1, ca — NPOU3BOABLHBIE NOCTNOAHHDLE.

B urore nosydaem ciieyIongyo reopeMy (CM. JOKa3aTeIbCTBO TeopeMbl 4.5).

Teopema 4.10. Ecau h-npocmpancmeo (Hse, g) muna {32} nenocmoannoti kpueusnv, donyckaem
T-MEPHYIO HE20MOMEMUYECKYI0 npoexmushyto areebpy Jlu P., mo ama anzebpa codeporcum (r — 1)-
MEPHYIO 20MOMEMUMECKYI0 N00aN2e0DY.

4.3. IIpoekTuBHO-rpynmoBbie cBoiicTBa h-mpocTpaHcTB Tuna {41}.

Teopema 4.11. Jhoboe pewenue (k,g,v) ypasnenus Susenzapma (4.1), pasrocuavrozo nocae 3a-
menv, k = b+ 2 g ypasrernuro (4.2), 6 h-npocmpancmee (Hyy,g) muna {41} nenocmosnnots xpusustol
YJoBAEMBOPAEM, YCAOBUK)

1
=0 <2f1 + §f2> + const = ¢ + const, (4.17)

ede Ppynruyua @ onpedeaena pasercmseom (77), ¢1 — nPoudeosvHas NOCMOAHNHAA.

Joxasamenavcmeo. Jlokaxkem pasencTBo (4.17) B KaHOHHYECKOM KOCOHOpMaJsbHOM periepe (?7), rue
ypasnenne (4.2) npunnmaer sug (4.4), w ; onpeaenens ypapuenusvu (?7) u bpg — KOMITOHEHTBI TEH-
3opa b B KoconopmaJsibHOM penepe (77).

U3 ycnosnit narerpupyemoctn (4.5) ypasuennit Ditzenxapra (4.4), BbiucbBas K03GQUIUEHTH! 1PN
basucubIx 2-bopmax 0, A b, npu (pg) = (13) un (aff) = (24) Haitzem

elE% egE% -
— 3 b11 =0.
2 (f2— f1)
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Eciu by1; # 0, 1o orciona caenyer (??), u mo teopeme ?7 mpocrpancTBo Hyp MMeeT IIOCTOSHHYIO
KPUBU3HY, UYTO IPOTUBOPEIHUT IIPEAIO/I0KeHNI0, odToMmy by; = 0. Tak ke mosy<anm

512 = 613 = 515 = 622 = 625 = 634 = 635 = 644 = 645 =0. (4'18)

Ucnonw3yst pasercrsa (4.18), u3 ypasuenust (4.4), rie wps onpegenenst dhopmynamu (?77), (77) u (77),
upu (pq) = (11), (12), (33), (34) u (35) naiizem c yuerom nepasencts &4 # 0, €9 # 0:
4 5

o =0, 01+ =0, &Y+ + 05 =0, (4.19)
1 3 3 3 3 3
Yibs3 =0, i=1,...,5, (4.20)
_ 1 -
s = 2e1bssf1, Ostp = 561533f§- (4.21)

U3 ypasuennit (4.19), ncnonbsysa dbopmyiet (?7), semomum ¢ = (2t 25). Uz (4.20) cremyer bgz =
e1c1 = const. Murerpupyst ypasuenusi (4.21), nosyuanm

Y =0 (2f1 + %) + const = ¢y + const . O

Teopema 4.12. /10601 Kosapuarmio nocmoarvli cummempunit mensop b;; 6 h-npocmpancmee
(Hy1,9) muna {41} nenocmosnnoli kKpusudts, nponopuuoraier MEMpuseckomy men3opy:

bij = c2g;j, c2 = const.
Aokazamenvemso. B koconopmasbrom perepe (?7) ypasnenne b;j;, = 0 npuanvaer Bug (4.7). Yerosust
ero MHTErPUPYEMOCTH TIOJIYUYAIOTCs U3 paBeHCTBa (4.5) npu 1) = const u uMeT BuL
I h 7 h
bpn2" g + b2, = 0. (4.22)

Orciofia Tak ke, KaK B IPEJBULYNHX CIydasx, nomydnM paseHcrsa (4.18) B h-mpocrpancrse Hyj
HenocrosiHHON KpuBm3HbL. [anee, u3 (4.22) upu (pg) = (14), (33) crenyer

Dboy =0, Dbsz =0;
TaK Kak I10 Teopeme 77 B mpocrpaHcTBe Hyi HENOCTOSHHON KpuBusHbl D #£ 0, TO
boy = bz = 0.
Torya u3 (4.7) npu (pq) = (14), (23), (55) naitzem
dbis =0, dby3 =0, dbss =0,
T.e. big, by u bss — nocrosmmubre. W3 (4.22) npu (pg) = (13) momyuaem
D(b1s — by3) = 0;
orcionia ipu D # 0 umeem by = boz, ocse storo u3 (4.7) mpu (pg) = (45) nmeem
(e2bss — e1b14)E2 = 0,  (egbss — e1b1a) Eq = 0.
Ecimn (egbss — e1biy) # 0, To By = Fy = 0; orciona cieayer (??) u no teopeme ?? npocrpancrso Hy
UMeeT HOCTOSIHHYIO KPUBU3HY, YTO IPOTUBOPEYHT HPeINo/I0KeHnIo. 1losTomy
e1biy = e1bag = eabss.
Honoxkus byg = e1ca, HafijieM B uTOre bpg = C2Gpg, T1€ (Gpg) Onpesiesteno dopmysioit (?7). O
3 TeopeMbl 4.12 BuITEKaeT cieLyoniee yTBeprKIeHUe.

Teopema 4.13. Beaxoe agpunnoe dsuorcenue X, (Lxg)r = 0, 6 h-npocmpancmese (Hyi,g) muna
{41} nenocmoannotl kpususno, ecmov undurumesumarvhas 2omomemusn: Lxg = cg, ¢ = const.

U3 reopembr 4.11 u jmueiiHocTu ypasHenusi (?77) BbITeKaeT, 4To obIIee pelleHre ypaBHeHUs Jii-
3eHxapTa B OObIKHOBeHHOM h-mipocrpancrse (Hyp,g) tuna {41} umeer Bug cih + b nium, B custy Teope-
Mbl 4.12, ¢1h+cag, the h = a+2pg, g u a onpeesieHbl B KOCOHOPMaIbHOM periepe’ (?7) KaHOHUYeCKUMU
dbopmamu (??), ¢1, co — nocrosinabie. OTCIO/Ia TOTyIaeM CIEIYIONLY 0 TEOPEMY.
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Teopema 4.14. Bexmoproe nose X ABAACMCA NPOEKMUSHBIM Jeusiceruem 6 h-npocmparcmee
(Hy1,9) menocmoannol kpusudnv. moz2da u moavko mozda, kozda eévnoansemces (4.8), 2de ¢ — onpe-
deasrowan Pynkyus npoexmuenozo deusicerus X, g u a onpedesetvt 6 Koconopmasvrom penepe (77)
kanoruueckumu gopmamu (77), 1, ca — npousdeosvrvie NOCMOAHHDLE.

Teopema 4.15. Ecau h-npocmpancmeo (Hyy, g) muna {41} nenocmoannoti kpueusnv, donyckaem
T-MEPHYIO HE20MOMEMUYECKYI0 npoexmushyto areebpy Jlu P., mo ama anzebpa codeporcum (r —1)-
MEPHYIO 20MOMEMUMECKYI0 N0JaN2e0pY.

Teopema 4.15 BbiTekaer u3 Teopembl 4.14 (cp. 10Ka3aTeIBCTBO AHAJOIUIHON TeopeMbl 4.5).

4.4. TIpoeKTHBHO-IrPYIIOBbIE CBOMCTBA h-IpocTpaHcTB Thna {5}.

Teopema 4.16. Jlo6oe pewenue (k, g,1) ypasnenus Jiuzenzapma (4.1), pasnocuavrozo nocae 3a-
menve k= b+ 2g ypasnenuro (4.2), 6 h-npocmparncmse (Hs,g) muna {5} nenocmoannots xpususho
YO006AEMEOPACTN, YCAOBUIO

5
= c1=f + const = c1p 4+ const, 4.23
2

ede Ppynruyua @ onpedeaena pasercmseom (77), ¢1 — nPouseosvHas NOCMOAHNHAA.

Jlokasamenavemeo. lokaxkem paeHCTBO (4.23) B KAHOHMYECKOM KOCOHOpMaJsibHOM periepe (?7), rue
ypasuenue (4.2) npumer Buj (4.4), w,j, OpeieNensl (opmyIamu (??), a by — KOMIIOHEHTBI TeHsopa b
B Kocoperiepe (77).

Huddepenupyst ypasaenne (4.4) u y4IuTbhiBasi paBeHCTBO HYJIIO KBajpara BHeriHero juddepeH-
uasa d, MOJy4YuM YCJIOBHsI MHTerpupyemMocTu 3toro ypasaenust (4.5). Ilpupasusis xoaddunueHTs
upu GasucHoii 2-popme by A 05 B JeBoit u npasoit yacrsax pasencrsa (4.5), upu (pq) = (14) naiizem
eR2b11 = 0. Ecom by # 0, o R = 0, u Hs 1o Teopeme ?? mpMeeT MOCTOSHHYIO KPHBH3HY, UTO IPOTHBO-
PEUNT IIPeJIIOJIOKeHnI0, 1o3ToMY b1 = 0.

Ananornuno, nosarast B ypasaenuu (4.5) nocsenosaresnsto (pg, mn) = (11,15), (22,14), (15,24),
(15,23), (22,13), (33,14), (34,12), (44,13), (44,12) u (45,12), naiigem npu R # 0:

P11 = b1z = Y12 = b1z = 13 = big = P14 = by = Y2 =0,
bog = W23 = bss = V35 = bag = 4y = bas = bss = 0;
sareM 1ipu (pg, mn) = (14,12), (34,14), (35,24) BbBOAUM
R(bis —boa) =0, R(bsg —bas) =0, R(bsz —by15) =0,
u Tak Kak R # 0 1/18 IPOCTPAHCTBA HEIIOCTOSHHON KPUBU3HBI, TO
bis = boy = bgz = M-
Tak ke n3 (4.5) upu (pg, mn) = (15,12), (34, 13) nomxyunm

3eR - 3eR

oy = L pay =
5 b 5 s P45,

orciona BBy R # 0 cirenyer bos = byy = v.
C y4eroM HaiiJIcHHBIX PABEHCTB U3 ypaBHeHus Ditsenxapra (4.4) ¢ wps, onpeeeHHbIMI (hopMyIIa-
mu (?7), mpu (pg) = (11), (12), (13), (44) naiinem

Yig) =Yop =Yatp =Yatp =0 (4.24)
u upu (pg) = (15), (33), (34) nomyunm
3e 2e
d/L + EV(Y})QO)Ql = (Y51/1)91, d,u - EV(Y5(,0)01 = 0, dv =0. (4.25)
Orcrona caepryer v = const, Y5(1) — evp) = 0, uro Bmecre ¢ (4.24) u paBeHcTBaAMU

Yie =Yop = Y30 = Yip =0,
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Berrekatonmu u3 (?77) u (77), naer
Yi( = evp) = 0,4 —evp) = 0
Jyist BCex i = 1,...,5, n Tak Kak det(gj ) # 0, BCJIeACTBYE HE3ABUCHMOCTH GA3UCHBIX BEKTOPHBIX MOJIEH
Y, = §j 0j, TO Z
Z 1 = evy + const = c1¢ + const . O

Teopema 4.17. Jloboti Kosapuarmmo nocmoarnvili cummempuinol mensop bi; 6 h-npocmpancmee
(Hs,g) muna {5} menocmoannotll kKpusustvs nponopuuoOHalet MEMPUECKOMY MEHIOPY:

bij = c2g;j, c2 = const.

Jokasamenvcmeo. B koconopmansrom penepe (??) ypasnenne bjjp = 0 npuanMaer sun (4.7). U3
YCJIOBHI UHTEIPUPYEMOCTH 3TOr0 ypaBHeHust (4.5) 1pu ¢ = const Tak ke, Kak B IPEJBIIYIIEM CJIydae,
HOJIyYUM, YTO BCE KOMIIOHEHTEI b;; paBHBI HyJIIO, KpOMe

615 = 624 = 633-
Tak kax ypasuenne (4.7) npu (pg) = (33) mmeer By dbss = 0, 10 bsz = ecy; = const. B urore

uMeeM by, = CaGpg, Ulle MaTpuiia (Jpq) onpeernena kamonmdeckumu dpopmamu (?77), a MHOXKATEIb Cp
IIOCTOsIHEH, YTO JOKa3biBaeT Teopemy 4.17. U

Tak kak BekTopHOe moJsie X siBiisiercst addunnbim asmxenneM B (Hs, g), ecim 1 TOIBKO €CiIn IPOn3-
BojHas JIu (Lxg) KOBApHAHTHO IIOCTOSTHHA, TO M3 TeopeMbl 4.17 mosrydaeM cie/yiomee yTBEepK IeHNIe.

Teopema 4.18. Besakoe afpunnoe deuscenue X e h-npocmpancmse (Hs,g) muna {5} nenocmo-
AHHOT, KPUBUSHOL ABAACCA UHPUHUMESUMANLHOT 20momemueti: Lxg = cg, ¢ = const.

U3 smneiinoctn ypasHenusi Diizenxapra (7?7) u reopembl 4.16 BbITEKaeT, 4To 00Iee pelleHne ypas-
HeHus DiizeHxapra B 00bIKHOBeHHOM h-tipoctpancTse (Hs, g) tumna {5} npeacrasisiercs B Buje c1h+ b
win, B cuity TeopeMmbl 4.17, B Bugie c1h+ cag, tie h = a+ 2pg; 3/1€Cb g U @ OIPEJIE/IEHBI B KOCOHOPMATh-
HoM penepe (?7?) kaHorndeckumu opmamu (?77), ¢1, ¢o — nocrosiaabie. OTCIO/]a BHITEKAET CIIEILYOIIAsT
Teopema.

Teopema 4.19. Bexmoproe nose X AGAACNCA NPOEKMUSHbIM Jeudicenuem 6 h-npocmpancmee
(Hs,g) nenocmoannol kpusudns, mozda u moavko moeda, kozda ewnoansemcs pasercmso (4.8), 2de
© — onpedeaarowas GYHKUUA NPoexmuetozo deusicernus X, g u a onpedesenv, 6 KOCOHOPMANLHOM Pe-
nepe (7?7) xanonuveckumu gopmamu (1?7), c1, ca — NPou3BOALHBIE NOCTOANHNDLE.

Teopema 4.20. Ecau h-npocmparncmeo (Hs,g) muna {5} nenocmosanmnot kpususnv, donyckaem
T-MEPHYIO HE2OMOMEMUNECKYI0 Npoekmuenyto aseebpy Jlu P., mo ama anzebpa codeporcum (r — 1)-
MEPHYIO 20MOMEMUMECKYI0 N0Ja.N2e0py.

JokazaresibeTBO 9T0ii TeopeMbl ocHOBaHO Ha Teopeme (4.19) (cp. JokasaTesabeTBO TeopeMsl 4.5).
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Keywords and phrases: vector field, Killing vector field, orbifold, Lie bracket, foliation, Riemannian
foliation.

AMS Subject Classification: 58K45, 17B66, 32565

Nzyuenune npeobpaszoBanmii, KOTOPbIE COXPAHSIIOT METPUKY IPOCTPAHCTBA-BPEMEHH, UTPAET UCKJIIO-
YUTEJIbHO Ba)XXHYIO POJIb B MaTeMaTu4eckoit ¢dusmuke. JloctaTrouno ckazaTb, 9TO ¢ TaKUMU peodpa-
30BAHUSIMU CBSA3aHBI HAMOOJIEE BaXKHBIE 3AKOHBI COXPAaHEHWs. DTH IPeoOpPA30BaHUs MOPOXKIAIOT TaK
Ha3bIBaeMoe BeKTOpHoe mojie Kusmunra. Bekropasie nosie Kunnunra B ¢pusnke yKasblBarOT Ha CUM-
MeTpuio (BU3MIECKON MOJIEJIN W TOMOTalOT HAWTH COXPAHSIONINECS] BEJIUYUHBI, TAKWEe KAK YHEPIHs,
UMITYJIbC. B Teopun OTHOCUTEILHOCTH, HAIPUMED, €CJIM METPUYECKUN TEH30p HE 3aBUCUT OT BPEMEHH,
TO B IPOCTPAHCTBE-BPEMEHHU CYIIECTBYET BPEMEHUIOMO0HbIN BekTOp KmiuinHra, ¢ KOTOPBIM CBsi3aHa
COXPAHSIONIASICS BEJIMUNHA — SHEPIUsi IPABUTAIIMOHHOIO 10Jist. HasBaHue 1aHO B 9€CTh HEMEIKOI'O Ma-
remaruka B. Kuumnara (1847-1923), orkpeiBiiero rpyumnst JIu 1 MHOrMe ux CBOHCTBA IMapaslIeIbHO
¢ Codycom Jlu.

leomerputo BekToOpHBIX 1Mosieit Kusuinara uzydaan muorue yuenbie: W. Killing, B. H. Bepecrosckwuit,
T. Adachi, FO. I Hukonopos, M. O. Karanaes, C. Beetle, M. Gurses, S. Maeda, S. Z. Nemeth,
K. Nomizu, T. Oprea, K. Yano, S. Kobayashi u ap.

B mesiom psse obstacreit husuku, HAIPUMEDP, B TEOPUH JIEKTPOMATHUTHOIO ITIOJIs, B TEOPUU TEILIA,
B CTATHYECKON (pU3WKE U B TEOPUU ONTUMAJILHOTO YIIPABJICHUsI, HY?KHO PAaCCMATPUBATH HE BEKTOPHBIE
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B sroit pabore mpuseseH 0630p pabOT IO TEOMETPHUN U TOITOJIOTUN OPOUT BEKTOPHBIX mmosteit KuanH-
ra. Berosty 1o riaIkocThi0 IOHUMAETCsT IVIaJKOCTh Kiacca C°°) ecim He yKa3aH KOHKPETHBIN KJracc.

[Iycts D — cemeiicTBO TUIaIKUX BEKTOPHBIX I0JIel, 3a1aHHbIX Ha MHOTOOOpasuu M. V3BecTHO, 9TO
pasbuerne MHOr0OOpas3nst Ha OPOUTHI SIBJISIETCS CUHTYJISIPHBIM CJIoeHneM. HammoMHuM orpejieieHne CHH-
ryJsipaoro cioenust (em. [19]).

[TogmuoxkecTBO L MHOTOOOpasust M HA3BIBAETCST CAOEM, €CIIT

(i) cymecrByer Takast quddepennuanbaas CTpyKTypa o Ha L, uro riajakoe MHoroobpasue (L, o)
SIBJITETCSI k-MEpPHBIM IIOTPY?KEHHBIM MTOJIMHOro00pasueM MHOroobpasust M ;
(i) JIst JIOKAJIBHO CBSI3HOT'O TOIOJIONMYECKOTO TPOCTpaHcTBa N U JIJIsi TAKOTO HEIPEPBIBHOIO 0TOO-
paxenusi f: N — M, aro f(N) C L, orobpaxkenue f: N — (L, o) HEIpepbIBHO.
Pasz6buenne F' muoroo6pasust M Ha cyion HasbiBaercs riajgkuM (kiaacca CT) CHHIYIISIDHBIM CJIOCHUEM
(cit0eHEEM ¢ OCOBEHHOCTSIMHE ), €CJIM BBIIOJTHEHBI CJIEJYIOIIUE YCIIOBUSL:

(1) mist kaxkzoit Touku © € M cymecrsyer Takas C"-kapra (1, U), cojepKaiasi TOYKY &, 4TO
Y(U) = Vi x Vo, tie Vi — oKpecTHOCTD Havasa B R*, V5 — okpecrrocts Hadama B R ¢k —
Pa3MEpPHOCTD CJIOsI, IIPOXO/ISIIEr0 9epe3 TOUKY &;

(i) (=) = (0,0);

(iii) g kaxkzgoro ciosi L, ynosiersopsitomero yeaosuto L N U # &, umeer MeCTo COOTHOIIEHHE

LNU=vy"tVixl), tnel={veVy:41(0,v) € L}.

Ecnu pazmepHocTn cj10eB cjioeHUsI ¢ OCODEHHOCTSIMH OJMHAKOBDLI, TO OHO SIBJISIETCS PEryJISPHBIM
CJIOEHHUEM B CMBICJIE OIIpeJieJieHusi, JaHHoro B [20)].

C reoMeTpuveckoil TOYKH 3pPEHUsI, BayKHBIMU KJIACCAMHU CJIOEHHUI SIBJISTFOTCS PUMAHOBBI CJIOEHHUSI.
Cnoenne F' na pumanoBoM MHOrooOpasuu M Ha3bIBaeTCS PUMAHOBBIM, €CIIU KarKJas I'eOJe3uYecKast,
OPTOrOHAaJbHAS B HEKOTOPOU CBOEH TOUKe K CJIOI0 cjioeHusi F', ocTaércst OpTOrOHAJIBHON BO BCEX CBOUX
TOYKax KO BceM ciosivm F' (em. [18]).

PumanoBbl ciioenust 6e3 ocobeHHOCTel BIlepBble ObLIN BBEJEHBI 1 U3y4eHbl Peitaxaprom B [18]. Pu-
MAaHOBBI CJIOEHUsI U3yUeHbl MHOIMME MaTemaTukamu (cm. [12-14,16,21]).

PumaHOBBI ciioeHust ¢ 0cOOeHHOCTsIMU ObLIM BBEJIEHBI U U3y4eHbl B paborax P. Molino [15] u A. Hap-
manoBa |6, 8|.

[Tycte M — mitajikoe CBsSI3HOE pUMaHOBO MHOTOOOpa3ue pa3sMepHOCTH 1.

Onpenenenune 1. Bekropuoe noje X Ha M Ha3biBaeTCs BEKTOPHBIM rojieM Kujummara, ecjin oiHO-
napameTpuyecKkast IpyTia JOKaIbHbIX peobpasosanuit t — X!(x), nmopoxkaennas mojem X, COCTOUT
U3 U30METPUil.

IMpumep 1. PaccMoTpuM Ha JBYMEpHOI eBKJIHI0BOI TiockocTn R? (2, y) BeKTOPHBIE MO

0 0 0 0
X1=4, Xo=4, Xzg=y——o.
Yo P oy P Ve T Moy
Jlns Touku (20, yo) npeobpaszosanue t — X () /151 5THX BEKTOPHBIX TI0JIeH HMEIOT BUJL COOTBETCTBEHHO
z(t) = o + 1, x(t) = xo, x(t) = zosint + yo cost, )
y(t) = yo; y(t) = yo + t; y(t) = zgcost — yosint.

[lepBbie JBa OTOOpasKeHUE SIBJISIOTCST TApaJLIeJIbHBIME TIepeHocaMu 110 Hanpabjienuto oceit Ox u Oy
COOTBETCTBEHHO, & IOC/Ie/IHee — BPAIlleHeM BOKPYT Hadaja KOOPIUHAT. Y KA3aHHbIE OTOOPAXKEHUS sIB-
JISTIOTCST M30OMETPHUSAMU €BKJIMJIOBON IIJIOCKOCTH, TIO3TOMY COOTBETCTBYIOIINE BEKTOPHBIE TIOJIS SIBJISTFOTCS
BEKTOPHBIMH TOJIIMHU KutuHra.

IMpumep 2. B TpéxmepHoM eBKImMuIoBOM IpocTpancTe R3(x,vy,2) cylmecTsyeT mecTsh JIMHEHHO
He3aBUCUMBIX mojieit Kummnra naji mojieM BeIeCcTBEeHHBIX THCeT:

0 0 0
Xl*%7 X278_y7 X3*£7
X4:z£— 0 5__Z£+x£ Xp = 0 9

oy Yoz
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['pymmbr mpeobpazoBanmii, MOPOKIEHHBIE BEKTOPHLIME ToJiaMu X1, Xo, X3, sIBJASIOTCS IPyIIIaMA I1a-
paJlIeJIBHBIX [IePeHOCOB 10 Hampasjennto oceit Ox, Oy nu Oz COOTBETCTBEHHO, a IOCJEIHIE TPH sIBJIS-
FOTCsT PpyIIaMu Bpaiennit Bokpyr oceit Oz, Oy u Oz coorBercTBeHHO. [locie Hre Tpu MOJIst SIBJISIFOTCS
taxxke nossimn Kusmmara na cdepe S2.

IIpumep 3. Paccmorpum Tpexmepnyio cdepy S2 B R* 22 C? ¢ unyuposannoit Merpukoit. Ilycrs
(w1, 22,73, 74) — Touka Ha cdepe S3. C TOMOMBIO KOMIJIEKCHBLIX HHCET TPEXMEPHYIO chepy MOXKHO
3aIncaTh CJIELYIOMMUM 00pa3oM:

S3 = {(21,22); |21|* + 22> = 1},

rjie 21 = X1 + i1To, 29 = T3 + 124.
Pacemorpum B R* BekToproe none Kuyumunra

0 0 0
X=—-w9o—421— — 24— + 23—
T 0xo 0x3 O0xy
JIerko MpOBEPUTH, UTO 3aJaHHOEe BEKTOPHOEe Tojie KacaeTcst cdepbl. s Toukm (z1,22) € S3 wmmre-
rpajibHasi KpUBasi BEKTOPHOIO 110Jist X, BBIXOJIAIIAs U3 TOUKK (21, 22) npu t = 0, uMeer Bu

Y(t) = {(z1€", z0€™), —00 <t < 00}

OueBn/iHO, YTO MHTErpaJsibHasl Kpusas 7 (t) sBJIsIeTCsS OKPYXKHOCTBIO. CeMeficTBO MHTerpaIbHbIX KPH-
BBIX BEKTOPHOTO TOJIsT X TOPOXKIAET TJIAIKOe PACCIOCHNEe, KOTOPOe Ha3bIBAETCS PacCaoeHueM Xortida.

Bekroproe nosie Knmumra obsagaor ciemyommmu cBoiicrsamu (cMm. [4]):

(i) ckobka Jlu aByx noseit Knjunnra sijisiercst nosiem Kusuinara,
(ii) simHeitnas koMOuHanust noJielt KujmmHra Ha [ 10J1eM JIeHCTBUTEIbHBIX YUCET SIBJISETCS [0JIeM
Kunmunra.

[TosToMy MHOXKECTBO BCeX BeKTOPHbIX moJjieit Kujunara wa muoroo6pasun M, obosnadaemoe K (M),
obpasyet asrebpy Jlu Has 10/1IeM JEHCTBUTEIBHBIX TUCE].
[IpuBeieM HEKOTOPBLIE U3BECTHBIE CBOMCTBA BEKTOPHLIX mosieit Kuaumra.

Teopema 1 (cm. |5, c. 224|). Auneebpa JIu K (M) Kuaiunzo6ux 6eKmopnuix noset c6A3H020 PUMA-
Ho6a mno2000pasun M umeem pasmeprocmo ne Gosee n(n + 1), ede n = dim M. Ecau dim K (M) =
In(n+1), mo M — mnoz006pasue nocmoanmot KpueusHo.

Teopema 2 (cm. [4]). Jauna eexmopa Kuaauneza ocmaemcea nocmoannol 6004 UHME2Pasonol
Kpueotll eexmoprozo noas Kuaiunea.

Teopema 3 (cm. [4]). Iyemv X — eexmopnoe noae Kuanunea wa pumaHosom mHo2000pasuu
(M, g). Hnumezpanrvroie kpusvie noas X AGAAIOMCA 2€00e3UMECKUMU SUHUAMY MO0 U MOALKO M020a,
Ko2da dauna eexmoprozo noas | X| nocmosanna na M.

B nmanbreiiem HaM MOHAIO00UTCS CIEIYIONA TEOPEMa, KOTOPas JaeT HeOOXOIUMOe U JIOCTATOTHOE
YCJIOBUE TOT'0, YTOOBI JIAHHOE BEKTOPHOE TI0JI€ B €BKJINIOBOM IIPOCTPAHCTBE ObLIO KUJIJIMHTOBLIM.

Teopema 4. Bexmoproe noae
n
0
X = Xi—

6 R" asasemca sexmoprovim nosem Kuarunea mozda u moavko mozda, £020a 6biNONHACTNCA YCAOBUA
0X; 0X; ., . 0X; N
+—:0> ’L#]a —:Oa Zajzlan'

Kax nokasbsiBaer npumep 1, nHTerpajbHBIe KpUBble BEKTOPHOI'O 10J1s Kujiiuara He Beerya sBJISIOT-
cd reogesudeckumu JmmHuAMHU. Teopema 4 yTBepKIaeT, 4TO ecjId JJIMHA BeKTOpHOro mosg Kumimara
IIOCTOSIHHA Ha, BCEM MHOI'0OOpAa3uH, TO MHTErpajIbHble KPUBBIE SIBJIAIOTCH IeO0I€3MYECKUME JIMHISAMU.

B. H. Bepecroscknit u 0. I Hukonopos mokazamm (cm. [4]), 9ro ecim JymmHa BEKTOPHOIO IOJIsSt
Kunmnra nmocrosiHHa Ha BceM MHOrOOOpasuy, TO MHTETPAJIbHBIE KPUBBIE ABJISIOTCS I'€Oe3MYEeCKIMUI
JINHUSIMH.
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Crenyroliiee yTBEpKIeHAE TOKA3BIBAET, UTO Ha JBYMEPHOM KPYTOBOM IMJIMHJIPE NHTErPaIbHbIE KPU-
BbIe BEKTOPHOIO 110151 KnIHra Beerjia sBJIsATCs reojesndeckumu jmausiMu (eM. [3]).

Teopema 5. Unmeepasvhas kpusasa xasncdozo 24a0k020 8eKmMopHo20 nois Kuaiunea wa 06ymeprom
KPY20BOM UUAUHIDE ABAAEMCHA 2€00€3UMECKOT AUHUEY.

3ameuanue 1. Kak mokasbiBaeT CJIEAYIONUI PUMED, UHTErPabHbIE KPUBBIE BEKTOPHOI'O ITOJIS
Kwumara Ha TpexMepHOM KPYTOBOM IMJIMHJIPE He 00si3aHbI ObITH MeOJe3MIeCKUMU JIMHUSIMU.

IIpumep 4. Ilycrs mmwmaap M = S? x R! roxen B R* ¢ moMomnipio ciie/iyonmx napaMeTpiuaecKux
ypaBHeHui
T =cosusinv, y=-cosucosv, z=sinu, w==t.

PaCCMOTpI/IM BEKTOPHOE II0JIE

B R%. Tlo Teopeme 5 MOKHO HPOBEPHTD, UTO PACCMATPHBAEMOE TI0JIe sIBJIsteTCst mosteM Kinmara B RE.
Kpowme Toro, sto mose kacaerca M. Ilosromy mose X siBiistercst BeKTOpHBIM TosieM Kutuara na M.
WuTrerpasbibie KpUBbBIE, IPOXOAIINE Yepe3 TOUKH (X, Yo, 20, Wp) MO X, NMEIOT BH/T

x(t) =wzgcost +yosint, y(t) = —xzgsint +ypcost, z(t) =zp, w(t)= wo.

Eciu zg # 0, To 9Ta KpuBasi He SIBJIsSIETCsT OOJIBIION OKPYKHOCTHIO HA S2. CienoBarebHO, OHA HE
SIBJISIETCSI TE€OJIE3NIECKON JIMHUEN.

B pasbHeiieM HaM HOHaI0OUTCs CIEIYIONIAsT TEOPEMA.

Teopema 6 (cm. [11]). IHyemv M — 2aadkoe pumarnoso mrozoobpasue pazmeprocmu n, D — cemet-
cmeo 2aadkux sexmoproix noset Kuasunea. Ilpednosootcum, wmo opobumos cemeticmsea D umerom pas-
meprocmu, menvwue n. Toeda pasbuerue MH02006pa3UA HA OPOUMBL ABAAECMNCA CUHLYAAPHLM PUMG-
HOBBIM CAOEHUEM.

Paccmorpum BexTopubie o X n 'Y B R, koTopble B IeKapTOBBIX KOOPAMHATAX UMEIOT CJIe Ly IOIuii
BUJIL:

CorjiacHO IPUBEJIEHHON BbIllle TeopeMe 6 JIErKO IIPOBEPUTH, 9TO STHU IOJIsl SABJAIOTCA BEKTOPHBLIMU
nonsivn Kuyumnara. O6o3naqnM depe3 S3 eunmuanyio cdepy ¢ MHIyIHPOBAHHONH MerTpukoii u3 R?,
KOTOpasi 3ajaHa ypasaenneM x> 4+ y2 + 22 + w? = 1. Herpyauo IpoBEepUTDH, 9TO 9TH BEKTOPHBIE MOJIS
Kacatorcst cepsl S3. BHAYNT, STH 1OJIsT ABJISIOTCS BEKTOPHBIME ToJIsiMi Kuumara Ha chepe S°.

Teopema 7. Cemeticmeo D = {X,Y } enoane unmezpupyemo. Peeyaaprvie caou caoerun F asasn-
10mea 08YMepHoLMU Mmopamu. Mrootcecmeo CUHZYAAPHLIL CAOES COCTOUM U3 06YT OKPYHCHOCTNEY.

3ameuanue 2. Bekropubie oyt X u Y He UMEIOT KPUTHIECKUX TOUEK. Tak KaK KaxK/10e BEKTOPHOE
110JIe, KacaTeJbHOe K JIByMepHOil cepe, 00s13aTesIbHO NMeeT KPUTHYECKYIO TOUKY Ha Hell, opouTa 3TOro
cemeficTBa He MOXKeT ObITH JByMepHOit cdepoit (cm. [1]).

Bameuanne 3. Kaxk cieiyer uz pesysnbratoB paborTsl |?], eciim ceMeiicTBO BIOJHE WHTEIPUPYEMO,
TO OpOUTA COBIAJAET C MHTEIPAJBHBIM MTOJIMHOI000PA3UEM.

Crenyrommasi Teopema u3 [11] gaér mosHyo KiaccuduKao reoMeTpuii opoUT BEKTOPHBIX MOJIeit
Kunnuara B TpéXMepHOM €BKJINIOBOM IIPOCTPAHCTBE.

Teopema 8. IIycmwv D — cemeticmeo sexmoproix noaeti Kuansunea ¢ R3. Tozda opbumuv, smozo ce-
meticmaa nopootcdarom caoenue F', kxomopoe umeem odun u3 cAeyiowux cemu munos:

1. caoenue F' cocmoum us3 napasnenbHbL NPAMDBIT
2. caoenue F' cocmoum us3 KOHUEHMPUYECKUT onpyofCHmmeﬁ, ACAHCAULUT HA NAPAANAEANDHOIT TLAOCKO-
CmAaxr u npﬂmod, romopas ABAACMCA MHONCECTNBOM UEHIMPOG,
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3. caoenue F' cocmoum us 6uHmMoSHr AMUHUL, ACHCAUWUT HA KOHUEHMPUUECKUT KPY208VLT UUAUH-
dpax, 00Ha U3 KOMOPHLIT ABAAEMCA 0CHI UUAUHIPOS;

cnoerue F cocmoum us napasteavroix naockocmet;

caoenue F' cocmoum u3 konuyenmpuueckux cep u mouku (yenmp chep);

caoenue F' cocmoum u3 KOHUeHRmMpuueckur Kpy206ux yuiundpos u npamots (0cb yuiundpos);

7. caoenue F umeem moavko odun caoti R3.

A

B JO0Ka3aTe/JIbCTBE TCOPEMbI 6y,H6T HCIIOJIb3OBAHO CJIeZlyIomiee IIpe/IJIO2KEeHneE.

Teopema 9 (cwm. [7]). Ilycmv F — cuneyaaproe pumanogo caoenue ma noAHOM PUMAHOBOM MHO20-
obpasuu M, vy — eeodesuneckan, udyusan U3 HEKOMOPOT, MOUKU Ty 6 HEKOMOPYIO MOYKY Yo, OPMO-
eonanvran k F. Tozda das wasrcdot mouku x € L(xg) cywecmeyem zeodesuneckan vy, udyuas u3 x
6 nexkomopyro mouxy caos L(yo), npuvem opmozonasvnan k F u umerowasn druny, pasuyro daune q.

Takxke B [7| nupuBeseHbl NOIPOOHBIE IPUMEDBI OPOUT BEKTOPHBIX I0Jiell KniumHra jis Kazkioro
nynkTa teopeMmbr 8. Ilepeuncinm ux.

1. PaCCMOTpI/IM ceMeiicTBO BEKTOPHBIX noJieit D, cocTrodniee n3 OJHOTO0 BEKTOPHOI'O ITOJIA

0 0 0
X=2—+—-3+.
dr Oy 0z
HerpyHo mpoBepuTh, 9T0 BEKTOPHOE oJie X sIBJISIETCS BEKTOPHBIM moJjieM Kumnnra. HTErpasinb-
Hble KPUBbIE BEKTOPHOTO 1MOJist X MOPOKIAIOT CJIOCHUE, COCTOSIIEE U3 MapPasIeIbHBIX MPSIMbBIX.

2. IlycTh cemeiicTBO D COCTOUT M3 BEKTOPHOTO IOJIST

0z

st BeKTOpPHOTO 10JIst X BBINOJHSAETCA YCJIOBUE TEOPEMBI O, IMIOITOMY OHO SABJISIETCS BEKTOPHBIM

nostem Kumummara. Ciioenne, OPOXK/IEHHOE HHTEIPAJIbHBIMU KPUBBIMUA BEKTOPHOTO 110JIsi X, COCTOUT

U3 KOHIIEHTPUIECKUX OKPYKHOCTEH, JIeXKAIUX Ha MMapaIebHbIX IJIOCKOCTAX. BekTopHOoe mose X

IIOPOXKJIaeT T'PYIIy U30METPHil, KOTOPbIE SBJISIOTCA BPAIEHUSMU BOKPYT IPsMOIL, cocTosdAIeil nu3

IIEHTPOB KOHIIEHTPUYIECKUX OKpyzKHOCTell. HemoaBmKHble TOYKN 3aI0MHAIOT Ipamyio y = 4, z = 1.
3. PaccMoTpuM BeKTOpHOE ITOJIE

3} 0 0
X={(B342)— 44> —(z—-1)—\.
{ ( ) Ox dy ( ) 0z
NurerpasibHble KpUBbIE BEKTOPHOTO 10JIs X IIOPOXKIAIOT CIIOCHNE, COCTOSINEE M3 BUHTOBBIX JIMHHUIL,

JIeKallMX Ha KPYTrOBBbIX IIWJIMHAPAX U IIPAMOI, KOTOpas ABJISAETCA OCbIO IIUJIUHJIPOB.
4. PaccMmoTpuM ceMeiicTBO, COCTOSINEEe U3 JIBYX BEKTOPHBIX ITOJIei

D:{(3—z)§—y+(y—l)%, (2+z)§y+(y—7)§—z}.

Herpynuo mpoBeputh, 9T0 Kaxk/i0e BEKTOPHOE Iojie u3 ceMeiicTBa ) sIBSeTCs BEKTOPHBIM II0JIEM
Kunnunra. B sTom cityaae opOuThl ceMeiicTBa BEKTOPHBIX T0JIel [ TOPOXKIAIOT CJIOEHNE, COCTOSIIEE
73 MapaJIeIbHBIX [LJIOCKOCTEI.

5. PaccMoTpuMm ceMelicTBO, COCTOsINEE U3 JIBYX BEKTOPHBIX TIOJIEH

D—{(?’—z)%—i—(x—l)%, (1—37)(%—}-(2;—1)%}.

HermocpemcTrBeHHOM TPOBEPKOIT MOXKHO MTOKA3ATh, UTO JJIS JAHHBIX BEKTOPHBIX IOJIEI BBITOTHSIOTCS
YCJIOBUST TEOPEMBI 5, TIO9TOMY OHHU SIBJISIFOTCSI BEKTOPHBIMU TosisiMu Kujimuara. OpOuThI ceMeiicTBa
D nopox/iaer ciioenne, KOTOpoe COCTOUT U3 KoHIleHTpudeckux cdep u roukn (1,1, 3), rouka (1,1, 3)
SIBJISIETCS TIEHTPOM Beex cdep.

6. PaccMoTpuM ceMeicTBO, COCTOsAIIEEe U3 JIBYX BEKTOPHBIX HOJIEH

0 0 0 0
D= —2)=—4y=—y 2— — — .
{(5 Z)ay gL dy 82}

X—(l—z)%—i—(y—él)é.
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['pymnma m3omMeTpuii, MOPOXKIeHHAsT BEKTOPHBIMH IOJISIMU U3 CEMEWCTBa BEKTOPHBIX mojieir D, co-
CTOUT U3 KOMIIO3UIMH CIBUTOB W BpareHuit BOKpyr ocu z = b, y = 0. Ecim pacecmorpers opbuty,
MIPOXOJIAIILYIO Y€pe3 TOUKY, OTJUIHYIO OT TOUKHU IIPSAMOI, TO OHA SIBJISETCS IIJIMHAPOM. Ecain Touka
JIEXKUT Ha MPSMOI, TOrIa cama mpsiMasi SIBJASIETCST OPOUTOI.

7. Temepb mpuBeeM TpUMEp CeMeHCTBa KWJIIMHTOBBIX BEKTOPHBIX IOJIEH, Karkaasi opduTa KOTOPOIo
cosmaaer ¢ R3. PacemorpuM cemeiicTBo

D= —zé—i-xg, (2—z)2+(y— 1)2
0z
Herpynno mposepuThb, 9TO 9TH BEKTOPHBIE HOJIS ABIAIOTCA BeKTOPHBIMU mtossivmu Kusumnra. Omo-
rmapaMeTpudecKas rpyIina mpeodpa30BaHnii BEKTOPHBIX 1oJiel u3 D COCTONT U3 BpAIEHUN BOKPYT
JIBYX CKPEIIUBAIONINXCSA MPAMBIX: och Oy 1 npsiMas 2z = 2, y = 1.
Paccmorpum maTpuity
—z 0 T
A= 0 22—z y—1
y—1 —z 0
Tperbsi crpoka Marpuipl A cocrour u3 kommoHeHT Bekropaoro mosst [X,Y] u det A = 2x(1 — y).
[TosToMy panr MaTpurpbl A MakcHMaaeH BO BeeX TOYKax R3, KpoMe TOUEK, JEXKAIUX Ha, ILJIOCKOCTSX
z =0uy = 1. CirefioBaTeIbHO, €C/M TOYKA P HE JIEKAT Ha ITHX IJIOCKOCTsX, To dim A,(D) = 3. Tak
kak dim A, (D) < dim L(p), opbuta L(p) ssnsercs TpexmepabiM Muoroobpasuem. [ostomy L(p) = R3.
B pabore A. Hapmanosa u O. Kacumosa [17] ucciieioBaibl CTpyKTYpbI IIPOCTPAHCTBA CJIOEB CUHTY-
JISPHOT'O CJIOEHUSI, KOTOPbIE MOPOXKIAIOTCA OpOUTaMu BEKTOPHBIX rmoJieit Kummnra.

Onpenenenune 2. Ilycts F — CHHIY/ISIDHOE DPUMAHOBO CJIOGHHE HA MOJJHOM PUMAHOBOM MHOI'O00-
pasun. Cjoenne F HA3bIBAETCSI CHHIYJISPHBIM PUMAHOBBIM CJIOEHHEM C CEUCHHMEM,.€CJIU JIJIsT KaXKJIoit
PEryJIsipHOIl TOYKHM P MHOXKECTBO O = expp(HpL) SIBJISIETCSI TIOJIHBIM MOTPY?KEHHBIM ITOJIMHOT000pa3u-
eM, KOTOpOe IiepeceKaeT KarKJIbIil CJION OPTOI'OHAJIBHO M B HEM MHOXKECTBO PErYJIsipDHBIX TOYEK BCIOJLY
IWIOTHO. MHOXKECTBO 0 Ha3bIBAETCS CEUYEHUEM.

CJIG,ZLyIOHLaH TeopeMa, JOKa3aHHasd B [17], ABJIAETCA TeopeMoﬁ O JIOCTATOYHbBIX YCJIOBUAX JJId TOIO,
4TOOBI cjioeHnue, IMopozKJ1eHHoe Op6I/ITaMI/I BEKTOPHbBIX noJieit KI/IJIJH/IHFa, OBLJIO CJIOCHUEM C CEUCHUEM.

Teopema 10. Ilycmov F — cuneyaaproe caoenue na R™, nopoowcdennoe opbumamu cemeticmsea D
sekmopHur noset Kuaaunea. Ilpednososicum, wmo 6ce cunysapHble CAOU U30AUPOBAHDL, G PA3MED-
HOCTL PeYAAPHBT caoes pasna N — 1. Toeda croenue F' a6aiaemea pumMaHo8uM CAOEHUEM C CEUEHUEM.

Teopema 11. Ilycmv F — cuneyassproe pumarnoso caoenue R™, nopoowcdennoe opbumamu cemeti-
cmea D sexmopnoir noseti Kuasunea, 2de n = 2,3. Ilpednorosicum, 4mo pasmeprocms peysapHbis
cnoes pasra n — 1. Tozda croenue F ABAAEMCA CUHZYAAPHDIM DUMAHOBHIM CAOEHUEM C CEUEHUEM.

Bo Bropoit yactu crarbu [17] mokazano, 94To eciu OpoUTHI BEKTOPHBIX mojieil KujuinHra mopoxK 1aoT
CUHTYJISIPHOE PUMAHOBO CJIOGHUE C CEYEHUEM, TO MHOXKECTBO OPOUT sIBJISIETCST TIIAJKUM OpOHOOpasueM.

O6o3naunm yepes M cBsizHOE Xayc1op¢OBO TOMOJOIHIECKOE TIPOCTPAHCTBO CO cUYeTHO Oazoit. [ycTn
U — orkperToe mojgMuokecTBO M, V — oTkpbiToe momamHokecTBO B R™ u G — koneunast rpynmna C”
b deomopdusmon V.

Kapra opbuobpasust 8 M — 310 Habop u3 dersipex anementos (U, V, G, p), tue ¢: V — U — orob-
paKeHue, sIBJISIONIeecsi KOMIO3UIMel ByX orobpaxkenuii ¢ = 7 o7 tae w: V. — V/G — dakrop-
orobpazkeHne Ha MHOXKeCTBO opbut, a 7: V/G — V — npon3BoJibHBI TOMEOMOPQU3M.

Arnacom kmacca C" maswiBaercs cemeiicto kapr A = {(Uy, Vi, Gay 0a), @ € J} 11s KOTOPbIX
BBITIOJTHEHBI YCJIOBUS:

(i) muOox)kecTBO {(Uy, @ € J} 0Opasyer nokpeirue M;
(ii) moast mobbix aByx KapT (Ug, Vo, Ga, ¢a) 1 (Ug, Vi, Gg, pp) U3 A, yIOBIETBOPSIONAX YCIOBHIO
U, € Ug, cymecTByeT HHBLEKIUS.

Makcumasbabit atnac A kinacca C" HazbBaercs CT-cTpyKTypoit guddepeHmpyemMoro opbunobpasust

Ha M, u mapa (M, A) naseiBaercst auddepennupyembim CT-opbrobpasuem. JIroboii ariac kiacca C”
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OJIHO3HATHO OIIPEJIE/ISIET COJMEPXKAIINN €10 MaKCUMAaJIbHBIN aTIac TOTO XKe KJjacca. JucIo n Ha3bIBAeTC s
pasMepHOCTBIO opbuobpaszust (M, A).

Nuave MOXKHO CKasaTb, 9TO OpOMOOpa3Ue — 3TO TOIMOJOIMIECKOE MPOCTPAHCTBO, JIOKAJBHO TOMEO-
MopdHOe (PaAKTOPMHOKECTBY OTKPBITOIO IMTOJMHOYKECTBA €BKJIMIOBA IPOCTPAHCTBA IO JIEHCTBUIO KO-
HEYHOI I'PYIIIIHI.

B pabore A. Hapmanosa u O. Kacumora [17] B citydae CHHI'YJISIDHOTO CJIOEHHSI, JJOKa3aHa CIIeIyoIasi
Teopema.

Teopema 12. [lycmo F' — cuneyaaproe caoerue 8 R™, nopoostcdennoe opbumamu cemeticmea D sex-
moproix nosett Kuasunea. Ilpednososcum, wmo caoerue B asiaemes cunHzysapHoim puMaHO8bIM CAO-
enuem ¢ cevenuem. Toeda mmoorcecmeo caoee F (mnootcecmeo opbum) ssasemes opouobpasuem.

A. Hapmanossiv u C. CanroBoit (cM. [9]) BBemeHo moHATHE BeKTOPHOTO 10711 Knmmira tuna «mepe-
HOC» HJIM «BPAIIEHUE» I IIOJIy9€HBl HEOOXOIUMBIE U JOCTATOYHbIE YCAOBUS KOMMYTHPOBAHUS BEKTOD-
HbIX nojieif Kuumnmra, npuseena kiaccudukanust opouT BeKTOPHLIX IoJeil Kuininira B eBKIINIOBBIX
IPOCTPAHCTBAX, & TAKKe U3yUeHbl PA3/IMIHbIE CBOICTBA U HEOOXOAUMBIE I JOCTATOYHBIE YCIOBUS KOM-
MyTHPYIOMIIX BEKTOPHBIX moJell Kmiinara B eBKINIOBBIX IPOCTPAHCTBAX.

Hokazams! cieyomue TeopeMsr (cm. [9]).

Teopema 13. /[sa sexmopruz noaa Kusrunea X, Y, 0010 U3 KOmopux noposrciaem «SpaueHues,
a 8MOPOE — «NEPEHOCH, KOMMYMUPYIOM Mo20a U MOALKO M020a, k0204 HANPABAECHUE «NEPEHOCHS NOAA
Y napanreavrno nodnpocmparcmey N nenodsusichoix mouex noas X.

Teopema 14. Ilycmv X, Y — sexmophvie noas Kuasuneza e R™, mopoowcdaroujue «8paweruns,
u Ny, No — mmoorcecmea nenodsuotcnvix (ocobwx) mouex X, Y coomeememsenno. Bexmopnuvie no-
a8 X, Y xommymupyrom moeda u moavko mozda, kozda subo dim N1 = dim Ny = 0 u N1 = Na, aubo
R™ = N1 ® Ns.

Hamee B paboTe uccienoBaHa 3a1a4a 0 KJIacCH(OUKAIINN OpOUT ceMeliCTBa HEIPUBOINMBIX BEKTOPHBIX
noJteit Kunnsra.

Omnpenenenne 3. Bekroproe nose Kummara B eBKINIOBOM IPOCTPAHCTBE TUIIA «BpAIEHIE> Ha-
3bIBACTCA HEIIPUBOJAMMBIM OTHOCHUTEJIHBHO ,ZLaHHOI;JI CHUCTEeMbI KOOPpJAHNHAT, €CJIN MHO2KECTBO HEITOJIBHUZKHBIX
(0cOOBIX) TOUEK HTOrO BEKTOPHOI'O HOJIs sIBJIsieTCsl (1 — 2)-MepHOH KOOPIMHATHON IJIOCKOCTBIO. BeKkTop-
HO€ II0JIEe KH.H.HHHF& B €BKJIMJIOBOM IIPOCTPAHCTBE TUIIA <«IIE€PEHOC» Ha3bIBACTCA HEIIPUBOIAMMBIM, €CJIN
HaIpaBJCHUE MIEPEHOCA MaPAJIJIETbHO OJHON U3 KOOPJIMHATHBIX OCEM.

[IpuBenem Teopemy O reomerpuu OpOUT BEKTOPHBIX mojieli KusuimHra B €BKJIUIOBOM ITIPOCTPaH-
CTBE IIPH IIPE/IIOJIOKEHNAN, ITO ceMeiicTBO B(D) coCTONT M3 HEHPUBOAMMBIX BPAINEHUIT ¥ [IEPEHOCOB

(. [17]).

Teopema 15. Ilycmos ¢ R™ 3adarno cemeticmseo D sexmopnwnixr nosett Kuanunea, a 6aszucroe ce-
METCMB0 cOCMouUm u3 m HenpueodumMus exmoprox noaet. Tozda opbuma L, npoussosvrot mouky
p € R" asasemcsa o0num u3 caedyrowu nodmmoz000pasuti e6KAUI06aA NPOCMPAHCTNEA:

(i) k-meprot naockocmoro, 20e 0 < k < min{m,n};
(ii) k-meprom mopom TF = St x St x .. x S1 2de 1 < k < min{m, [n/2]};
(iii) k-mepnoti chepoii S*, 2de 0 < k < min{m,n — 1};
(iv) k-meprotm mopuneckum yuaundpom TFL x R¥2 | 20e k = ki + kg u ko < k < min{m, [n/2]};
(v) k-meprvim chepuneckum yusundpom S x R¥2 | 20e k = ki + ky u ko < k < min{m,n — 1}.

B 9] usyuaercsi reomerpusi HEKOTOPBIX CyOMepCHil, KOTOPble BO3HUKAIOT [IPHU U3yYEHUN MEOMETPUU
BEKTOPHBIX Tosielt Kunara, a mMeHHO, paccMaTpuBaeTcs ceMeiicTBO ), cocTosImee n3 1 BEKTOPHLIX
nosteit Kusmmara B R™, w3 koropbix k BpallieHuii, n — k mapaJulejibHbIX EPEHOCOB, e n = 2k + [

0
5 15 ecau 1 gerno u 1 < 1 < 2k,
Y;; _ Ti—1 T (2)

— B IIPOTUBHOM CJIydae.
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IMokazamo, 1To 6a3uc MuHIMaAILHON anredbpst A(D) cocrout u3 n + k BEKTOPHBIX IHOJI€ll

_(9 X, —
nt+s = —I2s T2s—
(9.%‘j7 (9.%‘23_1 &7:25’
OKa3aHo, 9TO OpbuTa ceMelicTBa JIsT KaXKJI0M TOYKU COBIAIAET CO BCEM ITPOCTPAHCTBOM U oTpe-
I1 , 6 D R"™
NeJieHa, creyiomast cybmepens m: RPHE — R™:

Tt ta, o tork) = X (L (XR(XT(0). ),

X; =

riae O —Havgayo KoopauHar B R™.

CIINCOK JINTEPATYPBI

1. Apnoavd B. U. ObpiknoBeHHBIE Tuddepernmaababie ypasaenns. — M.: Hayka, 1975.
2. Acaonos 2K. O. Teomerpusi opout BeKkTOpHBIX Tosedi// Jokm. AH PVs3. — 2011. — Ne 5. — C. 5-7.
3. Acaonos 2K. O. Hapmanos A. Teomerpusi opbur BekTopHbIX nosteit Kuimnara// ¥Y36ek. mat. x. — 2012, —
Ne 2, — C. 77-85.
4. Bepecmoscrxuti B. H., Huxonopos FO. I'. KujaauHroBbl BEKTOPHBIE TI0JIsl [IOCTOSIHHOM JIJIMHBI HA PUMAHOBBIX
MHOroobpasusix// Cub. mat. K. — 2008. — 49, Ne 3. — C. 497-514.
5. Kobasacu III., Homudsy K. Ocuosl muddepennmanbuoit reomerpun. T. 1. — M.: Hayxka, 1981.
6. Hapmanos A. 5. O nuddepennuanbuoii reomerpun cioenuii ¢ ocobennocrsvu// Hoka. AH PYs. — 1996.
— Ne 3. — C. 6-7.
7. Hapmanos A. 4. O TpaHCBepCaJbHO CTPYKTYPE MHOXKECTB YIIPABISIEMOCTH CUMMETPHYHBIX CHCTEM YIIPaB-
aenusi// Huddep. ypasa. — 1996. — 32, Ne 6. — C. 780-783.
8. Hapmanos A. . CtpyKTypa opbuT crcTeM BEKTOPHBIX MOJIEHl U UX TIpejienbHble cBoiicTBa,/ luce. HA conck.
yd. CTel. JIOKT. pu3.-MaT. HayK — TamkenT, 1998.
9. Hapmanos A. 4., Caumosa C. C. O reomerpun BekTopHbIx noseit Kununra// Joka. AH PYs. — 2013.
— Ne 5. — C. 3-5.
10. Hapmanos A. 4., Caumosa C. C. O reomerpun opbur BeKTOpHBIX noJel Kusumura// Huddep. ypasu. —
2014. — 50, Ne 12. — C. 1582-1589.
11. Narmanov A. Ya., Aslonov J. O. On the geometry of the orbits of Killing vector fields/ arXiv:
1203.3690 [math.DG].
12. Hermann R. The differential geometry of foliations, I// Ann. Math. — 1960. — 72. — P. 445-457.
13. Hermann R. The differential geometry of foliations, IT// J. Math. Mech. — 1962. — 11. — P. 305-315.
14. Molino P. Orbit-like foliations// in: Geometric Study of Foliations. — Tokyo: World Scientific, 1993. —
P. 97-1109.
15. Molino P. Riemannian Foliations. — Boston: Birkh&user, 1988.
16. Morgan A. Holonomy and metric properties of foliations in higher codimension// Proc. Am. Math. Soc. —
1976. — 58. — P. 255-261.
17. Narmanov A. Ya., Qosimov O. Y. On the geometry of the set of orbits of Killing vector fields on Euclidean
space// J. Geom. Symm. Phys. — 2020. — 55. — P. 39-49.
18. Reinhart B. Foliated manifolds with bundle-like metrics// Ann. Math. — 1959. — 69. — P. 119-132.
19. Stefan P. Accessible sets, orbits and foliations with singularities// Proc. London Math. Soc. (3). — 1974.
— 29. — P. 699-713.
20. Tamura I. Topology of Foliations: An Introduction. — Am. Math. Soc., 2006.
21. Tondeur P. Foliations on Riemannian Manifolds. — New York: Springer-Verlag, 1988.
22. Tursunov B. A. On the geometry of Riemannian submersions over orbit of Killing vector fields// Bull.
Math. Stat. Res. — 2016. — 4, Ne 2. — P. 102-107.

Aciionos 2Kacypbek OpsueBnd
Hamnwmonampuoiit yuuBepcurer ¥Y36ekucrana um. M. Viayroeka, Tamkent, Y36ekuctan
E-mail: jasurbek05@gmail.com



NTOrM HAYKU U TEXHUKWN.
CoBpemMeHHass MaTeMaTuKa 1 ee NPUIoXKEeHUs.
TemaTunyeckune 0630pbl.

Tom 215 (2022). C. 40-51

DOI: 10.36535/0233-6723-2022-215-40-51

VIIK 517.977

TEOMETPUYECKUI IIOJAX0/ K 3AJAYE OIITUMAJIBHOT'O
CKAJIAPHOTI'O VIIPABJIEHNA JBYMSAd HECUTHXPOHHBIMUA
OoCIMNJIJIATOPAMMU

(© 2022r. JI. M. BEPJIUH, A. A. TAJIAEB, II. B. JIBICEHKO

AHHOTALIUA. PaccmarpuBaercss 3aj7a4a ONTUMAJILHOIO CKAJISIPHOIO yIPABJIEHUsI CUCTEMON U3 JBYX
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1. Bsenenwme. 3ajjaun ynpap/ieHUs] IUHAMUYECKUME KOJEO0ATEIBHBIMUA CHCTEMAMU, OIMUCHIBAEMBIE
OOBIKHOBEHHBIMU TudDepeHInaaIbHbIMI YPABHEHUSIME, COIEPKAIUME YIIPABJIAIONIee BO3/IeiCTBHE,
IMIAPOKO IMPEJICTABJIEHbI B PA3JUIHBIX MPUJIOKEHUSIX B MEXAHUKE, TEXHUKE U PAIMODIEKTPOHUKE.
B wacrHOCTH, B KadecTBe I'PYyIIbI OCIUIISITOPOB MOXKET PACCMATPUBATHCS IJIEKTPUIECKAs CETb, IT0-
BeJleHUe BCEX KOHTYPOB KOTOPOI JIOJI?KHO OBITH OIPeIeIeHO OJHUM OOIINM CKAJIAPHBIM yIIPABICHAEM.
enpio yupaBiaeHus siBIsieTCsS JOCTUYKEHUE CUCTEMON TPeOyeMOro COCTOSHUSI ¢ ONTUMU3aInel 3a/aH-
HOro KpuTepusi kadectna. [ HAXOXK/IeHusT yIIpaB/IeHns KaK (PYHKIMH BpeMeHN HEOOXOIUMO PEIUTh
3a/a4y ONTUMAJILHOIO YIIPABJIEHUS B YCJIOBHUSIX, KOT/Ia PA3MEPHOCTb BEKTOPA YIIPABJICHHUS 3HATUTE/THHO
MEHBIIEe, YeM PAa3MEPHOCTH (HPa30BOTO IMIPOCTPAHCTBA COCTOSTHUIM CUCTEMDL.

DyHIAMEHTOM TEOPUU ONTUMAJILHOTO VIIPABJICHHUS CJIyKUT UPUHIUN Makcumyma llonTpsirmna
(ITMIT), paspaboraunbiii rpynmnoii maremarukosB Bo riase ¢ JI. C ITonTpsruabiM u n3ioxkeHHsbiil B [5],
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1 oKpyKatomue ero uccyejgosanusi. B [2] B. I'. BosrsinckuM BriepBble periieHa 3a/1a4a CHHTe3a, JIJIsT OJIU-
HOYHOT'O OCIIUJLISITOPA ¢ KpUTepreM ObicTposeiicTBus ¢ uctosb3osanuem IIMII. Banaun onruMaibHOro
yIIPaBJIEHUs] HECKOJIbKUMU OCIJIIAITOpaMu Oblin noctassienbl B MoHorpaduun @. JI. Yepuoycbko [7],
B KOTOPOH Takyke IIPEeJIaraloTCs MPUOJIMKEHHBbIE METObI IO Peasn3al[ii YIIPABJICHUS JJIsi CUCTEM,
coJlepKaIux KojebaTe/bHbIE U BpallaTe/bHble 3BeHbs. Jlajiee, y:Ke HA OCHOBE 9THX METOJIOB, JAECTCH
pelenre HEKOTOPBIX 33129 ONTUMAJILHOTO YIIPAB/ICHUS C MCIIO/b30BAHNEM MAJIBIX CHJI U 33/1a49 yIIpPaB-
JIeHUsT KOJIeO0aHUSIMU.

B mamnoit pabore OymeT mpuMeHneHna reoMeTpuveckasi Teopus yIpaB/ienus, Bo3uukimas B 1970-x rr.,
¢ reomerpudeckoit muarepuperamnueit [IMII. Takoit moaxom MCIOIB3yeT METOJbI TEOPWH T'PYII U aJj-
redp Jlu, nuddepennuaipbHOil reoMeTprur, a TaKXKe CHUMIIEKTUIECKYI0 T'€OMETPHUIO JIJIsi UCCJIeI0Ba-
HUsI YIpaBJsieMbIX cucTeM. [lepBbiit poccuiickuil yuebHuK [1] 1m0 naHHOMY HANpPABJIEHWIO HAIKMCAH
A. A. Arpagesbim u FO. JI. CaukoBBIM.

B crarbe [3| nokazama ynpasisieMocTb cucreMbl N HECHHXPOHHBIX OCIHUJUISITOPOB U IIPEJJIOXKEH
AJITOPUTM HAXOXKJICHHS PEIIeHUsT 33189 ONTHUMAJILHOIO YIIPABJIEHUsI ¢ KpUTEPUEM OBICTPOIEHCTBUSI.
B crarbe [4] npejiozken aJropuTM HaX0KI€HUsI OIITUMAJIBHOIO PEIeHNs B KJIacce TPEX MePEeKIIOYeHUi.

2. TlocranoBKa 3aga4YM ONITUMAJbHOTO CKAJISPHOIO YHOPAaBJIEHUA ABYMS OCIIAJIJISTOPAMM.
PaccmorpuMm cucreMy, COCTOSIIYIO U3 JBYX HE3aBUCHMBIX OCIMJLISITOPOB C Pa3JIUYHBIMU COOCTBEHHDI-
MM 9aCcTOTaMU KOJICOAHWM wi # wo. B KaXKJbIil U3 OCHUJLIATOPOB BBEJEHO CKAJISPHOE YIIPABJISIONIEE
BoO3eiicTBrAE U. Y PABHEHUS JUHAMUKNA CHUCTEMbI UMEIOT BU]I;:

qi(t) = p1(1),

g2(t) = pa(t),
pa(t) = —w3qa(t) + u(t),

e ¢; € C%(0,T) — koop/mHata i-ro ocruiaTopa, a p; € C1(0,T) — ero mvmysse, i = 1,2. Yipasie-
HHE OrPaHMYeHO 110 MOJLYJIIO:

lul <e, we L™0,T). (2)

B mavaabHBI MOMEHT BpeMeHN OCHUJIJIATOPBI HAXOJATCA B COCTOAHUM ITOKOsI, T. €. obe d)a3OBbIe KOOD-
JAUHATDBI KazKJI0I'0 OCIHUJIJIATOPa PaBHBI HYJIIO:

[ess ypaBaeHust COCTOUT B MPUBEIEHNN CUCTEMbI OCIIU/LIATOPOB B HEKOTOPBIH HE(PUKCUPOBAHHBIH
MOMEHT BpeMeHU 1 B KOHEYHOE COCTOSTHHE:

PaCClVIanHBaeTCH 3aJaqga 6bICTpO,HeI7ICTBI/IH:
T — min. (5)
U

3. VYupaBisieMOCTb CUCTE€MbI JBYyX HECUHXPOHHBIX OCIMJIJISATOPOB. 3a/a9a ONTHUMAJILHOTO
yupasisenus (1)—(5) umeer Bujy

q PL 0
P _ | —win 1 _ 4_ P
q'2 - P2 +u 0]° 37*(@171717(]27172)6]1% *M7 u € [ 575] Ua (6)
D2 —W3 1
z(0) = z9 = (0,0,0,0), =x(T)==xpr=(0,1,0,0),
T

T:/dt—>min.
0
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Cucrema BEKTOPHBIX ITOJI€H JTAHHON 3a1a"1 OIPEIEISIeTCsT CIEYOIMMUM 00pasoM:

]:($,’LL):{f1—|—’LLf2|’LL€U}, (7)
B o, 9 ., 8 o 0
= ple— + po— — W — — Wagr—, - 4+ =
fi=m o b2 0qo 1 Op1 202 Op2 f2 Op1  Opa

Addunnas cucrema F SABJISIETCS HECUMMETPUYHON BBULy HAJUYUsI BeKTOpa ciasura fi. Bompochbl
JIOCTHZKAMOCTH U YIIPABJISAEMOCTH I TAKUX CHCTEM C M€OMETPUIECKOH TOYKHN 3PEHHs BIEPBbIE ObLIN
uccsiesioBanbl B crarbe Cycemana u lxapekesuya [10].

Kpurepnit g1 cuibHON JOCTUKUMOCTH JAeT CJIEIYIOIIasi TeOpeMa.

Teopema 1 (Cyccman, /xapmxesna). Anasumuveckas cucmema (t) = f(x(t),u(t)) obaadaem
c60UCMBOM CUAHOT JOCTRUNCUMOCTIU 8 MOYKE T 0204 U MOALKO M020a, K020a PA3MEPHOCTNL Udednd
anzebpoi JTu, nopooicdernot cucmemoti, coenadaem ¢ pazmeprocmvlo NPOCMPAHCMEa COCMOANUT

dim Lo(z) = n. (8)

B [9, npumep 3.16| nokazaHo npuMeHeHne TeopeMbl 1 K JIMHEHHBIM CHCTEMaM ¢ OFPAaHUYEHHEM Ha
yupasjienue. Eciu BHyTpeHHOCTb U SIBJISIETCS HEIYCTBIM MHOXKECTBOM, TO PaHrOBbI Kpurepuii (8)
obecrieunBaeT CBONCTBO CUJIBHOW JOCTHXKUMOCTH JIJIsi TAKOW CUCTEMBI.

Hutst cucrembl (6) cpaBejinBa cJieiyomiast JeMMa.

JIemma 1. Cucmema (1) asasemea cuavno docmustcumot.

Jlokasameavcmeo. Victonb3yem s JlokasaresabcTBa Teopemy 1. B nHamem coyuae jyist cucrembt (7)
ngeas Lo UMeeT BUJ,

Ly = span (f?a [flaf2]7 [fla[fl7f2]]7 [fh [fh[fhfﬂ”)' (9)

[Tokaxkem 3TO, BBIOpaB, IO OINpEJEJEHUIO Hjeasia, U3 BEKTOPHBIX mojeit fi, fo m nx ckobok Jlu Ta-
K€, 9TOObI MATPUIA, COCTABIEHHAsI U3 HUX, UMEJIA [OJHBIA PAHT, PaBHbIHA deTbipeM (110 PasMepHOCTH
muOoroobpasust M). ns sroro Beraucsimm ckobku JIu moseit cucrembr. Ckobka JIu mepsoro mopsijika
paBHa

0 0
f3 - [f1>f2] = _8—q1 - (9—q2
Ckob6ku JIu BTOpOro mopsijika BLIYUC/ISIOTCA B BUJIE
0 0
fi=1[fi.fs] = —wi— —wi [f2, f3] = 0.

w1 — W )
op1 Op2
Euncreennas wnenyseBass ckoOKa JIu TpeTbero mopsisika paBHa

0 0
_ _ 2 2
f5 = [f1, f4] —W1—aq1 +W2—aq2-

Viocropepumcst, 910 fo, f3, fa, f5 nuHeliHO HesaBucUMBI. OIpee/nTe/ b MATPHUILI, COCTABJIEHHON 13
BBIOPAHHBIX BEKTOPHBIX IT0JIEl, HE paBeH HYJIO:

0 1 0 1
-1 0 -1 0 4 2 2 4 2 2y2
det = wj — 2wjw; + wy = (W] —w3)* #0
2 2 1 1wy T Wy 17— W ,
wi 0 wy; O
TaK Kak wy 7 wa 110 yesiosuio 3aa4au. CiieoaresbHo, BbinogHeHa Teopema Cycemana—/kappkesuya,
U CHCTEeMa SIBJISIETCS CHIBHO JIOCTHZKIMOI. O

Ha Bompoc 0 miobasibHON yIPABIIsieMOCTH JIMHEHHOI CHCTEeMbI B HyJIe IPU HAJMYIUU OIPAHUICHUIT Ha
yupasisienne Buja F{z,u} = {Az + Bu | u € U} orBevaer ciejyiomias Teopema u3 [8].

Teopema 2 (JIaCamb, Konrn). Asmonommnan cucmema (A, B,U) npu U € R™ uwintU # @& eano-
6aNbHO YNPABAAEMA 6 HYAE MO20a U MOALKO M0o20a, K020a BUNOAHEHDL CACOYIOULUE YCAOBUA:

(i) rank[B,AB,..., A" 'B] = n.
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(i) Re(\i) <0 daa xaorcdozo cobemeennozo snavernus N; mampuyv, A.

ITepBoe yciioBrEe TeOpeMbl 2 9KBHBAJCHTHO paHroBoMy Kpurepuio (8) Teopembl 1. Kpome roro, st
cucremsl (6) Re(A;) = 0. Takum obpasom, Teopema 2 BblOJIHEeHAa 1 cucreMa (6) sIBIsIETCS BIIOJIHE
YIIPaBJIACMOMA.

DT0 MOXKHO JI0Ka3aTh KOHKPETHBIM roctpoenueM. Obiree perenne JuddepeHnnalbHbIX ypaBHEHHI,
onmcsBatonux cucremy (6), ¢ nadansubivu yeaosusamu (g1(0), p1(0), ¢2(0), p2(0)) umeer Buz

q(t) = pi(0) sin(w1t) + q1(0) cos(wyt) + i /sm wy (t — 7))u(r)dr, (10a)
w1 w1 5
p1(t) = p1(0) cos(wit) — q1(0)wy sin(wqt) + /cos wy (t — 7))u(r)dr, (10Db)
0
qa(t) = p2(0) sin(wat) + g2(0) cos(wat) + /sm — 7))u(r)dr, (10c)
w9y w2 ,
pa2(t) = p2(0) cos(wat) — g2(0)ws sin(wat) + /cos wa(t — 7))u(r)dr. (10d)
0

Jlist yIpaB/IsieMOCTH CUCTEMbBI OCIUAJLIATOPOB HYKHO, 9TOOBI B HEKOTOPBIE MOMEHT t; Bce (ha3oBble
KOOPJWHATLI CTAJIM PABHBIMEU HYJIIO I IMPOM3BOJILHBIX HAYAJIBHBIX ycioBuii. [lepemmiiem cucremy
B BH/IE

¢
0 1
— wsin(wlt) — q1(0) cos(wyt) = — /sm wi (t — 7))u(r)dr, (11a)
w1 w1
0
¢
— p1(0) cos(wrt) + q1(0)w sin(w;t) = /cos (w1 (t — 7))u(r)dr, (11b)
0
p2(0) 1

¢
sin(wat) — g2(0) cos(wat) = /sm wa(t — 7))u(r)dr, (11c)

w9 w2
0
t
— p2(0) cos(wat) + g2(0)ws sin(wat) = /cos wo(t — 7))u(r)dr. (11d)
0
B cuiy mocruxkumoctu Touka (q1(0), —p1(0), g2(0), —p2(0)) MoxKeT GbITH JOCTUTHYTA U3 HYJIsI 38 BPEMsI

to upu yupasienun ug(t). Torma

to

01(0) = g1 (t) = wil / sin(wy (o — 7))o (7)dr, (12a)
0
—p1(0) = p1(to) = /Cos(w1 (to — 7))ug(7)dr, (12b)

to

2(0) = galto) = — / sin(ws (to — 7))o (7)dr, (12¢)
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to

—p2(0) = pa(to) = /cos(wg(to — 7))up(T)dT. (12d)

=]

[Moxcrasiss B (11), moxyvaem
to t1

S /sin(w1 (t1 —to + 7))uo(7)dr = S /sin(w1 (t1 — 7))u(r)dr, (13a)

w1 w1
0 0
to t1
cos(wy (t1 — to + 7))up(T)dT = /cos(w1 (t1 — 7))u(r)dr, (13b)
0 0
to t1
1 1
— /sin(wz(tl —to+ 7))up(T)dr = — /sin(wz(tl —7))u(r)dr, (13c¢)
w2 w2
0 0
to t1
cos(wa(ty — to + 7))up(r)dr = /cos(wg(tl —7))u(r)dr. (13d)
0 0
Torma npu t1 = tg u u(t) = —ug(tp — t) seBast U UpaBasi YACTU MOCAEJHEH CHCTEMBI DABHBI, T.€.

CUCTEMA FapaHTUPOBAHHO MOXKET IPUATU B HOJIb U3 JIIODOH HAYAJIBHON TOUKHU, SBJISISICh, TAKUM 00Pa30M,
YIIPaBJIACMOMA.

CBOIiCTBO yIIPaBJISIEMOCTH MOXKHO TIOKA3aTh C HUCIOJIb30BaHUEM TeopeMbl llyankape u Toro dakra,
qTO 1oJie fi siBjisieTcs Oe3UBEPreHTHBIM,

4
. 0 Ot 90q1 | Op2 5 0q2
div, f1 = Z o~ oa h o 90 w5 Opy 0. (14)

=1

D10 BeKTOPHOE 1OJIe Ha R* sIB/IsSIeTCST KOHCEPBATHBHBIM, T.€. COXPAHSIET CTAHIAPTHLIN 00HLEM

Vol(V) = / dqi dp1 dga dpo
v
TOTJAa M TOJBKO TOTJA, KOTJa OHO Oe3nmBepreHTHO. IlosToMy juis fi OyJeT BBIIOJHEHA CJIELyIOast

TeopeMma.

Teopema 3 (Ilyankape). ITycmov M — 2aadkoe mnozoobpasue ¢ gopmoti 06séma Vol. Iycmv eek-

mopwoe noae f € (M) noano, a e2o nomoxk etf coxpansem o6sém. Iycmoe W C M, W C int W, ecmo
NOOMHOHCECTNEO KOHEUHOUT MEPBL, UHBAPUAHMHOE OMHOCUMEALHO f:

Vol(W) < 0o, Woetl cW, Vt>o.
Tozda ece mouxu mmoocecmea W ycmotivusv, no Iyaccony dasa noas f.
B xadectBe W BBIOMpaeTCs MHOXKECTBO, OIPAHHYEHHOE IMOBEPXHOCTHIO MOCTOSIHHON SHEPIHUu:
wigi | pi . wiey | P
2 2 2 2’

YeroitunBocTh 1O HyaCCOHy BEKTOPHOI'O IIOJIA fl 1 3HaHue O TOM, 49TO J — cucrema, II0JIHOrO paHra,
IIO3BOJIAET BOCIIOJIB30BaTbCA CJIG,ZLYIOHLefI JIEMMOIA.

E:

JIemma 2. [Tycmov F C Vec(M) — cucmema noanozo panea. Ecau eexmopnoe noae f € F ycmot-
wuso no Ilyaccony, mo noae —f coemecmumo ¢ cucmemot F.

ITo OIIpEeJEJICHNUIO 9TO O3HAa4YaeT, 9TO

Ag(FU—=f1) C Ay(F). (15)
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N3 coBmecrumocTu mojeit fi, —f1 ¢ MCXOMHON CHCTEMON CJIEAYET, UTO U ITOJIs

tfo=(fixtfo) - N1

COBMECTHUMBI C 9TOH cucTeMoil. A 3HAYNT, BCe BEKTOPHBIE TI0JIsI CUMMETPUIHON CHCTEMBI

span(f1, f2) = {af1 +bfala,b € C}

COBMECTHUMBEI C I/ICXO,ILHOfI CI/ICTGMOﬁ, 9TO JaeT COBIIaJCHNE 3aMbIKaHA MHOXKECTB JOCTU2KNMOCTH UCXO/I-
HOII 1 pach/IpeHHoﬁ CI/IMMeTpI/ILIHOIL/’I cucreMm. Kak u ncxoaHasd, CMMMETPpUYIHad CUCTeMa UMeeT IOJIHBII
PaHrI, a 3HaA4YUT, OHU 00€e ABJIAIOTCS BIIOJIHE yHpaBJIsa€MbIMUA.

4. Penierne 3aga9u ONTUMAJIBHOTO CKAJISIPHOTO YIPABJIEHUS ABYMS OCIIAJLJIITOPAMU.

4.1.  IHpunyun maxcumyma. Ilns perrenns paccMaTPpUBAEMON 3aJla9d ONTUMAJILHOTO yIPABJICHUS
npumennM npuHImn mMakcumyma [ourpsaruna (IIMIT) ms 3agaun GpicTposieficTBus, SBISAIONIErOCs
YACTHBIM CJIy9aeM 3aJ[a9u co CBOOOIHBIM TepMuHAJILHbIM BpeMeneM 1’ (cm. [6]). Beeem ykopodeHHbIi
raMIJIBTOHNAH

ho(N) =\, f(z,u)), ANeT*M, x=mx(\). (16)

Teopema 4 (npunnun makcumyma Hlonrpsiruna). Ecau mpaexmopus x(t) u coomsemcmeyiouee
ynpasaenue u(t), t € [0,T], onmumarvro, mo cywecmeyem maxas kpusas Ny € Lip([0,T],T*M),
T(At) = x(t), wmo dasn nowmu ecex t € [0,T] evnoarenv, caedyrougue Ycrosus:

(1) A = hyey (M),
(ii) hu(t)()‘t) = MaXyeU hu()‘t);

(ii)) A, #0,

(iv) Dy (M) = const > 0.

s pertenus 3a/1a9u BBEJEM COOTBETCTBYIOIINE JIMHEHHBIE HA CJIOAX KOKACATEJHLHOTO PAaCCIOEHUS
raMHUJIbTOHUAHBI
hi(A) = (A, fi(@)).
[Tosryuaem HeKAHOHUYIECKHE KOOPIUHATHI, TIOCTPOEHHBIE 10 BEKTOPHBIM IOJISIM YIIPABJISIEMON CHCTEMBI
U UX KOMMYyTaTopaM, 9To OOJiervaeT 3alich HpUHIWIA MakcuMmyma. CjenoBaTesibHO, YKOPOUEHHBII
raMUJIbTOHMAH MOXKHO IIepernucaTh B BUJE

hu(A) = (A, f1 +ufz) = hi(A) + uha(N).
Bromumem yreepxkaenust [IMII cornmacuo Teopeme 4.

(i) lamunbronoBa cucremMa MPUHUMAET BUJ
hy = {hu,h1} = {h1 +uhg,h1} = 0+ uf{ho, h1} = —u{hy, ho} = —uhs,
hy = {hu,ha} = {h1 + uhg, ho} = {h1,ha} + 0 = hs,
hg = {hu, ha} = {h1 + uhg, hs} = {h1, ha} + u{hg, hs} = hy +0,
hy = {hu, ha} = {h1 + uhg, ha} = {h1, ha} + u{hg, hy} = hs + 0,
hs = {hy, hs} = {h1 4+ uhg, hs} = {h1, hs} + u{hg, hs} = (—wiwd)hy + (—w? — w3)hy.

Bneck ncnonmbzopan ToT dakt, uro ecsm X, Y € Vec(M), to {hx, hy } = hix,y). Beromorares-
HBIE KOMMYTaTOPBL:

[fo, 3] = 0, [fos fa] =0, [f1, f5] = (~wiwd) fo + (—wi — w3) fu.
(ii) YcsoBue MakcuMyMa:

hi + uhy — max. (17)
uclU

CJIeILOBaTeHbHO, OIITUMaJIbHOE YIIpaBJ/IEHNE NMEET BUJ]

u* = esign ha. (18)
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Urak, momyvdaeM BEPTUKAIBHYIO MOJCUCTEMY TaMUILTOHOBOM cucteMbl [TMIT:

hi = —uh3, hy=hs, hz=hy, hy=hs, hs=—wiwihy — (W} +wj)hs. (19)

4.2.  Hceaedosanue sepmukasvroti nodcucmemo. MoxkeM OTHEJIBHO PACCMOTPETD MOCjeaane 4 ypas-
HeHusi cucrembl (19) B cuiry Toro, uto oHu He cojepxkar hi. Jlajee, paspenius mojcucremMy, cMOXKeM
IIPOUHTErPUPOBATDH IIEPBOE YpaBHEHME 10 M3BeCTHBIM U U h3. IlycTh

ha 01 00
b= {a =10 00 1]
hs a 0 b 0
e a = —wiws, b = —w? — w3. Toria momygaem cucTemy
h = Agh.
pelenne KOTOpol nMeeT BUJL
cos(wit) — sin(w1t) cos(wat) — sin(wat)
e | oo |+ | iy | 05| Sy | Fr | i | 20
w$ sin(wyt) w§ cos(wit) w3 sin(wat) wi cos(wat)
Takum o6pasoM, QyHKIuMs nepekouenust ha(t) 3a71aeTcs BbIparKeHneM
ha(t) = Cy cos(wit) + Casin(wit) + Cg cos(wat) + Cy sin(wat) (21)
U, CJIeJI0BATEBHO, coriacHo (18) onrumanbHOE yUpaBjIeHUe UMeeT BUJL
u*(t) = esign(Cy cos(wit) + Casin(wit) + Cs cos(wat) + Cy sin(wat)). (22)

Hanee Haiijem nepsble unTerpasnl cucremsl (19).

4.8.  Ilepsvie unmezpansvt 6EPMUKAAGHOT NOICUCTEMDL.

JIemma 3. Cucmema (19) ne umeem nepswvix unmezpanos 6 eude aunetinotl Komburayuu hy, hs,
h4, hs, no obaadaem deyms nepsvimu unmezparamu Vi, Vo 6 sude keadpamuunvir dopm:

b

2
a 1 b

Vo= —Sh3 = ShE = b3+ hshg. (24)

1
Vi = %hg — R+ §h§ — ahyhs, (23)

JIlemma 4. Ha pewenusx sepmukanvroti nodcucmemvs (20) cywecmsyem GyHKUUOHANDHAA CEA3L
MENHCOY NOCTNOAHHBMU KOIPPUUUEHTAMU C;:

2V = (o] —w3)(wi(e] +&3) — wi(es + i), (25)
2Vs = —(wf — wi)(wi(c] + c3) —wi(c3 +c})). (26)

CaencrBue 1. 13 dsyx nepsvix unmeezparos (23), (24) moorcno cocmasums dée HeompuyamensvHo
onpedesertvie KEaIPAMUIHBLE HOPMDL

o (Wihg + hy)? n (haw? + hs)?

‘/1+ = Wy 9 2 ) (27)
2 2 2 2

2 2
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0 —e t1 < to tn—2 £ th1 —E& th, ¢ T t
< R o T S — : >
~ ~ ~ ~
1 T2 Tn—1 Tn

Puc. 1. Csa3b nepemMeHHBIX T U t JJIsI 1 MEPEKJIIOUEHUN, HAYAJIbHOE YIIPABJIEHUE —&

5. MHWccienoBanue 3akOHA OITUMAJIBHOTO YyITpaBJieHus. llepeksioueHue ymupaBjeHus Oyjaer
IPOUCXOJUTH B MOMEHTBI BDEMEHU tj, Onpe/ieisieMble ypaBHeHueM (22):

C cos(wity) + Cy sin(wity) + Cs cos(waty) + Cysin(waty) = 0. (29)

B [4] B kyacce Tpex mepek/roUeHU OblIa MOJIydeHa NapaMeTpudecKasl 3aBUCHMOCTDH ONTHMAJIBLHOIO
PEIIeHnsT OT OrPaHUYEHNUSs], HAJIOXKEHHOrO Ha yupasiaeHue. CTonT o6paTnTh BHUMAHHE HA TO, YTO JIJIS
sHadeHnii € < g ~ 0,605 onTuMasIbHOE PelleHre BBIIAIAaeT U3 KIacca TPEX MePeKIIOYeHnil, 1 KoImde-
CTBO IIEPEKJIIOYCHUI CTAHOBUTCSI PABHBIM 4YeTBIpEM U GoJtee.

O603HaIMB Yepe3 Ty JUINTEILHOCTh HHTEPBaJIa OCTOSHCTBA YIIPABJICHHS], 3aIIUIIEM DEIICHNE CHCTe-
MBI JIUIs JIBYX OCHIJIJISITOPOB € TPAHUIHBIMU ycsroBusiMu (3) u (4):

T
a(T) = 2 / sin(wi (T — £))u(t)dt = 0, (30a)
w1 )
T
p(T) = /cos(wl (T —t)u(t)dt =1, (30b)
OT
o(T) = & / sin(ws (T — £))u(t)dt = 0, (30¢)
w2 )
T
po(T) = /cos(wg(T —t))u(t)dt = 0. (30d)
0

5.1.  Vpasnenue 6 sapuayusazr. Beegem 3ameny B 0OpaTHOM BpeMeHU
m=T—t, m=T—t, n=T—ts. (31)

Hutst Toro 4Tobbl y3HATH 3aBUCUMOCTb KpuTepus 3aja4du 1'(€) B ciyuae Tpex HEepeKJIIOUeHuil, HyKHO
uccsaesoBaTh cucreMy, norydennyto u3 (10), npu m = 0,1,

cos(wiT) — 2 cos(win1) + 2 cos(winz) — 2 cos(wing) = —1,

sin(w1T') — 2sin(win) + 2sin(winz) — 2sin(winz) = (—1)" <, (32)
cos(waT') — 2 cos(wan) + 2 cos(wanz) — 2 cos(wanz) = —1,

sin(weT") — 2sin(wam ) + 2sin(wane) — 2sin(wens) = 0.

Jlemma 5. ITycmov das nexomopoezo snauenus € ¢ yuemom samens (31) cywecmeyem onmumanvroe
pewenue 3adavu buicmpodeticmeus (n1,M2,n3, 7). Tozda dan 3navwernus €+ 0 npu docmMamouHno Marom
de cywecmsyem onmumasvroe pewenue 3adayy Guiempodeticmeus (1 +0ny, e+ 02, n3+dns, T+0T),
ydosaemsopaouiee cucmeme YpasHeHul

A1By = Dy, Ay By = Do, (33)
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2de
e —sin <w1 <T+ 5;)) 2 sin <w1 (7]1 + %)) —2sin (wl (7]2 + 772—2>> 2 sin (wl (773 + 772—3))
T () aema@rd) 2fa(erg)) omamed))
A — s <w2 <T + 57T 2sin (wz (7]1 + %)) —2sin (wQ (T}z + 772—2>> 2sin (wQ (?73 + ?72—3))
T (e (L)) caeom(en (m+ ) 2eon o (4 2)) 2o (o (o 2)) )
sin w10T sin weoT
si wi0m sin w20 0
Bi=2 o | P22 o wide | D2<O>
" w10m2 . wa 012 (_1)m+15(5155) 0
2 2
S w10m3 sin wodns

Teopema 5. Ecau 0as HEKOMOPO20 3HAMEHUA € 8 HEKOMOPOT OKPECMHOCTNU ONMUMAALHOZ0 DEULE-
nus 3adawu Gviempodeticmeus (1n1,12,M3, T) 0as 6A04HOT MamMPULbL

_ (4
4= (3)
det A3 # 0, (34)

mo gynkuyus T(€) 68 amoti okpecmuocmu AGAAEMCA HENPEPOIEHOU.

6OINMOAHEHO YCAOBUE

6. MoaenupoBanue. lIpoBenem MomeMpPOBaHNE ONTUMAJILHOTO PEIIeHU JJIsi CJIydasi TpeX Iepe-
KJIIOYEHU yIIPABIEHUS [P 3HAYCHUSIX JACTOT OCIULIATOPOB w1 = 1, we = 1,4. Bribepem orpanmdenune
Ha ympaBJjenune, pasHoe € = 0,69.

YucsieHHOe periienne cucTeMbl (32) J1aeT H0Ce0BaTeIbHOCTh HHTEPBAJIOB IOCTOSIHCTBA, YIIPABJICHNUS,
U3 KOTOPBIX CJIEIYIOT BPEMEHA MEePEKJIIOUeHUN U oJiHoe BpeMst 1

T 2,07889841 t1 2,07889841

T2 | _ | 0,41936284 ta | _ | 2:49826125 (35)
T3 1,77058325 |’ t3 4,2688445 |-

T4 0,63609919 T 4,90494369

B crarbe [4] onmcan crocob naxoxjeHusi KoucTanT C; U3 ypaBHeHHsl Jyisi (DYHKIUH II€PEKJIIoUe-
must (21). Teneps mocrpoum dyukimio ho(t) u coorBercTByIOIIEe €ii onTuMaibHOE yrpasienue (22),
KOTOpBIE TIOKa3aHbI Ha PHUC. 2.

KpacubiM 11BeTOM Ha puC. 2 BBIJIEJIEHBl TOYKU, COOTBETCTBYIOIIHME TOJYyIECHHBIM BPEMEHAM Iepe-
kiovennii (35). Bugno, uro oHu coorBercTBYIOT HysIsiM byHKIWME ho(t), T.e. JJisi BBIODAHHOTO 3HAYe-
HUsI € PEIIEHUE COOTBETCTBYET BBIOPAHHOMY KJIACCY YIIPABJIEHUS, COCTOAIIEMY U3 TPEX MEPEKTIOUCHUH.
[Ipu npubnuxkenuu € K €9 uaTepBa) 7o — 0, 1 HEOOXOUMBIE YCJIOBUSI TEOPEMBI 5 MEPECTAIOT BBIIIOJI-
HSIThCs, UTO IOKA3aHO Ha puc. 4, 5.

[Tpomosiesupyem jmHaMUKY cucTeMbl (1) ¢ TOJIyYeHHBIM ONTHUMAJIbHBIM yipaBjieHuem. Ha puc. 3
n300pakeHbl (PazoBbIe MOPTPETHI cucTeMbl. QUEBUIHO, CUCTEMa IIPUXOIUT B TpeOyeMble TEpMUHAJIbHBIE
3HaYEHUsT (DA3OBBIX KOOD/IUHAT.

Huist uaTepBasia 3uavenuii € € [gp, 1], B KOTOPOM pellleHHe COOTBETCTBYET YIIPABJICHUIO C TPEMsI
HepeKJIIOYeHNsIMHU, TIOCTPOUM 3aBucuMocTu 7;(€), te i = 1, 4.

AHaJIOruvIHbIe BBIYUC/IEHUST MOYKHO [TPOBECTH JIJIsi KJIACCOB YIIPABJIEHUsI, COCTOSIINX U3 YeThIPeX, IIsi-
TH U II1eCTH nepekJyiodenuit. Ha puc. 5 mokaszaHa 3aBUCHMOCTB OITUMAJIBHOTO pelieHus 1’ oT orpaHude-
HUs Ha ylpaBjieHue €. BUjiHO, YTO U3MEHEHUE KJIacca MEePEKTI0YEHI ¢ MEeCTU Ha MATh MePEKJIOUeHU I
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JICHUA JIJIsI TpexX HepeK.HIOquI/Iﬁ

npoucxomut upu £g = 0,16, ¢ T Ha weThipe — upu £g = 0,281, ¢ geTbipex Ha Tpu —upu g = 0,605,
KakK OBLIO CKa3aHO BHIIIE.

7.

3akmaiouenue. B jaHHO# paboTe, MOCBSIEHHONW TOUCKY ONTUMAJIBHOTO CKAJISIPDHOTO yIIPABJICHUST

CHUCTEMOMI JABYX HE3aBUCUMbBIX HECUHXPOHHBIX OCIIUJIJIATOPOB, ObLIN IIOJIyY€HBI CJIe/yIonine pe3yjabTaThbl.

1.

Sajiavua uccjieoBaHa B TepMUHAX reoMerpudeckoir ¢popmynposku Ilpuaiuna Makcumyma Tlont-
psiruna (ITMIT).

. Hokazana rmobabHAsT yIPABISIEMOCTh CHCTEMBI ¢ UCTOMb30BaHueM TeopeMbl Cyccmana—/lxkapi-

KeBu4va.
Honyqua n nccjie/JoBaHa BepTUKaJIbHasd IIOACUCTEMa TaMUJIBTOHOBOW CHUCTEMBI.

. [l71s BepTUKAJIBHON TaMIJIBTOHOBOM IMOACHCTEMBI HANIEHBI Ba MEPBBIX WHTErpPAa B BHJE HEOTPH-

[aTeJIbHBIX KBaIPATUIHBIX (DOPM.

. Haiinennbr HeobxoauMble yCJIOBHS JIJTsi ONTHMAJIBHBIX JJINTEILHOCTEN MHTEPBAJIOB YIIPABJICHUS KaK

cucreMa ajreOpanvecKux ypaBHEHUN, II0JIyYeHHBIX U3 ypaBHeHU BessiMana 1 ycIoBuii MaKCUMyMa,
ramuiibronnana [IMII st pasubIx KJ1accoB yIpaBJieHus: JJis TPeX, YeThIPEX U IATH IePEKJITOYeHN.

. IIpoBemeHo UncaeHHOE MOIETNPOBAHNE W HAMIEHbI PEIIeHUsT 3a0a9n ObICTPOMeCTBIS IJIsT pa3/Ind-

HBIX 3HAYEHUN €, /IS CIIydaeB TPeX, YeThIPeX W IATHU MePEKTIOYeHN yIIpaBIeHNsT; YACAEHHO TPO-
WIJIIOCTPUPOBaHa 3aBUCHMOCTH 1'(€).

Crout OTMETUTH, YTO HE BCEIJia ONTUMAJILHOE PEIIeHNe HAXOJIUTCS B BHIOPAHHOM KJIACCE ITEPEKJII0Ue-
HUM, JTarKe eCJIH JJIst COCEJIHUX 3HAYEHUI € OHO 9TOMY KJIACCY YIOBJeTBOpsieT. Hampumep, BMeCTO 4eThi-
PEeX MEePEKJIOUEHUI ONTUMATBHBIM MOYKET OKA3aThCs YIIPABJIEHAE, COCTOSINEE U3 JIBYX MEPEKTIOUCHUH.
UccreoBanuio ycjioBuil HAXOXKJICHUS TAKUX aHOMAJIbHBIX 3HAYEHUI £ OYJeT MOCBSIIEHA JlaIbHEeHIas
pabora.
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AHHOTAIMA. IlocTpoensl asnrebpbl, 0600IIAIOIIIE KOIBIIO KOMIIJIEKCHBIX KBATEPHUOHOB U aJIreOphl TH-
nepkoMILIeKCHbIX unces Kimddopaa. Dtu anrebpsl mosrydaroTcs: u3 ajaredp IUKINIECKUX THCeS MO-
IuPUITTPOBAHHON MPOITE Ty POt yaBoeHusi. Jloka3aHbl X OCHOBHBIE CBOWCTBA, AaHAJOTHIHBIE CBONCTBAM
KBaJ[PATHYHBIX TUIIEPKOMILJIEKCHBIX IHCEJI.

Karouesbie cao8a: JMHEHbIE aaredphl, KBATEPHUOHBI, TUIEPKOMILIEKCHBIE YUCIA, [IMKJINIeCKUE aJl-
reOpsbl, IPOIeAyPa YABOCHU, KOMIIO3UI[HOHHbBIE (POPMBEL.

DOUBLING OF CYCLIC ALGEBRAS

(© 2022 V. M. BURLAKOV, M. P. BURLAKOV

ABSTRACT. In this paper, we construct algebras generalizing the ring of complex quaternions and
algebras of hypercomplex Clifford numbers. These algebras are obtained from the algebras of cyclic
numbers by a modified doubling procedure. Also, we prove basic properties of these algebras, which
are similar to the properties of quadratic hypercomplex numbers.

Keywords and phrases: linear algebras, quaternions, hypercomplex numbers, cyclic algebras,

doubling procedure, compositional forms.

AMS Subject Classification: 15A66, 15A69, 16538

O HUM W3 caMBbIX 3aMedaTe/IbHBIX MareMaTndecKuxX oTKpbiTuil XIX B., Kak HaM 06 9TOM yOeIuTe b
HO pacckaszas akajemuk B. V. Aprosib, ObLIn KBaTepHUOHBI ['aMMJIBTOHA, KOTOpPBIE HAIIN IIPUMEHe-
HIE BO MHOI'MX 00JIACTSIX MATeMaTUKU U €€ IIPUIoKeHnil B Teopernyeckoii dusuke (cm. [1]). Hax mosem
KOMILIEKCHBIX uncest airebpa ksarepanonos H(C) nosyuaercs nporieypoii yasoenust I'peiiBca—Kaumm,
IPUMEHEHHO K asrebpe jBoiHbIX KoMIuteKeHbIX uuces C(Zsg). ITycrb e — obpasyiomuii s7eMeHT aJl-
re6pot C(Z3), r.e. moboe jBoiiHoe KomiiekcHoe uncio z € C(Zy) 3anuceiBaercst B Bujle z = 29 + 21€1,
rie zg, 21 € C. JlobaBuM K JBOJHBIM KOMIIJIEKCHBIM YHCIaM HOBBIH 31emeHT ey ¢ C(Zg), Takoii, uro
e% = 1, u cocTaBUM JIMHEHHBIE KOMOMHAIIAN

z =20+ z1- €= (200 + 201€1) + (210 + 211€1) - €2.
MHozkecTBO TaKUX JIMHEHHBIX KOMOMHANUiI 00pa3yloT aiarebpy, ecju Jijis JII00oro z = zg + z1€; I0Jo-
XKUTh €9 -2 = Z - ey, TJIe Z = 29 — 21€1. lormia
z-a=(zo+z1€2) (ap+arez) = (20 -ap+2z1-a1)+ (20-a1+ 21 -ap) - €.
[Mosyuennas TakuMm criocobom asirebpa Oyszer asrebpoii KomiiekcHbix ksareprnoHoB H(C) (cam Ta-
MUJIBTOH KOMILJIEKCHBIE KBATEPHUOHBI HA3LIBAJ OMKBATEPHUOHAMMU, & (PU3MKHU ITY AJre0OPy CTAJIH Ha-
3bIBaTh ajrebpoii [aymm).

B reopun (KOMH.HGKCHBIX) KBaTEPHUOHOB KJIIOUEBYIO POJb UI'DAET OlIPEAC/INTE/Ib CUCTEMbI JINHEHHBIX
ypaBHeHUu

ap - zo+aj -z = by,
ai-zg+ag-z1 = by,

ISSN 2782-4438 (© BUHUTU PAH, 2022
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SKBUBAJIEHTHON JIMHEHHOMY ajrebpamdecKoMy ypaBHEHHIO Z - @ = b; OyieMm HasbIBaTH €ro demepmu-
narmom srementa a € H(C) n obosuavars A(a).

ﬂeTepMHHaHT KOMIIJIEKCHBIX KBAaTECPHHOHOB O6Haﬂa€T JABYMA OCHOBHBIMU CBOWCTBaMU: BO-II€PBBIX,
A(a) € C, X0TsI 3JIeMEHTBI STOIO OIPEJEIUTe sl SBJSIOTCS JIBONHBIMU KOMILJIEKCHBIMU YUCIAMUI; BO-
BTOPBIX, JEeTEPMUHAHT 00JIa1aeT MY/JIbTUILINKATUBHLIM CBOWCTBOM. JleficTBUTE/ILHO, BO-IIEPBBIX,

_|lag ay| _ = = _ .2 2 2 2
Aa) = a1 ao| — @080~ @1 @1 =ag —dy — g +a7; €C,
a BO-BTODBIX,
Ala)A(b) = ap ai||bo 91 _ ap-byp+a;-b; a0'91+a1-90 — Ala-b).

a; ap||by by a;-bg+ay-b;y aj-by+ap- by

Takum o6pazom, B ajrebpe (KOMILIEKCHBIX) KBATEPHHOHOB CYIECTBYeT KBajpaTudHas Qopma, oba-
JIAIoIAst My/IbTUIINKATHBHBIM CBOHCTBOM. VIMeHHO HammdueM B ajrebpe (KOMILIEKCHBIX) KBATEPHUO-
HOB MyJIbTUILUIMKATUBHOIN KBaJpaTHIHOi GOPMBI 00YCIOBIIEHBI €€ pa3HOOOpa3HbIe IPUJIOZKEHUs, OT €B-
KJIMJIOBO} T€OMETPHH, TJie BPAIEHUsI B IIPOCTPAHCTBE MOXKHO IIPEJICTABUTH JMHEHOH KBATEPHUOHHON
dbyHKIHElt, 110 KBAHTOBOI TeopuH 1oJIsi IPU BbIBOJIE ypaBHeHuii Jlupaka Jiist 9JIeKTPOHOB H II03UTPOHOB
dbaxTopuszanueil BosHOBOrO ypasHenus Kieitna—IopsoHa.

Aure6pbl, y KOTOPBIX CYIIECTBYET MY/IBTHIIMKATHBHAs KBaJIpaTudHas (popMa, HA3BIBAIOTCS KOMNO-
suyuonnvimu (eM. [4]). Kak nokasasn I'ypsury, HaJ| J00bIM [I0I€M CYIIECTBYET BCEIO YeThIpe KOMIIO3H-
[[MOHHbIE AJIreOpPbL: CaMO T10JIe, & TAKXKe AJre0pbl JIBOWHBIX YHCesI, KBATEPHUOHOB U OKTaB HAJl 9THM
nosieM. Ecsin 2Ke He OrpaHHYMBATHCS TOJIBKO KBRIPATUYHBIME (DOPMAMU, TO €CTECTBEHHO IIOCTABUTH
BOIIPOC: CYIIECTBYIOT JI aJIrebpbl, y KOTOPBIX UMEIOTCsl MYJIbTHIINKATUBHBIE (DOPMBI CTEIIeHH BbIle 27

[Touck anrebp ¢ KBaIPaTUIHON MYJILTUILINKATUBHON (POPMOii, He SIBJISIOIIEICST KBAIPATUIHOM, TpH-
BOJIUT K TaKOMy OOOOIIEHUIO HPOIEyPhl Y/BOEHHUs, P KOTOPOM aJsirefpa JBONHBIX KOMIIJIEKCHBIX
qucen C(Zsy) samensemes yukauveckol arzebpoti npoussosvnozo nopsoka C(Zy,).

YT106Bl IPUMEHHUTD ITIPOIE/LYPY Y/IBOEHUS K IIPOU3BOJILHON IUKJIMYECKOI anrebpe, HyXKHO IIPEKJIE
Beero Haiitu B C(Z,,) aBromopdusm, 3ameHsonmilt aBToMophU3M COLPSIZKEHNST JBORHBIX KOMIIJIEKCHBIX
uncest. Takum aBroMopdu3MoM GyeT Pe30IbBEHTHBIH onepaTop Gy, : C(Zy,) — C(Zy,) (2|, craBsmmuii
[POU3BOJIHLHOMY IUKJIMIECKOMY IHUCILY

z =20+ 2161 + met +... + zm_leT_l € C(Zn),

rie e; — obpasymormuii srmement anredpsl C(Zyy, ), MUKIIIeCKOe IHUCIIO

. 2 2 -1 -1
am(2) = 20 + amzier + ap,zef + ...+ ap Zmoie] T = z(am),

KOTOpoe 6y,ILeM Ha3bIBaTb pesom;senmoﬁ, ITI0J1arast

2r .. 27
Qi = COS — +1SIn —.
m m

Herpy/iHo BHJIETH, 9TO PE30JBBEHTHBIN orieparop siBjsiercst aBroMopdusmom anredopor C(Z,,), T.e. s
006X & - Yy € C(Z,,) cupaBeyiuBbl TOXKIECTBA

u, Kpome Toro, &i'(x) = @, u, 3HAYUT, PE30JbBEHTHBIH OllepaTOp OOPATHM. 3aMETHM €I, UTO eCIIH
am(z) =2z, 10 2 € CC C(Zp,).

B uacrrHOM citydae, Korjia m = 2, pe30JIbBEHTHBI OlIepaTOp COBHNAJIAET C ONEPATOPOM COIPSIZKEHHUST
JUTsl JIBOMHBIX KOMILJIEKCHBIX wnces. [109ToMy ecTecTBEHHO MCIIOIB30BaTh PE30JILBEHTHBIH OlepaTop
JUTS YJIBOCHHSI IIUKJINIECKUX YHCEJT IPOU3BOJILHOTO IIOPsi/IKA.

Hobasum x snementam anredpst C(Z,,) ¢ obpasyomumM 3J1eMeHTOM e HOBbIiT s1eMenT eg ¢ C(Zy,),
Takoii, 4ro ey’ = 1, u cocraBuM (popMasIbHbIE JTHHEHHbIEe KOMOUHAIINK CJICJLYIONIEr0 BUJIA:

—_

m

k

mfl) ek

-1
z:z0+z1-eg+z2-e%+...zm,1-eg” = E (zk0+zklel+zkge%+...—|—zkm_1el
k=0
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Mmnozkectso B5' Taknx JIMHEHHBIX KOMOMHAIN 00pasyeT anrebpy, ecju Jijis JI000ro
z=2zy+ z1€e1 + 2’26% + ...+ melegnil S (C(Zm)
3aJaTh CJIEIYIONNE CTPYKTYPHbBIE TOXKJIECTBA:
er-z=2z(ay) e, z-ey=ey-z(@m ).
Torna s mobex z,a € B nmeem

-1 -1
z-a:(z0+z1-eg—i—zg-e%—l—...zm,l-eg” )-(a0+a1-eg+a2-eg—|—...am,1-eg” ) =

= (z0-ap+ 21 - @m_1(am) + 22 - @m_2(02) + ...+ Zm_1 - ar (@ )+
+ (20 - a1 + z1 - aglam) + 22 - @m_1(02) 4 ... + 21 - ap(@™ 1)) - eg+
+ (20 a9+ z1 - ay(am) + 22 - ap(a?) + ...+ zmo1-az(@™ ) €3+ ..+
+ (20 @1+ 21 - Qm2(m) + 29 - @m_3(a2) + ...+ Zm1 - ag(alnh)) el h

Oupenenénnas Tak ajaredpa Ha3bIBACTCS a.A2e6poti OUOHO8 M-20 NOPAJKA.
Beesiém Tenepp B paccMOTpeHHE demepmunanm ssemenma a € By

ap am_(l (a,)n) am_ggazng ce.oa Ea%ig
A(a) _ Cljl a am Cl,m_l- o, . a Oé.m
am-1 am_o(am) am_3(a?) ... ag(am1).

[Tokazkem, 4uTo st 066X a,b € BY', Bo-nepsbix, A(a) € C, X0Ts1 /IeMEHTBI 9TOIO OIPEIEUTEst
SIBJISIIOTCSI TIMKJIMIECKAMI KOMIUIEKCHBIME YHC/JIAMU; BO-BTOPBIX, JETEPMHUHAHT 00JIaaeT MYyJIbTHILIN-
KATUBHBIM CBOHCTBOM.

st mokasaTesibCTBa MepBOrO YTBEPXK/ICHHs 3aMeTHM, 910 (o (A(a)) = A(a). D10 ToxKIecTBO J10-
Ka3bIBAETCsl TIEPECTAHOBKOI CTPOK ¥ CTOJIONOB ¥ &y, (A(a)). Hampuwmep,

ao(az) ax(a3) ai| |a1 ag(as) ax(a3)| |ao as(as) ai(a3)
am(Ala)) = |ai(az) ao(e3) az|=|az ai(as) ao(e3)| = |a1 ao(as) ax(a3)| = Ala);
az(az) ai(a3) ao| |ao axaz) ai(a3)] |a2 ai(asz) ao(az)

910 1 o3Haudaer, uro A(a) € C. Jloka3aTesbCTBO BTOPOIO YTBEPXK/IEHHsI II0JyIaeTCsi HEIIOCPEe/ICTBEH-
HBIM ITepeMHOXKeHneM onpeaeanTteneii. Hampumep,

ap az(az) ai(ad)||bo ba(as) bi(ad)
A(a)A(b) = |ar ao(az) az(a3)||by bo(az) ba(az)| =
ax ai(az) aop(ad)||be bi(as) bo(ad)

ag - by + ag(ag) -b1 + al(ag) - by
= la - by + ao(ag) -b; + CLQ(O&%) - by
az - by + ai(az) - by + ag(a3) - by

) + ai(a3) - bo(a3)
ai - b1 + (10(043) . b2 ) + (12(04:25) . bo(ag) = A(CL . b)

)
)
)
+ az(as) - bzgoé
as - bi(a3) + ai(az) - by

TakuMm obpasom, B anrebpax Bi' cymecrByer dhopma crenenu m, ob1agaromas My IbTUITHKATABHBIM
cBofictBoM. Hajmmume B ajirebpax OMOHOB MYJIBTUILINKATUBHON (DOPMBI OTKPBIBAET BO3MOXKHOCTHU Pas3-
HOODPA3HBIX MPUJIOZKEHUHN 9TUX aredp, MOJOOHBIX TeM, KOTOPhIE MPUCYIIHU aJiredpe KOMILIEKCHBIX KBa-
Tepunonos. Hanmpumep, MbI mostyvuaemM cepuio reoMeTpUIECKUX CTPYKTYP, B HaUaJIe KOTOPOH HAXOIUTCS
KOMILJIEKCHOE TTPOCTPAHCTBO C €BKJIMJIOBOM CTPYKTYPOU, peain30BAHHOE HA AJIredpe KOMILIEKCHBIX KBa-
repanonos H(C). K apyrum npuioKeHusiM OTHOCUTCS OIIUCAHIE CUMMETPUil B KaJIUOPOBOYHBIX MOJISIX,
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dakropuszarus quddepeHnuaIbHbIX YPABHEHNN B 9aCTHBIX TPOU3BOIHBIX JIIOOOIO MOPSIIKA, OTHICKA-
HI€ TOTIOJIOTUIECKUX WHBAPUAHTOB U T. JI.

Eciin x anredbpe KOMIJIEKCHBIX KBATEPHUOHOB IIPUMEHUTD €ITIE Pa3 MPOIEyPY YIBOEHUSI, TO TOJIY TUT-
cs1 asirebpa KOMILJIEKCHBIX OKTaB. AHAJOMUYIHO MPOIELYPY YVABOEGHUsT MOYKHO IPUMEHUTh U K ajrebpam
OMOHOB, B PE3yJIbTATE YEr0 MBI IOJYIUM CEPUI0 HEaCCOIMATUBHBIX ajredp, IMepBoil U3 KOTOPBIX OyIeT
anrebpa OKTaB, MojTydaeMas ysoerneM ajnre6per B2 = H(C).

Autrebpa okTap 0600IaeT aaredpPy KBATEPHUOHOB B TOM CMBICJIE, UTO ajrebpa OKTaB COIEPXKUT AJl-
reOpPy KBaTEPHHOHOB Kak CBOO mojajredpy. Jpyroe obobiienme ajredpbl KBATEPHUOHOB JOCTABJISIOT
runepKoMILIeKCcHble uncia Kinddopaa, nin aabTepHIOHBL. AJIBTEPHUOHBI TTOJIY Yal0TCsI, eC/Id K 00pa-
3YIOIUM BEKTOPaM €] U € J00aBJIsITh HOBbIE DA3UCHBIE 3JIEMEHTHI, IIOINHEHHBIE TEM YK€ KOMMYTalll-
OHHBIM TOXKJIECTBAM, UTO U €| U €3.

Hpyrumu cioBamu, anrebpa anbrepanonos A, (C) crpourcst Has JuHERHBIM (KOMIUIEKCHBIM) PO~
crpancrBoM E,, KoTopoe HasbiBaeTcs nodcmuaarousum npocmpancmeom anredpbt A, (C). Ilpu stom

B E,, cymecrByer 6a3uc eq, €s, ..., €,, BEKTOPbl KOTOPOr0 YIOBJETBOPAIOT CTPYKTYPHBIM ypPaBHEHUAM
_ 2 _ -1
€k €y = —€h - €, € =¢€y=1,

Tak 4TO 6asuc JmHeHHOro mpocrpancTsa aiarebpsl A, (C) obpa3yior MOHOMEL €y, - €y, - ... - €,, LJe

0< ky <ky<... <k, <n. Takum ob6pasom, dim A, (C) = 29mEn B cuny crpykrypHbIX ypaBHCHHIT
JJIsI BEKTOPOB & = T1€e1+x2es+...+tre, € E, C A, ((C) CIIPaBEJINBO CJIeayolee gyrdamenmanvroe
mostcdecmeo:

(xlel+x262+...+xnen)2:x%+x%...+xi.

MoykHO TakkKe MOKa3aTh, UTO aJredpbl AJbTEPHUOHOB IOJIYYAIOTCS TEH30PHBIM I[IPOU3BEICHUEM AJl-
rebp KOMIIEKCHBIX KBATEPHUOHOB ¥ JIBOMHBIX KOMILIEKCHBIX unces (cM. [5]), a mMeHHO, mMeeT MecTo
n30MOPPU3M

H(C)®...9 H(C) ®C(Z3), ecmun=2k+1

)
A, (C) =
w(€) H(C)® ... H(C), ecin n = 2k
k
Ajirebpbl GMOHOB MOJIYYAIOT AHAJIOTUIHOE 0D0DIEHNE, €CJTH JIJIst BEKTOPOB €1, €3, . . . , €, HEKOTOPOTO

6a3mca KOMIIJIEKCHOTO JInHeifHoro npocrpancTsa E, 3ajaTh cienyronme cmpyxmyphbie mootcdecmea:
e'=ef'=...=e,=1n

€L - €, = Q€ - €L, eciu k > h,

er-e,=am le, ey ecmk<h,

ITonydennble TakuM 00pa3soM aJredOpbl HAZBLIBAIOTCHA IACMEHMAALHOLMU aA2eOpamu 1 0DO3HATAIOTCSI

m 2 _ _ 21 _

B (cum. |2]). IIpu stom By = A, (C), mockoseky ag = a ~ = —1.

Anre6psr B]” Bo MHOrOM aHAJOIMYHBL ajrebpaM aJbTePHIOHOB, KaK 10 CBOUM CBONCTBAM, TaK W I10
[IPUJIOYKEHUSIM.

[Tpexxe Bcero, 3ameTum, 4TO 0a3MC JIMHEHHOrO MPOCTpaHCTBa aareOpbl BI" obpasyroT MOHOMBI
€hiky. kn = e’fl -612€2 ce eﬁ”, e 0 < k, < m, u, cregoBarensio, dimB)' = mImEn B ciryaae
AJIbTEPHUOHOB ITOKa3aTeJIN CTCIICHU B 68.31/ICHBIX MOHOMAaX MOI‘yT 6BITB PaBHBIMU JTI/I6O Hy.HIO, JII/I6O -
HHIIE, ¥ TOTOMY Oasuc B A, 00pa3yiOT MOHOMBI €k, k. k., = €k, "€ky .- €k, TIe 0 < ky < kg < --- < k.

Kaxk u B cityaae ayredbpnl aJibTepHIOHOB HAJ[ TPEXMEPHBIM TO/ICTUJIAIOIIUM ITPOCTPAHCTBOM, areOphl

5" IMEIOT HeTPUBUAJILHEBIN IEHTD, HOPOXK/IAEMEBINl 3JIEMEHTOM S = €1 'e;n_l-eg. DTO0 NPUBOIUT K TOMY,
qro asnrebpsr Bl npejcraisior coboii rensopubie npousseaenust anredbp BY' u C(Z,,), Tak 41ro

5 ®...@Hy®C(Zy,), ecmn=2k+1,
————

Bl = g
" 5 ®...9BY, ecn n = 2k.
————

k
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ITokazkeMm Teleprp, 9TO B CHJIy CTPYKTYPHBIX YpaBHeHUi aarebpsl Bl mjist MPOU3BOIBHEIX BEKTOPOB
z =x1€1 + 2282+ ... + €y € E;, C B cupaseymuBo cieymoliee gyndamenmanvroe mosrtcdecmeso:

(x1e1 +zoea + ... +xne,)" =" + 25 + ...+

Bosbménm crauasa anredbpy B5'. s 100X BEKTOPOB IOJICTHJIAIONIETO IIPOCTPAHCTBA 3TOH ajredps
T = x2€e1 + Toey U Y = Yse] + Yoe2 CIPaABEJINBO NIEPECTAHOBOYHOE TOXKJECTBO

(z1€1 + 12€2) - (y1€1 + 1y2€2) = (y1€1 + Ty2e2) - (T1€1 + Az2es),
YTO IIPOBEPAETCA IIEPEMHO2KECHUEM. Hepr,H,HO II0Ka3aTb, 9TO
(z1€1 + w2€2)™ = (2101 + AV 2€2)™.
HeitcTBUTEIHHO, TMEET MECTO IEITOUKA PABEHCTB

m—2

(z1€1 + T2€2)™ = (T1€1 + T2€2) “(w1e1 + z2e2) - (x1€1 + T2€2) =

= (r1€1 + 29€2)™ % - (z1€1 + Woes) - (2161 + paes) =

m=3 . (z1e1 + zo€3) - (z1€1 4 Amzres) - (T1€1 + Qmzoes) =

= (33161 + .%‘262)
-3 —2 2
= (x1€1 + m2€2)" 7 - (z1€1 + @, woe2) - (X161 + Aproes)” = ... =
—m—1 ~1
= (r1e1 +a xoer) - (x1€1 + proes)™ = (z1e1 + apraes)™,
TaK Kak ozmhl = OQynp.
Tenepb packpoeM CKOOKH B BbIparkeHusix (rie1 + xoe2)™ u (r1e1 + axoes)™:
1 -1 ~1 2 2.2 _m—2_2
(x1e1 + x2e2)™ = a" + P (am)x]" xoe]" "ea + Py (am)x]" “x5e]" “es+ ...+
h —h_h_m—h_h
+ Py (o))" "xgel ey + ...+ xy,
rie P,?%(ozm) — HEKOTOPBbIE MHOTOYJIEHBI OT (Vy,; OHU HOJIYIaIOTCs B PE3YJIbTATE IMPUBEIEHUS TOT00HDIX
€ YIETOM CTPYKTYPHBIX TOXKJIecTB. Kpome Toro,
-1 -1 _ _
(z1€1 + AmT2€2)™ = 1" 4 P ()27 Lol ey + 2, P2 (a2 23e %€ 4 .. +
+al Pt (ap,)aThahem el 1 4 o
Ho
m m
(z1€1 + 12€2)™ = (7101 + COUpT2€2)",
U MBI TIOJIy9aeM CJIEJLYIOIUe TOXKIeCTBA:
h h ph h \ ph
Pm(am) - Odem(Oém) Aand (1 - am)Pm(am) - O’
Tak Kak ol # 1. Takum oGpasowm,

($161 + :Ugeg)m = x"in + l'g

JlomycTuM Terepb, YTO 3TO TOXKJIECTBO BBIMOIHSIETCS I 1 = k, U TOKAXKeM, ITO OHO CIIPaBEJITHBO
u gass n = k + 1. Beeném obo3HaueHNe € = x1€1 + Toes + ... + Tpep U 3aMeTuM, ITO

~1
€kt]1- €= n€-€ki], €-€pirl =0, €pt]-e.
[TosTomy
(x1e1+z9e0+.. . +ape’+ap1e1)™ = (€4 Thr1ep01)™ = e"+tal = =" Fay . o g,

n (bYH,ILaMeHTaJIbHOG TO2KIECTBO JIOKa3aHO 110 MH/IYKIIUHA.
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ACUMIITOTUNYECKOE IIEPEYNCJIEHVNE HEKOTOPBIX
IIOMEYEHHBIX I'EOAJESNYECKNX I'PA®OB

© 2022r. B. A. BOBJIBII

AHHOTAIIUSA. ACHUMITOTUYECKH TEPEYNCJIEHBI TIOMEUYEHHbIE Ie0Ie3nYecKre k-IIMKINIECKUE KAKTYChI.
Tlonyvuena acuMnTOTHKA IS YNCJIA TIOMEYEHHBIX CBA3HBIX MeOIe3UYEeCKUX YHUITUKIITUIECKUX , OUTUKITH-
9eCKAX U TPUIUKJINIECKUX N-BEPIUINHHBIX rpadoB. /lokazano, 9To mpu paBHOMEPHOM PACIIPEICICHIN
BEPOSITHOCTEH BEPOSITHOCTH TOI'O, YTO CJYYANHBINA TOMEUYEHHbIH CBA3HBIN YHUIMKIUIECKUN, OUITUKITN-
YEeCKHI U TPULUKINIECKUI Ipad sIBIIAETCSI Te0e3ndecKUM rpadoM, aCHMITOTHYeCKH pasHa 1/2, 3/20
u 1/30, coorBercTBenno. Haifimena Takzke BEpOATHOCTb TOTO, UTO CJIyYaWHBIH TOMEYEHHBIH CBI3HBIN
k-TIKJIn9ecKnii rpad sBJISIETCS MEOJIe3NIECKUM KaKTycoM. KpoMe Toro, JT0oKa3aHo, YTO MOYTH BCE IO-
MeYeHHbIe CBS3HbBIE Ie0/Ie3UIeCKIe TPUIUKIINYIECKIE Ipadbl SBJISIOTCA KaKTYCaMU.

Karouesnle caosa: nepedncienne, IOMEYeHHBIN rpad), reofae3ndeckuii rpad, KakKTyc, k-IUKINIeCKUt
rpad, aCUMIITOTHKA, CJIy4YailHblil rpad.

ASYMPTOTICAL ENUMERATION OF SOME
LABELED GEODETIC GRAPHS

© 2022 V. A. VOBLYI

ABsTRACT. We asymptotically enumerate labeled geodetic k-cyclic cacti and obtain asymptotics for
the numbers of labeled connected geodetic unicyclic, bicyclic, and tricyclic n-vertex graphs. We prove
that under the uniform probability distribution, the probabilities that a random labeled connected
unicyclic, bicyclic, or tricyclic graph is a geodetic graph are asymptotically equal to 1/2, 3/20, and
1/30, respectively. In addition, we prove that almost all labeled connected geodetic tricyclic graphs are
cacti.

Keywords and phrases: enumeration, labeled graph, geodetic graph, cactus, k-cyclic graph,
asymptotics, random graph.

AMS Subject Classification: 05C30

1. Bsenenune.

Onpepenienne 1 (cm. [12, c. 55]). Huraomamuveckum wuciom (YUKAUNECKUM PAH2OM) CBS3HOTO
rpada Ha3bIBAETCS yBEJIMYCHHAs] HA €IMHUILY PA3HOCTH MEXKJy UHCIOM pebep rpada M <IHucjIoM ero
BEpIIIVH.

Omnpenenenue 2. k-I{ukxauveckuti epagh — 310 Tpad ¢ MUKIOMATHIECKUM YHUCJIOM, PABHBIM K.

Oupenesienne 3 (cum. [17]). T'eodesuneckum rpacdbom Ha3bIBAETCs CBSA3HBIN rpad, y KOTOPOTO JIIO-
Gasi mapa BEPIIUH CBsi3aHA €JIMHCTBEHHOIN KpaTdaiilieil 1enbo (reoe3ndeckoii).

Onpenenenue 4. st cBsazHOrO rpada moukol couserenus HaA3bIBACTCSA ero BEPIIHA, [TOCIe Yiia-
JIEHUsI KOTOPOI BMECTEe C WHIIUJIEHTHBIME eif pebpamu rpad CTAHOBUTCS HECBS3HBIM.

ISSN 2782-4438 (© BUHUTU PAH, 2022
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Onpepesienne 5 (cum. [12, c. 41]). Baok — 310 cBsa3ublii rpad 6e3 Touek COUIeHeHNs, a TaKKe MaK-
CUMaJILHBIN CBA3HDLIN HETPUBHUAJIBLHBIN moarpad, He UMEIOITHH TOYeK COYU/ICHEHUS.

Onpepesienne 6 (cm. [13, c. 93]). Kaxmycom HasbiBaercsi CBs3HBIN rpad, B KOTOpoM HeT pebep,
JIexKammmx 0oJjiee 9eM Ha OJHOM IIPOCTOM IukJje. Bee 6j10Kku KakTyca — pedpa WK MPOCTHIE IIUKJIBL.

Ounpenenenne 7 (cum. [15]). Kiace rpados HasbiBaeTcst 6.404Ho-ycmotiuuesim, ecau rpad npuHaji-
JIEYKUT 9TOMY KJIACCY TOTJA U TOJBKO TOTJIA, KOIJIa KaXK bl OJIOK Ipada MPUHAJJIEKUAT STOMY KJIACCY.

leonesuteckue rpadbl UCIOIB3YIOTCA MPU TPOEKTUPOBAHUU TOIOJIOIUIECKONH CTPYKTYPHI KOMIIBIO-
repHbIx cereil (cm. [14]). B [1] nepednciienbl moMedeHHbIe CBsI3HBIE Teo/le3nvYecKue IJIaHapHble rpadbl,
a B [2] — moMeueHHbIe CBsI3HBIE reojie3ndeckue rpadbl ¢ MAIbIM IUKJIOMATHIeCKUM dncjoMm. B (8] naii-
JIEHO YUCJIO TIOMEYEHHBIX Me0/IE3NIeCKUX Kk-IIMKINIECKIX KAKTYCOB.

B cTarbe acuMITOTHYIECKH ITEPEUNC/IEHDBI TOMEYUEHHDbIE reoie3ndeckne k-nukandecknt KakTycel. Haii-
JIeHa ACHUMIITOTHKA I 9HC/Ia TOMEUEHHDBIX e0Ie3NIEeCKUX YHUIMKINIECKUX, OUINK/INIeCKIX U TPU-
nukndeckux rpados. Jlokazano, 9To mpu paBHOMEPHOM pPaCIpEIeeHNN BEPOSITHOCTEHl BepPOSTHOCTH
TOT'O, YTO CJIyYANHBIH ITOMEYEHHBIN CBSI3HBIN YHUIIUK/IMIECKU, OUITUKINICCKAN U TPUIUKINIECKUN
rpad siBiIsIeTCsl reojie3ndeckuM rpadom, acuMmnrorudeckun pasubl 1/2, 3/20 u 1/20, coorBercTBeH-
no. Haiijiena Takzke BEPOSITHOCTH TOTO, 9TO CJIYyYAWHBIN MOMEUEHHDBINH CBA3HDBIN k-muKandeckuii rpad
SIBJISIETCSI TE0J/IE3NIECKUM KaKkTycoM. Kpome Toro, j10Kka3aHo, UTO MOYTH BCE TOMEYEHHBIE CBI3HBIE T€0-
Je3nIecKre TPUIMKINIECKNEe IPaApDbI SIBIAIOTCI KaAKTYCAMHU.

2. Acumnroruydeckoe rnepeduciieHue rpados.

JIemma 1 (cm. [3]). Bsedem obosnavenua

n

NS A o) — (1 Pa()E
Pq(2) Zz_g iz Ap(m,q) =[] 1—z)m

20e [271] — onepamop dopmanviozo evuema (em. [9, c. 25|. IIpu durcuposanivis m, ¢ un — oo umeem

MECMO ACUMNTOMUKA
ﬁpq(l)nner/Z

n!12m/2T((m +1)/2)

(1)

An(ma Q) ~

JlemMa 2. Bsedem 0603navenus

n

pi() =Y i, Bulm,q) =[P

— (14 z)m
IIpu Purcuposarmvix m, ¢ u N — 00 6EPHA ACUMNIMOMUKA
pg()n"
By, (m,q) ~ (;!7- (2)

Jlokazameavcmeo. Ilycrs Ula,b, z), M(a,b, z) — BbIpoXK/IeHHBIE TUIIEpreoMeTpuieckane (OyHKIMUN
Tpuxomu. B [4] naitneno pasnoxenue

eh? © nptm
—_— = U 1 P,
(l_z)m Z;) p! (m,m+p+ ,n)z
p_
CﬂeﬂOBaTeﬂbHO, IIOJIy Y1UM
9 . Jinz,—n q 0 p+m
_ cizte z _ —n -
Bulmoa) = 71 2 "y = el %U(m,m +p+ 1, —n)(—2)P2 " =
i=0 =0 p=0 '

n+m—i—1

= Zci(_l)mh(](m’ n+m—i,—n).
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B cuny dopmyist cssu (em. |16, ¢. 325]) umeem

1 v b eFami U ; e:l:(b—a)m —_— ) i
W (CL, 72'/)*@ (a7 ;Z)‘Fwe ( —a,o,e Z)

[lpub—a=m,b=n+m—1i,a=b—m=n—1i, z=n Haiigem

—1)"I'(n —i
Um,n+m—i,—n) = %{"M(n—i,n—i—m—i,n)_

- (_1)n_i+mr(n_i)67” n—i,n+m-—i,n
o Uln —intm —in). (3

Ucnonb3yem acumnroruky st dyuknuit Kymvepa M (a,b, z) u U(a, b, z) (em. [13]). Hycrs o = a/z,
B=b/z, p=(b—a)/z,

t():%(ﬁ‘i‘l— (B+1)2 = 4p, o

T=—,

1
A= —In7—-1) —aln(l - =, /-— =(1-t¢ .
w(t —InT —1) —aln(l — u1), fo \/5t3 oot P (1 —t0)fo

TOF,IL& IIpu z — OO UMeeM aCUMIITOTUKY

I'(b)
M(a,b,z) ~ €*
Host M(n —i,m+m —i,n) upu GpUKCUPOBAHHBIX M, & 1 N — OO IIOJIY UM

i

207beFA g U(a,b+1,z) ~ 2% pp.

m—1 m n m 1
(0% n 9 /8 + n ] :u n ) 0 ,6+1 271’ 27
n 1 3
fON m2 :Ln2 mN 1+_mN17
m? ot 1- 3 "
m 1 1 1 m . m
A~v—|—=—In=|—(1—-— ln<1——)~——+—l 24+ —=—1In2
n 2 2 n n 2n  n n n
Taxk xak npu (PUKCUPOBAHHBIX C, d U Z — OO UMEEM
F(Z+C) Zcfd
['(z+d) ’
TO
. . 'n+m-—i) _,, 1 e
M(a,b,z) = M(n — — ~elt———————— M~ —,
(a,b, z) (n—i,n+m—in)~e T —7) o ™~ om
Host U(n —i,m +m — i,n) upu bUKCUPOBAHHBIX M, i ¥ 1 — 00 HaiijeM
] m—t—1 m—1 n m—1 1
« n 9 /8 + n ) /’L n ) 0 ,6+1 27’L7 T 27
—1 m-1 1 3(m—1
pO ~ (1 _ mn ) (m71)2 (7:;71)2 1 ~ 5 - ~ 1 —|— (Tr;n ) ~ 17
an? T n? + 5 1-— (TZ;)
-1 1 1 ; -1 -1
Aw(m ) =)= (1-L)m 1_(m ) ~ In 2,
n 2 2 n 2n n

Ula,b+1,2) =U(n —i,n+m —1i,n) ~ 2z~ %py ~ ni=m2m"1

[Moxcrasiss acumiroruky s M(n—i,n+m—i,n), U(n—i,n+m—1i,n) B (3), npumensisi bopmyJry
Crupunra s akTopuasia u yuurbBasg, uto (n + k)!/n! ~ n* upn dbukcupopannom k u n — oo,
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IIOJIYy YUM
- (_1)m 3 en (_1)n7i+m1‘*(n_ Z) 3 3 -
U(m,n+m—i,—n) ~ e "2—m— T le~mom—lpi—n
(_1)m (_1)n—i+m —i. / A" nom—1,i-n
nm2m (m—1)! nov2mn (;) e 2 m
—_1)m -1 n—i+m —_1)m
nmam (m —1)! nmam

CJIG,ZLOB&TGJH)HO, nmMeeM

prtm=i=lpl (—1)m N pe(1)n™
(n —i—1)! nlpm2m nl2m

By(m,q) ~ Y ci(=1)"

1=0

Teopema 1. /s wucaa GC(n, k) nomeuennor 2eodesuseckur k-uyukiuieckur KaKmycos ¢ n eep-
WUHAMYU NPU T —> OO BEPHA ACUMNMOMUNECKAA POPMYNQL

S Ek=4)/2

GC(n, k) ~ 25k/2EIT ((k +1)/2)

(4)
Jlokazameavcmeo. B [8] mosyueno Bbipazkerue

n— nz? y nink=2 P
GC(n,k) = Q[z_l]em <ﬁ> 27" = : [z~ e ————2"".

nk! 1—22 K12k (1—22)k
Pazyiozkum nocsesion Apobs Ha saeMenTapubie apobu (em. [10, c. 41]):
1 A A A B B B
= ! + 2 + .4 k + 1 + 2 _|_..._|_7k (5)

I-2F  [U-2  (1-27 T—2F (42  (1+27 T+

ocse ymuosxkenusi obenx wacteii pasencrsa (5) ma (1 — 22)F, coxpamenus muoxureseit B 1pobsax u
nojictranoBky z = 1 momyanm Ay, = 1/2%. C nomommsio dopmyt (1) u (2) maiiem acuMITOTHKY TpwH
dukcupoBannoM k 1 n — oo:

Ink=2 | A4 n+1/2 A n+k/2 Bn" B.n™
GC(n,k)Nnn 1/ 4t VL + 1 _|_..._|_k_n
K12k | nl21/21(1) ni2k20((k+1)/2)  nl2 nl2k

nk—2 Ak\/7_T’I’Ln+k/2 ﬁnn+(3k—4)/2

T RI2F 2FT((k +1)/2)  2R2RID((k + 1)/2)

CaencrBue 1. Jlaa wucaa G(n, 1) nomewennnr c6AHBT 200€3UMNECKUT YHUUUKAUNECKUT 2pados
C N BEPUWUHAMU NPU N — OO BEPHA ACUMNMOMUNECKAA HOPMYAG

1 /@
G(n,1) ~ =/ =n""1/2, (6)
4\ 2
Jloxazameavcmeo. Tak Kak Bce YHUIUKINIECKHE IPAdDI SIBIAIOTCS YHUIMKIHNICCKUMUA KAKTyCaMU, TO

dopmysa (6) mosyuaercst kak ciejcrsue dbopmyabt (4) npu k = 1. O

CanexacrBue 2. /[lnsa wucaa G(n,2) NOMEYEHHOLT CBAZHHIL 200€3UMECKUT OUYUKAUNECKUT 2paghos ¢
N 6EPUUNAMU NPU T —> 0O BEPHA ACUMNIMOMUYECKAA POPMYAL
1
n+1
G(n,2) ~ ——n"*t, (7)
32
Jloxazamenvcmeo. IIockoIbKY He CYIIECTBYIOT reoje3ndeckue ourukimdeckue 6ok (cm. [2]), To Bee

reo/ie3nvecKre OUIUKINIecKre rpadbl SIBIAIOTCA OUIUKINIeCKUMU KakTycamu. [losromy Tpebyemoe
yTBEPXK/JIeHHUE TI0JIy9aeTcsi Kak ciejcrsue dbopmydst (4) upu k = 2. g
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JIemma 3. ITycmo Ul(a,b, z) — ewpoorcdennan 2unepzeomempuseckas gynruyus Tpuxomu. Tozda
npU GUKCUPOBAHHBLL UEABLT YUCAGT G, | U b — 00 uMeeM acuMnmMmomuKy

Ua,b+1,b) ~ W (8)

Jlemma 3 jokazana B [5] npu | < 0 u B |7 mpu [ > 0.

Teopema 2. /[laa wucaa G(n,3) noMeweHnbr CEAZHBIT 2€00€3UNECKUT MPUUUKAUMECKUT 2Pados ¢
N GEPUWUHAMU TPU T, — OO BEPHA ACUMNMOMUYECKAA HOPMYAQ

1 T 5
G(n,3) ~ ﬁ\/;n +5/2 (9)

Jlokasamenvemeo. st ancia S(n, k) moMedeHHBIX CBSA3HBIX k-IUKIMIecKuX rpadoB ¢ n BepIINHAMU
B [5] mosyuena dbopmyia

(n—1)!

S k) = nk!

[ Ye™ Y, (nuBg(z), n2BY(2), ..., nk!B,;(z))z*”, (10)
rjie By (z) — sKcroHeHnmaibHas IPOU3BOIsIast (DyHKIMsI JJIsl YUCIIa IOMEUEHHBIX k-IIUMKJINIeCKUX OJI0-
KOB, & Yj(x1,...,x)) — MHOrOWIeHbl pasbuenuil (MHorouwtenbl Besuia). liist 9TUX MHOMOWIEHOB U3BECT-
HO BbIpaxkenue (cwm. [11, c¢. 173])

Yk(xl,... ,$k) = (Zk) m'kilanl (%)ml (%)mk’

IJie CyMMHPOBAHEE MTPOBOJUTCS 110 BCeM pasbuenusMm m(k) ducia k, T.e. IO BCeM HEOTPHIATEIHHBIM
perieHusiM (mqy, Mo, ..., My) ypaBaeHuss my + 2mg + -+~ +kmp =k, m; > 0,i=1,... k.
®opmysta (10) BepHa He TOJBKO JIJIsl BCEIO KJIACCA CBSI3HBIX IpadoB, HO U Jist 6JI0YHO-YCTORINBOIO
ero nojiksacca (cm. [6]). B uactaocTu, dhbopmyiia (10) BepHa jist Kitacca reojiesundeckux rpados (cm. [6]).
B [2] u3 (10) nosyuensl BoIpazKeHust

n—1)! n2z8 23 4 225
G(n,3) = Q[zﬁl]e”z <8( + 2 ) 27", (11)

6 1—22)3  (1—23)5
24 — 4(n —2i —7)! —~  (n—3i—4) 3
Bgenem obo3nagenns
[(n—4)/3] . 35 /-
(=1, n?C _n! (3t +4)n" "> (i+3
Si(n) = =51z ] 8(1— 22)3’ 52(n) =5 Lo -3\ 3 )

B Boipazkenun (11) mepBoe cjiaraeMoe COOTBETCTBYET YHUIMKJIMIECKUM OJIOKAM, & BTOPOE — TPUIHUK-
smaeckuM 610kaM. [Tosromy Sp(n) paBHO YHCIY TPHIMKJIMYECKUX KAKTYCOB, U 10 Teopeme 1

1 m
Si(n) ~ @\/;n"%/2 upu n — oo. (12)
ITpy IOJIOKUTEIBHBIX CJATAeMbIX (; HMEeM

[(n—4)/3] et
Z agi:ao—i—ag—i—-u<a0—|—a1+a2+a3+a4+a5+---gZai.
i=0 i=0



ACHUMIITOTUYECKOE INEPEYNCJ/IEHVE I'EOAESUYECKUX I'PA®OB 63

Tak Kak Bce cjaraeMble B CyMMe Jyist So(n) IOJIOKUTEIBHBI, TOJTy9iM

o) = nl [(n—fi/i’»] (Bi+4)(i+3)(i+2)(i+n" 35
R i=0 6(n — 3i — 4)! =
B n_' [(n—4)/3] (3i +4)(3i 4+ 9)(3i + 6)(3i + 3)nn 35 _
U 162(n — 3i — 4)] <

n!
3888

— (i +4)(i +3)(i +6)(i + 9"
(n—i—4)! -

M

B coorBeTcTBUEN ¢ paziioxkeHneM
(t+4)(i+3)(i+6)(:+9) =
=i+ 4 +3) G +2) i+ 1)+ 120 +3)(i +2)( + 1) + 64(i + 2)(i + 1) + 184(i + 1) + 240
pazobbem M (n) Ha 5 ciraraembIx:
M(n) = Mi(n) + My(n) + Ms(n) + My(n) + Ms(n).
C nomomipio BIpazkeHuii Jyist cumsosia [loxrammepa (a);

_Ila+1) ; I'(1—a)
(a); = W =(-1) m

HaleM

n—4

(2 +4)( z+3(2+2)(i+1)n”‘i_5: e 52 2—}—4 1 i:
iT(n—3—14) \n

par (n—1i—4)!

o z+4'F( —n+id) (1) nH ZTG+)TG)E—n) (1)
B BZ z'Fn—3)F(4—n) <E> B (n—4)!§ T(5)i! <_E> B

_ (23@"; S <5>z-<§!— n)i (_;)" _ % JF, (5, 4o _1> |

=0
rie 2 Fy(a, b; —; z) — o6obiienHas runepreomerpuyeckast GyHKIUA. AHAJIOIUIHO TOJIY IUM

n—4

(i +3)(i+2)(i + 1)n"i=> 5 (i +3)! 1\
=12 =12n"" ~ | =
par (n—1i—4)! " Zz'Fn— 3—1)

- TA+)TATMA —n+i) (1) o °°(4)i(4—n)i 1\’
=1 52 @I 3T —n) <H> =7 | < ! <_E> -

(i+2(+ D" (i +2)! '
Ms(n) —642 (2&(—1—)4)! - 522'Fn— 3—1) <_> B

= 64n"™" 52 Z'I?:+ZIZIETE322()§(_4TL_Z;) <%> _ 128" Ti <_%> )
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1—1—1 (1 4+ ) 1\’
=184 = 184n"5 — |- | =
8 Z 84n lep( ) <n>
T 1 1 A0 SN (2)i(4—n); [ 1Y
— 184n— 52 2+z) (2 n—i—z) 84n (2),(. n) (1 _
, z'F (2)I'(n — n —4)! par i! n
184n"—° 1
=——9F 2, 4—n; —; ——
( 4)' 2 0( ) ’I’L>’
2402 = 240n"~ 5Z—i' Ly
_ — 240n —
(n—i—4 Z'Fn—?)—z) n
1+1)F(1)F(4—n+2) 1 n"=5 & 1\’
= 240n""° — —240 —
" Z Z'F (DI'(n —3)I'4 —n) \n (n—4 'Z n
240n"™" 5 1
= —— 9F —n; —; —— |.
( 4)' 2 0< n; ) TL>
Ucnons3yst cooTHOIIIEHNE
1
Ula,b,z) = z"%Fy <a, a—b+1; —; ——>
z
mexy byuximamu o Fo(a,b; —;z) u U(a, b, z) (em. [16, c. 328, 13.6.21]), mosryumm:
1 1
2F0 <57 4—TL, ) __> :TLBU(57H+27H)7 2F0 <47 4—7’L, ) __> :n4U(4,n+1,n),
n n
1 3 1 2
oFy (3, 4—n; —; —— | =n’U(3,n,n), oFy (2, 4—n; —; —— | =n°U(2,n— 1,n),
n n
1
o Fy <1, 4 —n; —; ——) =nU(l,n—2,n).
n

Taxum obpasom,
M(n) = Mi(n) + Mz(n) + Ms(n) + Ms(n) + Ms(n) =
24n™ 7201
U5 2 U4 1
(n 1) (5,n + ,n)+(n_4)! (4,n+1,n) +

128n" 2

(n—4)!
U2,n—1,n)+

U(3,n,n)+
184n"—3

240n"—4
(n —4)!

mU(l,n—Zn).

YuursiBas, uro n!/(n—k)! ~ n” npu dukcuposannom k u n — 0o, ¢ noMoIpo HopMysibl (8) mosyanm
CJIEJIYTONIY IO ACUMIITOTUKY TIPU 1, — 0O:

! 24n!n™ NS 72nin" 1 Vs
S2(n) = 335 M) ~ S3sm =11 (2n)P/2T(3) © 3888(n — 4)! (2n)°0(5/2)
128n!n"—2 Vel 184n!nn—3 N 240n!n"—4 Vel
3888(n — 4)! (2n)3/°T(4/2) © 3888(n — 4)! (2n)11(3/2) | 3888(n — 4)! (2n)/20(2/2)

~ clnn+3/2 +C2nn+1 + C37,[‘n+1/2 +oeqn™ + C57”Ln71/2 ~ CTL”+3/2.

Temeps nmeem

G(’I’L,?)) = Sl(n) + SQ(TL),

riue

1

Sl(n) 768\/7nn+5/2’ SQ(TL) gcnn+3/2;
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TaK KaK

Sa(n)
1 =
B

1
G(n,3) ~ 68 \/?n”+5/2. O

TaK KakK IIpnu N — OO ACUMIITOTHKA JJIsI YUCJIa IIOMEYEHHBIX CBSI3HBIX I'€Oe3UYECKUX TPUIUKJINIC-
ckux rpados (9) COBII&/IAET C ACUMIITOTUKON JIJISI YMCJIa IOMEYEHHBIX MeOIE3NICCKINX TPUINKIINICCKAX
kakTycoB (12), To mosydaem ciieJyioniee yTBepIK IeHHe.

TO

Cne,z;c'ane 3. Ioumu 6ce nomeuernnvie CeA3HbLE 2€00e3UNECKUE mpuyurAueCcrue 2pad§u ABGAAN0NN -
CA Kaxmycamu.

IN'unoresa 1. g uucia G(n, k) HOMEYEHHBIX CBSI3HBIX MEOJIE3NUECKUX A-IUKJINIECKUX IpadoB ¢
7 BepIIMHAMEU TPU (DUKCUPOBAHHOM Kk U 1 — 0O BEPHA ACUMIITOTHKA

G(TL, k‘) ~ C(k‘)nn+(3k_4)/2

)

rje c¢(k) — KoHCTaHTA, 3aBUCSIIAs OT k, HO HE 3aBHUCSIINAS OT N.

1 /n 1 1 us
c(l) = Z\/;’ c(2) = 35 c(3) = @\/;

Takum obpazom, runore3a Bepra st 1 < k < 3

B wacrrOCTH,

3. BeposaTHOCTS.
3aJ1a/ M Ha MHOXKECTBE ITOMEYEHHBIX CBA3HBIX K-IUKJINIECKUX IPadOB ¢ 1 BEPIINHAMEI PABHOMEPHOE
pacupefiesieHre BepOITHOCTEH.

CanexncrBue 4. Iycmo Pi(n) — eepoamnocms mozo, 4mo cay4atioil noMevennvil ceA3Nbl YHu-
yukauveckul epad ¢ n sepuunamMu Asasemca zeodesuveckum epagom. Toeda npun — 0o 6epra acumn-
MOMUECKas HopMyaa

1
P1 (’I’L) ~ -,
2
Hokasameavcmeo. Ilycrs f(n,n + k) — 4UCI0 IIOMEUEHHBIX CBSI3HBIX IpadoB ¢ 1 BepIIMHAME U 1 + K
pe6panvi. . Paiit narmenr acuvmroruky mpu n — 0o u 0 < k = o(n'/?) (cm. [19]):

_ 1/2 Vr3E(k — 1)dy,
~ n+(3k—1)/2 _ (2 _

)

e dj — koaddunuentsr Paiira:

k—1

5 dsdy—s
dlzdgz%, dk+1 dk—{—z k_|_li k> 2.

CaeroBaTesibHO, ¢ TIOMOMIBLIO (hopMyJIbl (6) MOy IUM TIPU 17— OO

5 LTtz
Pl(n) _ G(TL, ) ~ 4\/572 0

f(n,n) V/Enn1/2 2

CaencrBue 5. [Iycmo Pa(n) — seposammocmsd mozo, 4mo cay4atinbil nomewernvill c6A3Hbl buLuk-
AuMecKul 2pad ¢ N BEPWUHAMY ABAAEMCA 2e0de3uneckum epagdom. Tozda npu n — 0O ePHA ACUMN-
MOMUYECKas POPMYAa

3
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Joxazamesvcmeo. . Paitr B [19] Hamesn acuMIToTuky
5 n+1
f(n,n—i—l)wﬂn , M — 00.
CrenoBaresibHO, ¢ yaeToM (hopMysibl (7) HOILYyUUM IIPH 1 — 0O

1. n+1
Py = 22 g3 .
fn,n+1)  Zmntl 20

CaencrBue 6. [lycmv P3(n) — eeposammuocmsv mo2o, wmo cay4atinviil nomeuennvili c6A3HbT mpu-
YUKAUNECKUT 2pad ¢ N 6EPUUHAMY ABAAECMCA 2e00e3uneckum epadom. Toeda npun — 00 sepra acumn-
MOMUYECKAA POPMYAA

1

Jlokasameavemeo. C nomompio acumnroruku . Paiita (cm. [19])

5 T nys/2
fln,n+2) 128\/?71 , N — 00,

1
Py = G3) _ msV/EU T 1 0
3 fln,n+2) 5o /Ennt52 307

u dopmyibl (9) umeem

Cnenctsue 7. I[Tycmv Py(n) — eepoammocms mozo, wmo cayuatinwiti nomesennvits ceasnoui k-uun-
AUMECKUT 2pa ¢ N BEPUUHAMYU ABAAEMCA 2€00€3UMECKUM KAKMYCOM, a d, — xoapduyuenmo. Patima.
Tozda npu durcuposarrom k un — 00 BEPHA ACUMNIMOMUYECKAA HOPMYAGL

_ INEL=) _
Pi(n) ~ 2 npu k >2, Pi(n)~
8D (E41)3F1k!(k — 2)!dk—y ’

1
5"

Jlokazameavcmeo. Ipumensisi onsitb acumnroruky Paiita us [19] u dopmysy (4), nosyuum npu duk-
cupoBaHHOM k > 2 u n — o0

_ n+(3k—4)/2 3k—3
Pr(n) ~ GC’(n,kk) ™ 55k/2 |ﬁ:+1 nt(3k—4)/2 k11 15_(1 2; : | :
fnon+k—1)  2582KID(5L) fin ST (EEL)3k—1E1(k — 2)ldg

Tak kak npu k = 1 Bce CBA3HBIE YHUIMK/INYECKHEe IPadbl SIBJSAIOTCS KAKTYCAMH, TO U3 CJeCcTBus 4
nmeem Pj(n) ~ 1/2. O
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IIPOCTPAHCTBA C IIOJJINJINMHEMHBIMUI ®OPMAMU

©2022r. H. . TYVCEBA, E. B. JIVKBbdHOBA

AHHOTAIIMA. PaccmarpuBaroTcsi MpOCTPAHCTBA € MOJUIMHEHHBIMYU (POPMAMU, CTEIEHb KOTOPBIX 60JIb-
mre AByX. ['pynmamu ABUKEHUN TAKUX TPOCTPAHCTB SBJISIOTCS MOATPYIINBL OJHON JIMHEIHHOW TPYIIIIHI,
Ipeobpa30BaHUsi KOTOPBIX COXPAHSIOT JAHHYIO MOJIHIHHERHYI0 (popMy. OTBICKaHME TAKUX CPYIII YIIPO-
II[AETCsI, eCJIM NOoJuInHelHass dopMa 3a/1a8Tcsl Ha JIMHEHHOM IIPOCTPAHCTBE HEKOTOPOii ajredpbl U 00-
JIaJIaeT MYyJIbTAILIMKATUBHBIM CBOMCTBOM OTHOCHTEIBHO YMHOXKEHUsI B 9Toi anrebpe. lokazano, 4to
Takas popMa CyIIeCTBYeT B JIIOOOI acconunaTuBHOM aarebpe.

Karouesnle caosa: JnHeHAs aredpa, accoluaTuBHas aarebpa, MyJIbTUILINKATABHAS (DYHKIHS, TPO-
CTPAHCTBO C MOJIMJIUHENRHOM (HOPMOit, ITUKINIeCKas aarebpa.

SPACES WITH POLYLINEAR FORMS

© 2022 N. I GUSEVA, E. V. LUKYANOVA

ABSTRACT. We consider spaces with multilinear forms whose degree is greater than two. The motion
groups of such spaces are subgroups of the general linear group whose transformations preserve the
given multilinear form. The search for such groups becomes simpler if the multilinear form is defined on
the linear space of some algebra and possesses the multiplicative property with respect to multiplication
in this algebra. We prove that such a form exists in any associative algebra.

Keywords and phrases: linear algebra, associative algebra, multiplicative function, space with

multilinear form, cyclic algebra.
AMS Subject Classification: 15A66, 15A69, 16538

O ToM, UTO reoMeTpuIecKasi CTPYKTypa MOYKET ObITh OCHOBaHa Ha (pyHIaMEHTAJIbLHON (opme, y KO-
TOPOIi CcTenenb GOJbINe JBYX, BIIEPBbLIE Mpeanoaokmna Beparapn PuMan B cBoeil 3HAMEHUTON JIEKIUH
«O rumotresax, Jgexkamux B OCHOBaHUU reomerpuny». «Ciydail, KOTOPBI MOXKHO OBLIO OBl HA3BATDH CJIe-
JIyIOIIUM TI0 IIPOCTOTE, — 3aMedaeT PuMaH, — COOTBETCTBYeT T€M MHOIrOOGpa3usaM, B KOTOPBIX JIMHEMH-
HBII 3JIEMEHT IIPEJICTABJISIETCS B BUJIC KOPHA YeTBEPTOi crernenyn u3 audhepeHnnaabLHOr0 BbIpasKeHus
4eTBEPTOI cTenenny». Bupouem, jasbiie 31oT Besmukuii reomerp XIX BeKa 0TKa3BIBAETCSA OT CBOETO JKe
3aMevaHusl O TeOMEeTPHUU He KBaJpaTUIHbIX (dyHaamMeHTaabHbix (opm: «Hccrenosanue sroro Gosiee
ob1ero Tuna MHOroobpasuil, upasja, He TOTPeOOBAIO Obl BBEJIEHHUsT KAKUX-TH0O0 CYIIECTBEHHO HOBLIX
[PUHIAIIOB, HO CBS3aHO ObLIO OBl CO 3HAYUTEILHO MoTepeli BpeMeHU U eJlBa JIU [T03BOJIUIIO Obl TIPEe/I-
CTaBUTH YUEHHE O MHOI00OPa3usxX B 0COOO CBOCOOPA3HOM OCBEINEHWU; IIPUTOM PE3y/IbTaThl HE CMOLJIN
Obl ObITH CHOPMYIMPOBAHBI reOMeTpuIecKr. [loaToMmy, — 3akiodaerT Puman, — s Mo3BOJIIO cebe orpa-
HUYUTHCS MHOTOOOPa3UsIMU, JIJjisi KOTOPBIX JTMHEHHBIA 3JIeMEHT 3aJ1aéTCsi KaK KBaJPaTHBI KOpeHb U3
JnbbepeHITAILHONO BhIpayKeHusl BTOPOii creneHd. .. » (cm. [5]).

Ojmako 1 He KBajpaTudHble (pOPMBI MOIYT 3ajaBaTh Ha MHOIOOODA3WsAX W, B YACTHOCTH, HA JIU-
HEHHBIX IPOCTPAHCTBAX CBOM CIIEIM(UICCKUE TeOMETPUIECKUE CTPYKTYphl. HeKOTOpbIe M3 TaKHX reo-
METPUYECKUX CTPYKTYP BO MHOTOM IOXOXKHM HA TEOMETPHIO €BKJIMJIOBBIX U IICEBJOEBKJINIOBBIX PO~
CTPAHCTB, JPYIHe ¥Ke MOI'YT YAUBUTH CBOEH NPUUY/JIMBOCTBIO, XOTs U HE JIUIIEHBI BHYTPEHHEH rapMo-
HUM ¥ CHIENUDUIECKONH KPACOTHI.

ISSN 2782-4438 (© BUHUTU PAH, 2022
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Jloroe BpeMmst MaTeMaTUKN He 00paIa/i BHUMAHUST HA T€OMETPUIECKHIE CTPYKTYPbl, IMEIOINe B Ka-
qecTBe (PyHIaAMEHTAILHON (POPMBI OTHOPOAHYIO (DYHKIIMIO KOOPAUHAT, CTEIIEHb KOTOPOi OOJIbIe JIBYX.
DToMy OBLIN JBe IPUIMHBI. Bo-TIepBBIX, BO BpeMeHa PumaHa 1 1032Ke, ITOKa 00Pas3IoM JIJIsl TeOMEeTPH-
9eCKUX CTPYKTYP ObLIa €BKJINI0BA T€OMETPHs, IPOCTPAHCTBA C HE KBIPATUIHON (PyHIaMEHTAILHOM
dopmoit He mMe M KaKOoW-Iub0 palMoHaIbHON WHTEPIIPEeTallnd, Ha YTO U yKa3biBaeT Puman, 3ame-
qasi, 9TO Pe3yabTaThbl UCCJIeIOBAHNS IPOCTPAHCTB C HE KBaIPAaTUIHON (POPMOil «HE cMOrin Obl OBITH
cpOPMYIUPOBAHBI T€OMETPUIECKU>.

Bupodewm, mocite Toro kak @Penuke Kireitn a1 ToIKOBaHne TeOMETPUN KaK MHOXKECTBA, HA KOTOPOM
JefiCTByeT HeKOTOpas I'pylna mpeodpa3oBaHmii, BOMPOC 00 MHTEPIPETAIMN TON WM WHOW I'eOMeTPH-
9eCKOM CTPYKTYPBI y2Ke He mMe I MPUHIMINAJILHOTO 3Hadenus. Ho orbickanme mpeobpa3oBaHumii, co-
XPaHSIONUX Ty WK UHYIO He KBaIpaTUIHYyI0 (hopMy — 3aja4a HerpuBnaibHas. U moromy 6e3 Kakoro-
JINOO «BHEITHEr0» CTUMYJIa OHA HE IMPHUBJIEKAJIA MMPUCTAJILHOTO BHUMAHUS T€OMETPOB.

Curyarust n3MeHUIACh, KOTJA PsiJl MATEMATUKOB M (DU3UKOB-TEOPETUKOB B MOMCKAX TEX WU UHBIX
0000ITIeHNIT TEOPUU OTHOCUTETHLHOCTH O0PATHINCH K (DUHCJIEPOBOI reoMeTpuu. B paMKax Takux mUcciie-
JIOBaHUii 1 OHAI0OUIMCH TIPOCTPAHCTBA C HE KBaJAPAaTudHOl (yHaamMeHTa bHoi dhopmoit (em. [4]).

OjtHaKO OTBICKAHWME HEIPEPBIBHBIX TI'PYIINT IPeodpa30BaHUil, KOTOPBIE COXPAHSIIOT Ty WJIA HHYIO
HE KBaJIpATUIHYIO (HOPMY, MPEJCTABISET CYIMIECTBEHHYIO TPYJIHOCTb, U HOTOMY HCCJIEJIOBAHUS ITPO-
CTPAHCTB C He KBaPATUIHON (DYyHIaMEHTAIBHON (POPMOIL, KaK MPABUJIO, OIPAHUYNBAJINCH HECKOJIBKHU-
MM YACTHBIMU CJIYUAsIMU TAKUX [TPOCTPAHCTB.

DTy TPYIHOCTb MOXKHO TPEOJOJIETh, €CJIM B KAYECTBE JIMHEHHOTO ITPOCTPAHCTBA B3STh BEKTOPHOE
IIPOCTPAHCTBO TON WU WHON JMHEHHON ayrebpbl U B KadecTBe (pyHIAMEHTAJbHON (POPMBI IPUHATH
HEKOTOPYIO MYJIbTUILINKATUBHYIO (DYHKIMIO, ONpEIEJEHHYI0 Ha 3Toil ajrebpe. Torma rpynmnoii mpe-
00pa3oBaHmii, COXPAHSIIONUX (QYHIAMEHTAJIbHYIO (GopMy, OyIeT Takas MOArPYIIa JUHEHHON rpyIbl
JIAHHOU aJIredpBhl, JJIsi KOTOPOil KO3(MMUIINEHTHI JIeMEHTaPHBIX JIMHEHHBIX (DYHKINI TPUHUMAIOT €11~
HUIHOE 3HavYeHne Ha (yHmaMenTanbHoil dopme (eM. [1]).

Taxum obpas3oM, 3aja49a OTBICKAHUS HEIPEPLIBHLIX I'PYIIl IIPeoOPa30BaHUil, COXPAHSIOMNX (POPMY
KaKOH-Mb0 CTeleHu, B Psjie CIyIaeB CBOJUTCA K OTHICKAHWIO ajreOp, 00/Iaaionux TOW MJIM WHOM
MYJIBTUILITUKATUBHON dyuKImeit. Hanpumep, g KBaaparuaHbix (GOpPM TAKUMHU aJIreOpaMu ABJISTIOTCS
aaredphl KOMILIEKCHBIX YNCeJI, KBATEPHUOHOB M OKTaB, W Oojee 0DOIMo — ajaredp TUIepKOMILIEKCHBIX
qHCeJl WIN aJbTePHUOHOB.

MOoKHO JI OTBHICKATH KaKHe-JIMO0 IMUPOKNE KJIACCHI JIMHEHHBIX aJredp, B KOTOPBIX ObI TeoOMeTprte-
CKasl CTPYKTypa MOPOXK/1aJaCh MYJIbTUILINKATUBHON PYHKITHEH, T000HO TOMY, KaK €BKJINJIOBA U IICEB-
JIOEBKJIMJIOBA, NEOMETPHS ITOPOXKIAETCS ajredpaMu ajbTepHUOHOB?

[Tokaxkem, uTO B JI000I acconmaTuBHON ajredpe CyIIECTBYeT OIHOPOIHAS MYJIbTUILIUKATHBHAS
byHKIMS, CTeleHb KOTOPOI COBIAIAET C Pa3MEPHOCTHIO JUHEHHOTrO mpocTpaHncTBa ajarebpol. IlycTob
e1,es,...,e, —KaKoi-mubo Oas3mc JUHEHHOTO MPOCTPAHCTBA acCOIMATHBHON aareOpbl A Ham momgem R
U IyCTb Cj,;, — CTPYKTYPHBIC KOHCTaHTbI, BHIYUC/ICHHBIE B 9TOM Oasuce:

ek - e = Cpper.

Paccmorpum JiHeitHoe asrebpandeckoe ypaBHeHue a - & = b, koropoe B BbIOpaHHOM 6asuce Gyjer
UMeTb BH/|

(aFep) - (z"ep) =D e,
NJIn

avch, e, = be,.

OTpejie/TesTh CHCTeMBI JIMHEHbIX ypaBHentuit a¥ch, ' = b7 SKBHBATCHTHBIX JMHEHOMY asrebpante-
CKOMY YDaBHEHUIO @ - & = b, Gy/ieM HA3bIBATD AE6bIM 0EMEPMUHAHMOM dIeMeHTa a € A u 0603HAYATH
Apr(a). AHanoruuHO BBOAUTCS B paccMoTpeHue npasuil demepmuranm Ag(a) snementa a € A Kak
OTIpeJIe/TITeTh CHCTEMBI JIMHEHBIX ypaBHennit a’cy, xF = b, sxpupaenTHOlN JmHeiiHOMY asnreGpamnte-
CKOMY ypaBHEHUIO & - a = b.

Teopema 1. Jlemepmunanmo Ar(a) = det(abc;,) u Ar(a) = det(a’c},) npouseoaviozo sae-
MEHMA ACCOUUAMUEHOT aN2e0PbE A ABAAIOMCA MYALIMUNAUKAMUSHOMU GYHKYUAMU, T.€. 0N MOOYIT
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a,be A umeem
AL(a'b) :AL(CL)AL(b), AR(CL'b) :AR(CL)AR(b).

Zloxasameavcmeo. st nokazaTenbcTBa MYJIBTUILINKATABHONO CBOWCTBA JIEBOT'O JIETEPMUHAHTA, 3aMe-
THUM, 9TO B CHJIy aCCOIMATUBHOCTU YMHOXKEHUs B ajiredpe A CIpaBejInBO TOXKIECTBO

(a-b)-x=a-(b-x).
Torsa, ¢ 0jHOl CTOPOHBI,
kph ! kph !
(a-b) -z = (a"b"ce,) - (zv'e) =a b ez’ en,
C JApyroil CTOpoHHI,
k h l kph l
a-(b-x)=(d"e) - (b'cpx'e,) = a"b"cpclha’ e,
T.€.
Ar(a-b) = det(a®b"ch, ™) = det(afblch,c) = det(bcl;) det(af ) = Ap(a)AL(b).
AHAJIOTMYHO JI0KA3BIBAETCS MYJIbTHIUIMKATUBHOE CBOHCTBO IPABBIX JETEPMUHAHTOB JIEMEHTOB ACCO-
[MATUBHON asirebphbl. 3aMeTuM eIrng, 9To eCJii acColuaTuBHast aarebpa K TOMY K€ KOMMYTATHBHA, TO

IIPaBbIil U JIEBBIN JE€TEPMUHAHTBI, OYEBUIHO, COBIIQJIAIOT, 1 MOXKHO I'OBOPUTH IIPOCTO O JIETEPMUHAHTE
3JIEMEHTOB TAKOI ajreOphl. U

Bospmém merepmunant A (x) B KadecTBe QyHIAMEHTATIBHON (OPMBI F€OMETPHYIECKO CTPYKTYPBI
Ha JIMTHEHOM IIPOCTPAHCTBE ACCOIMATUBHON ayireOpnl. Torma mpeobpa3oBanusi, COXpaHsionime Gopmy
A(x), OymyT OpOXKIATHCS JUHEHHBIME airebpandeckumu (HYHKIUAMA & = @ - & TPU YCJIOBUM, UTO
Ar(a) = 1. 9ro cpasy cieyer U3 MyJIbTUILIMKATUBHOCTH:

Ap(x')y=Ar(a-z)=Ar(a) - Ap(z) = AL(z).

[Tpu sTOM 3aMeTHM, YTO MHOXKECTBO 3JIeMeHTOB @ € A obpasyior noarpyniy Gr(A) rpymisr Beex
06paTUMBIX JIEMEHTOB aJrebpbl A 1, CJIe/I0BATE/BHO, MPeoOPa30BaHUsl JTUHEHHOIO MPOCTPAHCTBA, AJl-
reGpbl, IOpoXKaemble JuHeiinbiMu hyukimsvu €' = a - x npu yeaosun Ay (a) = 1, obpasytor rpyy
JIBUKEHUiT PeOMeTPUIECKONl CTPYKTYPHI ¢ (byHIameHTa bHoi dhopmoit Ap ().

AHaIornyHo, Ha JIHHEHHOM TTPOCTPAHCTBE ACCOIUATUBHOM aaredpbl A MOXKHO OIPEIETUTh U TEOMET-
PHUECKYIO CTPYKTYDPY, dyHIaMeHTaabHOi GopMoii Jjisi KoTopoil Oyuer npasbiit jgerepmunanT Ag(x),
a JIBUKEHWS B 9TOW TeoMmerpuu OyJyT ONPEENAThCS JIMHEHHBIMU aaredpandecKuMu (hyHKIUAMA
&' = x - a upu ycaosun Ag(a) = 1.

SameTnMm eIg, 9To JUHEHHBbIE aaredpbl MOKHO pacCMATPUBATL U HAJT MOJEM KOMILIEKCHBIX YHUCET.
[Tpu sTOM TeopeMa 0 MyJIbTHILTMKATHBHOCTH JIETEPMUHAHTOB OCTAETCs CHPABE/JINBOI (TaK Kak [pH eé
JIOKA3ATEILCTBE HATJE HE HCIOIb30BAIOCH IPEIIIookKenue, arto ak, b, ¢, € R). Jlnst iuHERHBIX 11pO-
CTPAHCTB, TOJYyYaeMbIX OBEIIECTBICHUEM JIMHEHHBIX KOMIJIEKCHBIX MTPOCTPAHCTB ACCOIUATHBHBIX AJl-
rebp HaJT TIOJIeM KOMILJIEKCHBIX YHCET, B KadecTBe (PYyHIAMEHTATILHON (POPMBI MOXKHO TIPUHSATH MOJTYJIb
JIEBOTO WJIM MPABOTO JIETEPMUHAHTA, MOCKOJILKY MOJY/Ib KOMILIEKCHOTO YHCIa 00J1a1aeT CBOHCTBOM
MYJIBTUILTUKATABHOCTH.

[IpumepoM TeoMeTpUIECKUX CTPYKTYP, ONPEIeIsieMbIX Ha JIMTHEHHOM ITPOCTPAHCTBE acCOIUATHBHOM
aJrebphl JIETEPMUHAHTOM TEKYIIErO JIeMEHTa, MOTYT CIIyKUTh yukauveckue npocmparncmsa (eM. [3]).
JluneitHBIME ajIredpaMu JIJTst IUKJIXIECKAX TPOCTPAHCTB OY/Iy T aJreOpbl IUKINIECKUX YUCE WA IPYII-
nosble anre6pbl R(Z,, ) vag nonem R ¢ nukimaeckoii rpynmoi Z,,. Takue anredpbl IOpOXK at0TCsT OJHUM
9JIEMEHTOM, W UX IIPOU3BOJIBHBIN 3JIEMEHT & MOXKET OBITH 3AIMCAH B BHUJIE

—1
T =1a0+ 116+ 39>+ .. 4 Tpp_1™ L,

rJie € — MOPOXKIAIONIMI SJIEMEHT IPYIIbl Zy, (T.e. €™ = 1). Anrebpa R(Z,,) KoMMyTaTHBHA, TI03TOMY
[IPABBIA U JIEBBIN JETEPMUHAHTHI TEKYIIEr0 SJEMEHTA TOM ajreOphl COBIAAIOT U UMEIOT CJIELYONTHi
BU/IL:

i) Im—1 ITm—2 ... T1
T i) m—1 ... X2
A(ZB) = ) Tl o ... I3

Tm—1 Tm-2 Tm-3 --- L0
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Taxkume ompemenuTesn HA3BIBAIOTCA UUPKYAAHMAMU; UX MYJIBTHIINKATABHOCTHL MOXKHO IIPOBEPUTH
HETIOCPEICTBEHHBIM TIEPEMHOYKEHTEM.
MoKHO TT0Ka3aTh, 9TO /I SKCIOHEHTHI BEKTOPHBIX 3JIEMEHTOB

¢ =pre+ ¢oe® + ...+ 1™
CITPaBEIJINBO TOXKJIECTBO
A(exp(gble + ¢5262 4+ ...+ qu,lem_l)) = 1,

TaK 4YTO JIBUKEHUSAMHU B IUKJINIECKUX [IPOCTPAHCTBAX OyJ/LyT JUHEHHbIE PeoOpa3oBaHusl, TOPOXKIae-
MbI€ JINHEHHBIMU ajire0pandecKuMu (PyHKIMAMA &' = & - exp ¢.

[Mukmyeckue aarebpbl MOKHO pacCMaTpUBaTh KAK HaJ| BEIECTBEHHBIM, TaK M HAJ[ KOMILJIEKCHBIM
nosieM. [Tpu sroM JIIOOYIO BEIECTBEHHYIO MUKINYeCKYo aaredpy R(Z,,) MOXKHO paccMaTpuBaTh Kak
noiarebpy KOMIUIEKCHOM Tukjmdeckoit anredpbl C(Zy,) ¢ oaHoii 1 Toil ke 6a30B0i rpynIoi Ziy,, T.e.
R(Zy,) C C(Zy,). Ho kpome BemecTBEeHHBIX IUKINIECKUX airedp KOMIJIEKCHBIE IIUKJINIEeCKUe ajreOphl
cojiepKaT u Jpyrue noganreopel. B uactrocTu, anredpa C(Z,,) comep:KUT BEIeCTBEHHYIO TOIAIre6-
py aHTHIUKIIIecKuX quce’ R(Z,), 06pasyiomuil 377eMeHT ¢ KOTOPOil Y/OBIeTBOPSIET CTPYKTYPHOMY
Toxectsy 4" = —1. Ha ymmeiinom mpoctpancTse aire6pbl R(Z,,) MOXKHO BBECTH I'€OMETPHHYECKYIO
CTPYKTYPY C JIETEPMUHAHTOM B KadecTBe (DyHIAMEHTAIbHON (hOPMBIL.

TeomeTpuvecKne CTPYKTYPhl HA IIMKJINIECKUX U AHTUIUKITIECKUX aarebpax eCTeCTBEHHBIM 06pa3oM
0600IAIOT eBK/IWJIOBY U ICEBJIOEBKJIMIOBY JBYMEPHYIO CTPYKTYPY, TaK KaK M€OMETPHs Ha ajrebpax
R(Z2) n R(Zy) = C — 370 TICeBI0EBKIUIOBA 1 €BKIAI0BA TIAHIMETPHHI (0 I6M NMeeTCst OOTIIpHasT JTH-
Teparypa). B cuity TOro, 4To NUKJIMYECKHEe U AHTHIMKINIECKHe IPOCTPAHCTBA OOOBIIAIOT eBKIIMIOBY
U TICEBJIOEBK/IMJIOBY IJIOCKOCTD, HA NUKJINIECKUX ¥ AHTHIUK/ITIECKUX TPOCTPAHCTBAX MOYKHO OIpEie-
JIUTh HE TOJIBKO IUKJINIECKYIO JJINHY BEKTOPOB (MM, KAK FOBOPUT PuMaH, — JIMHEHHBIN 3/1eMeHT), HO
U [UKJIMIECKUH yIroJl MeXKJly BEKTOpaMu, KOTOPBI Oy/ier 3aBucerb oT (m — 1) mapamerpos.

KoHeuHo, IpoCTpaHcTBa ¢ HE KBAJIPATUIHBIMA (DYHJIAMEHTAILHBIMEI (POPMAME HE OIPAHUIMBAIOTCS
JIMIIb acCOIMATUBHBIME aJrebpaMu, B KOTOPBIX (yHaamenTasibHas Gopma Ar(x) wm Ag(x) nve-
€T CTeleHb, PABHYI0 Pa3MEPHOCTH IPOCTPAHCTBA. 3a4acTyio ObIBAET MHTEPECHee HAWTH MYyJIbTHILIU-
KaTUBHYIO (hOpMY, CTEIleHb KOTOPO#l MEHbIE Pa3sMEPHOCTH HMPOCTPAHCTBA, HA KOTOPOM 3aJIaéTCs He
KBaJIpaTndHas pyHjgamMeHTaabHas dhopMa.

B psje cayyaeB Takyio hopMy MOXKHO OIPEJIEIUTh Ha JUHEHHOH ajirebpe, KOTopas MoJydaeTcs u3
JIPYTOi aareOpbl IPU IIOMOIIU OGOOIIEHHOMN TIPOTIE/LYPhI YIBOSHNUST, AaHAJIOIMIHON TOH, KOTOPYIO UCIIOJIb-
3oBaJl ['peiiBc 1pu mocTpoeHnn ajarebpbl KBATEPHUOHOB ['aMHJIBTOHA, YABOUB ajirebpy KOMILIEKCHBIX
quces1, U ajredpbl OKTaB — yJBOUB aarebpy KBaTepHuoHOB (cM. [2]).

Takasi mporeypa, npuMeHéHHas K nukandeckuM anrebpam C(Z,, ), naér amrebpst B, B KOTOpbIX
onpeesurenb D(x) cucrembl JinHeiHbIX ypasHenuil Ha i ajarebpoit C(Z,, ), 9KBUBAJICHTHBIX JIMHETHOMY
asirebpanieckoMy ypaBHEHHIO &' = & - @, 1yie @, € BJ', Gyjer KOMIUIEKCHO3HAUHONH MyJIbTHILINKA-
tusHOi dyukimeii (cm. |2]). [Tpu srom crenens dyHmamenTanbHoil dhbopmbl D(x) OyIer CyIiecTBeHHO
menpire crerenn dhopM A (z) nu Ag(x). Hdeitcrurensno, dim C(Z,,) = m, a dim BY* = m?, nosromy
deg Ar(x) = deg Ar(x) = m?, B To Bpems kax deg D(x) = m.

Hanpumep, jijist ajire6pbl KBATEPHUOHOB

rg —T1 —T2 —I3
I i) —x3 i)
T2 I Lo r3
r3 —I2 I Lo

Ap(zo + 218 + 22f + 23k) = = (2§ + 2] + 23 + 23)7,

B TO BpeMsd KaK

(:Uo + $1’L) —($2 — 1'31)

_ .2 2 2 2
(p2 + 238) (w0 —a1i) | 0 oy s

D((zo + x18 + (x2 + x38)J) =
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TEOPEMA BEJIBTPAMU B ITPOCTPAHCTBE MMHKOBCKOI'O

©2022r.  A. B. KOCTUH

AHHOTAILUA. . BeaprpaMmu moka3ai TeopeMy O B3aWMOCBSI3W KPUBU3H JIJIsi CEMENCTB MOBEPXHOCTEMH
BpAIlleHUs B TPEXMEPHOM €BKJINI0OBOM IIPOCTPAHCTBE, U3 KOTOPOIl CJIEyeT, YTO €CJIN HEKOTOPAasl IIOBEPX-
HOCTb Bpammenus M’ opToroHambLHO HepeceKaeT Bee TOBEPXHOCTH, HOMydaeMble I3 OZHOH ITOBEPXHOCTH
HOCTOSTHHOM KPHWBU3HBEI M IepenocaMd BIOJL OCH BPAIleHMs, TO KPUBH3HA Tosepxmoctu M’ Takske
ITOCTOSIHHA U OTJIMYAETCs] OT KPUBU3HBI TOBEpPXHOCTH M TOJIBKO 3HAKOM. B JaHHOl paboTre Moy YeHbl
AHAJIOT'W 9TON TEOPEMBI JJTsi TTOBEPXHOCTEN BPAIIEHIS B TPEXMEPHOM ITPOCTPAHCTBE MIHKOBCKOTO.

Karouesvle caosa: pocTpaHCTBO MIHKOBCKOIO, IIOBEPXHOCTDb BpaIlleHNUs], IIJI0OCKOCTh JlobadeBcKoro,
mirockocTh sie Crurrepa, IPOCTPAHCTBO IOCTOSIHHONW KPUBU3HBI, IICeBIOCdEPA.

BELTRAMI THEOREM IN MINKOWSKI SPACE

© 2022 A. V. KOSTIN

ABSTRACT. E. Beltrami proved a theorem on the relationship of curvatures for families of surfaces of
revolution in the three-dimensional Euclidean space, which implies that if some surface of revolution M’
orthogonally intersects all surfaces obtained from a surface of constant curvature M by translations
along the rotation axis, then the curvature of the surface M’ is also constant and differs from the
curvature of the surface M only in sign. In this paper, we obtain analogs of this theorem for surfaces
of revolution in the three-dimensional Minkowski space.

Keywords and phrases: Minkowski space, surface of revolution, Lobachevsky plane, de Sitter plane,

space of constant curvature, pseudosphere.
AMS Subject Classification: 53A35, 53B30

1. Bsenenwue. [loBepxHOCTH BpallleHUs ITOCTOSTHHON KPUBU3HBI B TPEXMEPHOM EBKJIMJIOBOM ITPO-
crpancrse ucciaepoas ®. Mumpunr B [15-17]. B s1ux paGorax oH Hallen BCe TUIBI MEPUMAHOB
IIOBEPXHOCTEN BpAIEHNUS MTOCTOSHHON MOJIOXKUTETHHON M TIOCTOAHHON OTpHUIATEIbHOIW KPUBU3HBL. [1o-
BEPXHOCTU BpAIEHUsT ITOCTOSHHON OTpUIATEIbHON KPUBU3HBI MUHJIMHI HMCCIEI0BaJ BILIOTH JIO0 Ha-
XOKJIeHNsT (POPMYJI TPUTOHOMETPUN T'€OHAE3MYECKUX TPEYTOJbHUKOB. DTH PE3YJIbTATHI BIOCJIEICTBUM
OBLIN MCIIOJIB30BaHbl 3. beabTpaMu I MOCTPOEHHsI IePBOil mHTepIpeTannn reomerpun JlobadeBcKo-
ro B 1868 . (cm. [9]). Ho K moBepxXHOCTSIM OCTOSTHHON KPUBHU3HBI BeibTpanmu obpaiaics HeoHOKPATHO
1 JI0 3TOI pabOTHI.

B 1864 r. B [8] . Besbrpamu paccMoTpest JiBa ceMelicTBa MOBEPXHOCTEN BpAIEHUsT OTHOCUTEIHLHO
OIHO 1 TOit ke ocu. MepuanaHbl TOBEPXHOCTEH BpAIEHNsT IIEPBOI0 CeMENCTBA OH 33 1aBAJI C TTOMOIIBIO
muddepeHmaabHOr0 ypaBHeHUs

dx

d_y:(p;
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MEepHIHAHBI BTOPOI0 CEMENCTBA, KaXKIasl ITOBEPXHOCTh KOTOPOTO OPTOTOHAJILHO ITePeceKasia IOBEePXHO-
CTH TIEPBOTO CeMeHCTBa, 3aJaBaNCh TuddepeHnuaibHbIM YPaBHEHIEM

dx 1

dy @
B sroM ciydae B Toukax mepecedenus mopepxHocreil nx kpususnbl K u K’ yn0BIeTBOPSIOT yCJIOBUIO
K' = —K. Orciofa, B 9aCTHOCTH, CJIIYET, YTO €CJIM HOBEPXHOCTH MEPBOrO CEMEHCTBA UMEIOT MOCTO-

SIHHYIO0 KPUBU3HY, TO KPUBU3HA IIOBEPXHOCTEN BTOPOrO ceMeiicTBa TaK»Ke MOCTOsiHHA. ey B kKadecTBe
MTOBEPXHOCTEl MEPBOTO CeMEHCTBA BBICTYIAIOT CPePhI, TO TOBEPXHOCTH BTOPOTO ceMeficTBa OYIyT MCeB-
nocdepaMu.

[IpuBenem jyist yj106cTBa OCHOBHBIE OIIPEJIEJIEHNUsI, UCIIOJIb3yeMble B HacTosIIel pabore. Bymem pac-
CMATPUBATh TPEXMEPHOE IICEBJIOEBKINIOBO IIPOCTPAHCTBO C METPHUKOIL

ds® = (do)* + (dy)* — (d2)*, (1)

Ha3bIBAEMOE TAKKe TPEXMEPHBIM IpocTpaHcTBoM MunkoBckoro. Jlnst nHieUHUTHBIX KBAIPATHIHBIX
doOpM U onpesesieMbIX C MX MTOMOIIBI0 MOHSATHAN, KAK W JJIs [TOJIOXKUTEIBHO OIIPEIEEHHBIX (DOpM,
OyJieM IT0JIb30BAThCsI OOBIYHBIMU TEPMUHAMH: METPHUKA, PACCTOsSHEE, JJINHA OTpe3Ka. B 3aBucuMocTu
OT BBIOOpa KBAJIPATUIHON (DOPMBI, 3a/A0IIEH [ICEBIOEBKIUIOBY CTPYKTYPY B IMPOCTPAHCTBE TEOPUHU
OTHOCHUTEIBHOCTH (C OJJHUM MUHYCOM WJIU C OJHUM ILTFOCOM B KAHOHUYIECKOM BHUJIE), PA3HBIE ABTOPHI 110-
Pa3HOMY OIPEEJISIOT TPOCTPAHCTBEHHOIIOO0OHBIE ¥ BPEMEHUIIOIOOHBIE BEKTOPbI, MPSIMbIE U ITOBEPX-
HOCTHU B IICEBJIOEBKJIUJIOBBIX ITPOCTPAHCTBAaX JIIOOOH paszmepHocTH. B JIaHHON cTaTbe yCJIOBUMCS IPO-
CTPAHCTBEHHOIIOJOOHBIME BEKTOPAMU HA3bIBATH BEKTODBI, CKAJISPHBII KBaJIpaT KOTOPBIX B MeTpuke (1)
MTOJIOZKUTEJIEH, & BPEMEHUIIOI00HBIMU — BEKTOPDI, CKAJISIPHBIN KBaIpaT KOTOPBIX oTpuriareien. Bekro-
PBI C PABHBIM HYJIIO CKAJISIPHBIM KBaIPATOM HA3BIBAIOTCS CBETOIIOJIOOHBIMU MJIH H30TPOHbIMEA. [110c-
KOCTHU, HOPMAJI KOTOPBIX BPEMEHUIIOMO0HBI, ABJISIOTCA €BKANIOBbIMU. 1[710CKOCTH, HOPMAJIN KOTOPBIX
IPOCTPAHCTBEHHOIIOIOOHDI, SIBJIAIOTCS ICEBIOEBKJIMIOBRIMU. 11/T0CKOCTH, HOpMAJI KOTOPBIX U30TPOII-
HBI, HA3BIBAIOTCA M30TPOIHBIMU WJIA MTOJIYEeBKINIOBbIMA. [[oBEpXHOCTH, KacaTe/IbHbIE IJIOCKOCTU KOTO-
PBIX €BKJIMJIOBBI, HA3BIBAIOTCS TPOCTPAHCTBEHHOOMOOHBIMU. Ha Taknx MOBEPXHOCTSIX WHIYIIHPYETCS
pumanoBa Merpuka. [loBepxHOCTH, KacaTe/bHbIE IIJIOCKOCTH KOTOPBIX IICEBIOEBKJIMIOBLI, HA3BIBAIOTCS
BPEMEHUTIONOOHBIMU. BHYTpEeHHSISI TeOMETpHs Ha TaKUX IMOBEPXHOCTSIX IceBIopuMaHoBa. Ha moBepx-
HOCTSIX, KacaTeJIbHbIE IIJIOCKOCTH KOTOPBIX BO BCEX TOUYKAX M30TPOIHBI, NHIYIUPYETCS ITOJyPUMaHOBA
reomeTpus. MeTpruka Ha TAKUX MOBEPXHOCTSIX BBIPOXKICHA. BpalieHust MpoCTPaHCTBA BOKPYT BPEeMEHHU-
TOJTOOHBIX MPSMBIX SBJISTFOTCS SJIHITHIECKIME. OPOUTHI TOUEK SIBJISIOTCS ¢ adpPUHHONR TOUKN 3pEHUsT
3JUIATICAMA. B WHIyIIUPOBAHHON METPUKE B CBOMX ILJIOCKOCTSIX 3TU OPOUTHI SIBJIAIOTCS €BKJIUIOBLIMU
OKPY?KHOCTSIMU. B gacToMm ciiyvae, KOIjia OCH BPAIEHUS apaJsijie/IbHbI BPEMEHHOM OCH, B CTAHIAPTHBIX
JIEKaPTOBBIX KOOPAWHATAX OPOUTHI OYIIyT OKPYXKHOCTSIMHU U B €BKJIMJIOBOI METPUKE

ds® = (dz)* + (dy)* + (d2)*. (2)

Bpamenusi BOKpyr mpoCTpPaHCTBEHHOIOIOOHBIX MPSIMBIX ABJISIIOTCA Tunepbondeckumu. Heuzorpomn-
Hble OpOUTHI TOUEK ¢ adOUHHON TOUKHM 3PEHUsI MPEJCTABJSIOTCA rumepbogamu. OpOUTHI TOYEK IpU
BPAIIIEHUH BOKPYT H30TPOIHBIX MPSAMBIX ¢ ad@OUHHON TOUKU 3PEHUS MPEJCTABJISIOTCA MapabOJIaMHU.
O61mast Teopusi KPUBBIX M [MOBEPXHOCTEH TPEXMEPHOro IpocTpancTBa MUHKOBCKOTO m3jioxkeHa B [14]
(cm. Takzke [|4]). CobCTBEHHO MOBEPXHOCTSIM BpAIEHUs IOCBsIIeHa cTaThs [7]. Heobxoaumble cBetennst
u3 TunepboIMIecKoli reoMeTpun u3JioxKenbl B Monorpadun B. A. Pozendenbua [5].

2. OcHoBHbIe pe3yiabTaTbl. ChopMmyaupyeM OCHOBHOI pe3ynbraT paboThl. B pabore paccmarpu-
BAIOTCsT TIPOCTPAHCTBEHHOIIOLOOHBIE U BPEMEHUIIOMO0OHBIE IOBEPXHOCTH BPAIIEHUSI U CeMENCTBa TAKUX
ITOBEPXHOCTEM, MMOJTy I€HHbIE IIEPEHOCAMU BI0JIb TPOCTPAHCTBEHHOIOA00HBIX 1 BPEMEHHUIIOTOOHDBIX OCeil.

Teopema 1. ITycmov mepuduarvs nepeozo cemeticmea noseprrocmeti 6paweHUA ¢ 6peMeHunodobrot
ocvr Oz 6 naockocmu Oxz 3a0aH0MCA YPAGHEHUEM
dz

— =th
d.’L‘ (Oé)’
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2de o Asasemca Gyrwkyuetd om T, a MEPUIUAHbBL BMOPO20 CEMETCMBa NoseprHocmel ¢ Mot Hce 0CvHIo

BPAULEHUA 3G0AIOMCA YPASHEHUEM

dz

— = cth(a).

dx
Ecau nosepxrnocmu nepeozo cemeticmea 06aadarom nocmoannotl Kpueudnoti, mo KpususHa xaxcdot
NOGEPTHOCU 6MOPO2O CEMETUCMEA MAKIHCE NOCMOAHHA U OMAUNAEMCA OM KPUSUSHDL NOGEPTHOCTNEL

nepeoeo CEMETCMBA TOADKO 3HAKOM.

Tax>ke OyieT npuBesieHO 0O00ITEHIE 9TON TEOPEMbI U AHAJIOITIHBIE YTBEPKIEHUS JIJIsT JIPYTUX BUIOB
IIOBEPXHOCTEN BpaIlleHUs, JJOKA3aTEeJIbCTBO KOTOPBIX aHAJOIMYHO JI0KA3aTeJIbCTBY TEOpeMBbI 1.

Hoka3zareabcTBo TeopeMbl 1 u ee 006o6IIeHue. Joxazamensvcmso. [lockoybKy pereHust ypas-
HEHUA

= = th(a)

dx
OTJIMYAIOTCS TOJBLKO KOHCTAHTON MHTErPUPOBAHUS, BCE HMOBEPXHOCTH BPAILEHUS C TAKUMHU MEPHIUA-
HaMu OyJIyT IOJIy4YaThCA U3 OMHON moepxHocTu M mepenocamu Baosb ocu Bpamenns Oz. Uz Buma
[PABOil YaCTU TOr0 ypaBHEHUs CJIeJIyeT, 4To B MeTpuke (1) KacaresbHble IJIOCKOCTU OBEPXHOCTH BO
BCEX TOYKAX OyAyT €BKJIUJIOBBIMHU, & CaMa MMOBEPXHOCTDH BPAINEHUSA OyAeT IMPOCTPAHCTBEHHOIIOMOOHOIA.

Mepuananbl MOBEPXHOCTEl BTOPOrO CeMelCTBa, OIpeie/iieMble YPaBHEHUEM

e _ cth(a),
dx

B Merpuke (1) OymyT OpTOroHaJIbHBI MEpHIMaHAM IOBEPXHOCTEH BpAIEHUsI U3 [EPBOrO CeMEHCTBa.
Kak cjencrBue, caMu IOBEpXHOCTH BTOPOIO CEMENCTBa TOXKE OyJIyT OPTOTOHAJIBHBI TIOBEPXHOCTSIM I1€D-
BOro cemeiicTBa. Bee OBEpXHOCTH BTOPOIoO ceMeiicTBa TakKe Oy T MOy YaThCs U3 OJHOM TOBEPXHOCTH
M’ nepenocamu Brosb ocn Bpamenus Oz. Hanee sacdbuxcupyem nosepxuoctu M u M’. Ilycrs v — Me-
puauan nosepxunocru M, 7' — mepuauan nosepxuoctu M’ L — Touka mepecedeHust 3TUX MEPHIUAHOB.
O6o3naunm 4depe3 R Moysib pajimyca KpUBU3HBI Mepujuana moeepxuoctu M B Touke L, a uepes
Ry — Moysb pajinyca KpUBU3HBI HOPMAJILHOTO CEYEHUsT ITOM MOBEPXHOCTH B HAIIPABJICHUU TAPAJIICIN
B Toi ke Touke L. Camu IyiaBHBIE PaUyChl KPUBU3HBI ITOBEPXHOCTH M BO BCEX TOUKAX HMPUHUMAIOT
9ICTO MHUMBIE 3HadeHust. KpuBn3na mMepunana mepBoil MOBEPXHOCTH 2z = t(z) MOXKeT ObITh HalijzeHa
no dopmyste (em. [4])

" ()]

W)= T—wwrr )

Eciin HA/I0KUTH yCI0BHE, UTO KPUBAasi MPOCTPAHCTBEHHOIIOIO0HA, TO MOJIYJIb B 3HAMEHATEIE MOXKHO
onycrurb. U3 (3) ciemyer, 4To Mojysib pajuyca KpUBU3HBI MepunaHa rnosepxuoctu M Oyjer pasen

T @)P
@ @

[TycTh HOpMaiab K KpuBOit v B Touke L, OHa »kKe — KacaTeJbHass K KpUBOil ' B 3TOil TOYKe, IIe-
pecekaeT och BpalleHus B Touke N, a KacarTejbHas K KpUBOil v B Touke L (HOpMasb K KpuBoil 7/
B 3T0if Touke L) mepecekaer och BpameHust B Touke N'. 3aMeTuM, 9TO OPTOrOHAJIBLHOCTH HAIPAB-
JIEHUI Ha [CeBJIOeBKINI0BOI 1mockocT Oxz (CONpPsIZKEHHOCTh OTHOCUTEIBHO KBaJIPATHIHON (DOPMBI
dz? — dz?) B cTaHIApPTHLIX JIEKAPTOBBIX Koop/mHATaX Orz SKBHBAJEHTHA CHUMMETPHTHOCTH MPSMbIX
C TAKMMU HaIlIPABJICHUAMU OTHOCUTEJILHO U30TPOIHON IIPAMOI, IIPOXOLMIIEH Yepe3 UX TOYKY Iliepece-
geHnsi. OOO3HAUNM Uepe3 « TUIepOOIMIECKrii yroJi, KOTOPBIl KacaTelbHasi K KPUBOM < B Touke L
obpasyeT ¢ MoJIOXKHUTEIbHBIM HampasjenneM ocu Ox. 13 ypaBHeHUSI KPUBOH 7y CJIEIYET, ITO

e
dx’

Ry =

th(a)

Bo BBEJICHHBLIX BBIIIIEC 0003HAYCHUST UMEEeM
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Paccmorpum tpeyroibauk NLN'. Ipamas NL B merpuke ds? = da? — dz? oproronajbHa mpsaMoii
NL', a upamasg NN’ oproronanbna ocu Ox. 3naunt, yron N'NL pasen «. Omycrum us Touxku L
neprenuky/asip LP Ha ock pamenuss Oz. B npsimoyrossaoMm Tpeyrosbauke N LP runorenys3a N L,

karer LP, |LP| = |z|, u nupoTuBoJiezKaIuii yros cBsi3aHbl CIEYIONUM 06pa3oM:
INL| = Ry || _|x|-\/1—th20z (6)
7 Ishal |tha|

351ech x — abenucca TOUKYM L, T.e. IIPH MOJIOKUTENIbHBIX 3HAYCHUAX T — PACCTOsIHEE OT TOUYKU L 10 ocu
spamienusi. U3 (4), (5), (6) mosyaum:

2] - (1 = ((2))?)? 7)
t'(@)] - [t"(2)]

[Tockosibky moBepxuocTh M mnpocTpancTBeHHONOI00HA, ee KpuBnu3Ha K B Touke L Oy/ieT BhIPAXKaThCs

CJIETYIONIIAM 00Pa3oM:

Ry - Ry =

1 @] (=) (8)
Ry Ry |- (1= (#(x))?)?*
Haitiem Tenepb MOJIY/IN IJIABHBIX PajlycoB KpuBU3HBI nosepxunoctu M’ B Touke L. IlycTh Mepuman
~" nosepxnoctu M’ 3ajaerca cieryonuM o0pasoM:

K =

z=0(z), y=0. (9)
Tax xax Mepumuan 7 mosepxuoctu M’ B merpuxe ds? = da? — dz? oproroHajeHn BceM KPUBBIM,
3a/IaBAEMbIM YPaBHEHUEM
dz
— = th(«
= = th(a)
TO B 9TOM CJIydae UMEeM:
dz 1
— =0 (z) = . 10
dx () t'(x) (10)
B ypaBaenun
dz
— = cth(a
o ()

IpaBas JacTh BCETJa IMPUHIMAECT 3HAUCHIA 1O MOJYJIO 6osbime eauanisl. OTCIona ciieyer, 9To Kpu-
Bag Y AB/IfETCA BpeMeHuIon06Hoi. [1oaToMy KpUBH3HA ee B CTAHJAPTHBIX JEKAPTOBBIX KOOPIMHATAX
6y/IeT BBIUUCAATHCH 10 OpMYyIIe:
0" (x
W) = 0@ (11)
((¢/())* = 1)3
O6osnauum uepes R} Mojyib pajimyca Kpususubl Mepuuana ' B Touxe L. U3 mocsienero cooTHo-
ICHUST TIOJTYIHM:
((0"(z))? = 1)3

=" 12)

Yuanreas (10), umeem:

w _ YUFEP 17

) (13)
e (@)
i
o VI— PP "
@) @)
B npsimoyronsaom tpeyroabnuke N LN’ karerst NL u N L' cBszanbl ciepyommM o0pasoM:
/1 — th?
IN'L| = |NL| - [thal, =21 — 1 . (15)
|shal | th o
Tak kak R, = |N'L|, a Ry = |NL|, To orcrona nmeem:
/1 — th?
Ry= Ry |tha| = 2 _ 2 ® . |thal, (16)

|sha| [thal
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TO €CTb

Ry = |z| - \/1—t(x)2. (17)

Rl 0= (@)

Uz (14), (17) momyuaem:

(18)
[t ()] - [t" ()]
CrenoBarebHO,
R} - Ry =Ry Rs. (19)
[MTosepxnocts M’ aBsieTcst BpeMeHUIIONOOHON. 3HAUNT, ee KpUBU3HA B Touke L OyjeT pasHa
1 1
=—-K>0. (20)

R\ -R, Ri-Ry
Ecnu npu sToM KpuBusna noBepxuoctu M mocTosinHA, TO MTOCTOSTHHON Oy/1eT U KPUBU3HA MIOBEPXHOCTU
M'. Teopema jokazana. O

OueBniHo, 9TO Teopema 1 MoKeT ObITH 0OODIEHA CJIELYIONUM 00PA30M.

Teopema 2. Ilycmv dano cemeticmso S noseprHocmeli SPAWEHUA, NOAYUGIOWUICA U3 00HOT NOo-
geprrocmuy epawenus M napaisiesvrovmu neperocamy 80oab epemenunodobnoti ocu epawenus. Iycmo
KacameavHwvle naockocmu x noseprrocmu M aubo ece eskaudosvl, aubo ece ncesdoeskaudosn. Feau
noseprnocms M’ opmozonaavro nepecexaem 6ce noseprrocmu cemeticmea S, mo KpuGU3Ha NOGEPT-
nocmu M’ 6 xaoicdoti mouxe nepeceuenus ee ¢ a060t noseprrocmuio cemetlicmea S cosnadaem no
abcomommoti eAuNURe € KPUBU3HOU nepeceraemots no8ePpIHOCMYU U NPOMUBONOAONHCHA €l NO 3HAKY.

4. Ilpumepbl MOBEPXHOCTEM, MOJTYyIYEHHBIX JNIMOTUYECKUM BpareHueM. PaccmorpuM ciry-
Yau, KOIJ[a MEPHU/IMaHbl IOBEPXHOCTEN ITOCTOAHHON KPUBU3HBI, IOy YEHHBIX JIJIUIITHYECKUM BPAICHU-
€M, TPEJICTABJISIOTCS dJIEeMEHTapHbIME QyHKIUsIMU. [lycTh B ycsioBusix TeopeMbl 1 (DyHKIUS v ©MEeT
BU/L

z
o = Arth ———, (21)
Va2 + a?
rjie a — I10JIOYKNTe/IbHAs BellleCTBeHHas KOHCTaHTa. Torja 1mepsoe ceMeiicTBO MepHIMaHoB Oy/IeT 3a,1a-
BaTbest AuddepeHnualbubIM ypaBHeHueM

dz T
- 22
R g (22)

Ero pererusimu Oy/1yT NICEBIOEBKIIMIOBDI TTOJIYOKPYKHOCTH

z = /2% + a® + const. (23)

[Tosepxnocts M B 3TOM ciryuae Gyner mnosycdepoii MHAMOTrO pajuyca a - i, i2 = —1.
OproroHajbHbIe TPAEKTOPHU CeMefiCTBa KPUBBIX, 33/[aBAEMbIX ypaBHeHueM (22), 6y/IyT olpe/ e/ Th-

csl U3 ypaBHEHUs!
dz V2 + a?
dr x '

(24)

WNuarerpupysd ero, morydum:

2 2
z=vVx?2+a?—a- Arth vrmta + const. (25)
a

Pertenust 6yayT BpeMEHUIIOMOOHBIME KPUBBIMU, OOJIAJIAIOIIAME ITIOCTOSTHHBIM OTPE3KOM KAaCATETbHOM
710 BPeMEHHUIIO06HOIT IPsIMOil, B JaHHOM ciydae, jo camoit ocu Oz. Ha puc. 1 2! = 2, 22 = z, 10 ecTn
6a3a TOM MCEeBIOEBKIINIOBON TPaKTPUCHI (0Ch Oz) PACIIOIIOKEHA TOPU3OHTATBHO.

DTa 0Cb SABJIsIeTCs OOIIEeil AaCUMIITOTON BCeX KPUBBIX OPTOTOHAJBHOIO cemeiicTBa. Kpome Toro, Kaxk-
Jlasi KpUBasi IMeeT elle M30TponHyto acuMuTory. Ilosepxnocts M’ npu sTom Gyaer Boponkoii ge Cur-
repa—IIIupokosa (cm. [1,2]), Buepsbie paccmorpennoit I1. A. IllupokoBbiM B cryjieH4YecKoit pabore
B 1917 1., TOryIa Ke PEKOMEHJOBAHHON K IyOJIMKAIINY, HO BBIMIeANEH ToJbKO B 1966 r. B cOopHUKe
u3bpanubix pador [6]. I1. A. Illupokos crpous moBepxHOCTb 13 1ceBgocdepnbl Benbrpamu—MunuH-
ra, npujaBas pajuycaM OpOUT YUCTO MHUMBbIE 3HadeHUs. [lojydeHHast TOBEPXHOCTH JIOKAJBHO HECET

Ha cebe IeOMEeTPpUIO TaK Ha3bIBAEMOM I/I,H,eaJIbHOI'?‘I 00J1aCTH IJIOCKOCTU ﬂO6a‘leBCKOI‘O, peaﬂHSyeMoﬁ BHE
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104

Puc. 1. IlceBnoeskaunosa Tpakrpuca, y koro- Puc. 2. IlceBnoeskiunosa TpakTpuca, y KOTO-
) )
poit 6a3a m KacaTeabHas SIBISTIOTCS MPSIMBIME POt 6a3a 1 KacaTeJbHAas SIBISTFOTCS TPSIMBIME
OJIHOI'O THIIA. pPa3HBIX THUIIOB.

abCcostoTa Ha MPOEKTUBHOI Mojiesn mwiockocTu Jlobadesckoro (eum. [5]). Dra reomerpust JOKAJIBLHO COBIIA~
Jaer ¢ aBymepHoil reomerpueii e Currepa. [mobassno Boponka jge Currepa—IIIupokoBa n3oMeTpudna
¢daKTOPIPOCTPAHCTBY HAEAJIbHON 00/IaCTH ILJIOCKOCTH JI06ad9eBCKOro 1o JeCTBUIO JUCKPETHOMH I'PyII-
IIbl OPUIMK/INIECKUX BpaleHnii. OOpa3yroleil 3TOi I'PYIIbl SBJISIETCS OPUIUKINIECKOE BpAIEHUE,
COBMEITAIOITEe APy HaPAJLIEbHBIX IPIMbBIX UIAJTHLHON 00/IaCTH, TO €CTh MPSIMBIX C ODIEeil TOUKOM Ha
abcosmtore. I1. A. I1lupokos popMaabHO HE BKJIAALIBAJ IOBEPXHOCTD B IICEBI0EBKJIAIOBO IIPOCTPAHCTBO.
Ero moaxon sKBUBaJIeHTEH BBEICHUIO B IIPOCTPAHCTBE MHIEPUHUTHON METPUKU

ds® = —(dz)? — (dy)* + (dz)>. (26)

BenescrBre 9100 MLy IPOBAHHAS HA IIOBEPXHOCTH METPUKA M €€ KPUBH3HA OTJIHIAIOTCS OT METPUKI
U KPUBU3HBI PACCMOTPEHHO} B JAHHOII paboTe MOBEPXHOCTH 3HAKOM. JTO TOJIBKO (hOPMAIbHOE OTJIH-
qne, CBOZAIIEEC K 3aMEHe BEIIECTBEHHBIX [IMH YHCTO MHHUMBIMU U HAa000pOT. Brepsbre ke Moesb
JIBYMEPHOT'O HPOCTPAHCTBA € UHIeDHHATHON METPUKOl MOCTOSHHOM KPUBH3HBI PACCMOTPEII, 110 BCeil
BuMoctn, Lecce B [12].

BaaanM ceMeiicTBO MEPUIHAHOB MOBEPXHOCTEl BPAIEHHsT CJIELYOMUM 00pasoM:

dz T
. A— 27
d$ x2 — a2 ( )

Permenusimu 3Toro ypaBaeHusi Oy/1yT BPEMEHUIIOMOOHBIE KPUBbBIE

z =V x? — a® + const. (28)

OTU KPUBbIE SIBJISIOTCS ICEBIOEBKIIMIOBLIMU OKPYKHOCTSIMU BEIIECTBEHHOIO pajinyca a (TodHee, ux
gacrsimu). IloBepxuocts Bpamenust M Oyjger nosycdepoii BemecTBeHHOro pajmyca (ecjim B IPaBbIX
yacTax ypasHenuil (27), (28) mocraButh £ — 1o cdepoii BemecTBeHHOrO pajuyca). OproroHasbHbIE
TPAEKTOpHUH ceMelicTBa KPUBBIX (27), (28) OyiayT uMerb CJieiyIonuii BuI:

x? —a?

z=+Vax?—a?—a-arctg — const. (29)
OTH KpuBbIe OyIyT NPOCTPAHCTBEHHONOAOOHBIME, 00JIAIAIOIIIME OCTOSHHBIM BEIIECTBEHHBIM OTPE3-
KOM KacaTe/JbHOl J10 BpeMeHunono6uoit ocu OZ. Ha puc. 2 n3o0pazkenbl JiBe BETBH TAKOil IICEBI0EB-
KJIM10BOiT TpakTpuchl. KazxKiast BeTBb mMeeT u3oTponnyio acuMmirory. Och BpalleHusi, Kak u Ha puc. 1,

PACTIONIOKEHa TOPU30HTAIBHO, TO €CTh 3J1ech Takke vl = 2, 12 = z.
Kpususnaa nosepxuoctn M GyIer MOCTOSHHON M MOJOKUTENbHOM, a nvenno, K = 1/a?; kpusnsna
nosepxuoctn M’ Gyner pasna K = —1/a?. Cama mnosepxnocth M’ Gyjer TpooszeHneM 3a peo-

po Bo3Bpara ncegocdepbl benprpamu—Munuara. B tpexmeproMm mnpoctpanctse JlobadeBckoro Ty
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ITOBEPXHOCTb MOYKHO MHTEPIIPETUPOBATL CJIEAYIONMM 00pa3oM. ¥y KacaTeJIbHOro KOoHyca K opucdepe
yAaauM Beprinny Ha abcosor (eum. [13]). Hacrb KoHyca 10 JmHnN Kacauusi ¢ opucdepoit Oyier nsomer-
pudHa oHOH mostocTu nceBnocdepsr beabrpaMu—MuHnHTa, 9acTh KOHYCA MOC/Ie JIMHUN KacaHus Oy-
JIeT U30MeTPUYHA PaccMaTpuBaeMoil oBepxHocTH. V3oMeTpuueckue BiIoxKeHUsI Kiracca C'°° «IIOJTHOM»
riceBaocepbl B BOCbMUMEPHOE ChepUIecKoe IPOCTPAHCTBO U CEMUMEPHOE €BKJIUIOBO ITPOCTPAHCTBO
nocrpoua 1. Biaanyma (cm. [10,11]). IIpogoskenune «nosHoii iceBocdepbl» (T.e. KOHyca ¢ BEPIINHOM
Ha abCoJII0OTe PACIIUPEHHOTO TPEXMEPHOTO TUIIEPOOJIMIECKOrO IIPOCTPAHCTBA, WMJIM, YTO TOXKE CaMoe,
IIOBEPXHOCTU BPAIlleHUs IPAMOI BOKPYI IapaJljiebHOI el HpHMOﬁ) 3a abCOJIIOT SIBJISIETCA BOPOHKOM
e Currepa—IllupokoBa. C KacaTeJbHBIMU KOHyCaMi K opucgepaM CBSI3aHbI U JAPYTHUe MOBEPXHOCTU
BpallleHus IIOCTOAHHON OTPpUIIATE/IbHON KPUBU3HBI.

5. IlpuMepbl ITOBEPXHOCTEW, MOJYYEHHBIX TUIepOOJIMYecKuM BpalieHueM. AHaJOrnIHO
TeopemMaM 1 1 2 JIOKA3bIBAETCS CJEIYIONIEE YTBEPK IeHE, (DOPMYJIMPOBKA KOTOPOT'O OTJIMIAETCS OT TEO0-
PEMBI 2 TOJIBKO 3aMEHOU BPEeMEHMIIONOOHOI OCH BpaIlleHus Ha IPOCTPAHCTBEHHOIOM00HY 0. Kak ciie-
cTBHE, OPOUTHI TOUYEK IIPU BPAIIEHUU CTAHYT HE3AMKHYTBIMH.

Teopema 3. Ilycmv dano cemeticmeo S noseprHocmet SPAWEHUA, NOAYUGIOWUICA U3 00HOT NO-
seprrocmy epauterus M napasteavromu neperocamy 60045 NPOCMPAHcmeeHHonodobrot ocu epa-
wenua. Hycmov Kacameavrvie naockocmu x noseprrnocmu M aubo ece esxaudosuvl, Aubo 6ce nces-
doesraudoenl. Ecau noseprnocmv M' opmozonasvro nepecexaem ece noseprrnocmu cemeticmea S, mo
kpususna noseprrocmu M’ 6 xascdoti mouxe nepeceuenus ee ¢ aoboti noseprrocmvio cemeticmea S
cosnadaem no abcoMommots BeAUNURE C KPUBUIHOT NePeceraemoti NOGEPTHOCTUY U NPOMUBONONONHCHA,
etl no 3HaKy.

B miockoctu Oxz MepuanaHbl HOBerHOCTefI BpallleHus C OCbIO Oz 3a/laIUM CJIE/TY IOIIUM 06pa30M:

V2t a2
r=1224a?—a- Arth Ve o + const. (30)
a

OTH MepHIMaHbl, KaK U Mepuauanbl BopoHKH je Currepa—IIlupokoBa, UMEIOT IMOCTOSIHHBIA OTPE30K
KacaTeJIbHOH 10 OCH BpAaIlleHMs, TOJIbLKO B JIAHHOM CJIydae 3TOT OTPE30K UMeeT BEIECTBEeHHYIO JJIMHY G.
306paskenue 9Toii MCEBIOEBKIINIOBOH TPAKTPUCHL TO K€, 4TO U Ha PHC. 1, TOJIBKO Temepb Tl = x,
22 = z. IloBepxHocTH ceMeiicTBa S, TOJTyYeHHble THIEPOOIMUECKIME BPAIEHIAMI MEPUIHAHOB, IJIO-
6aJIbHO M30METPUYHBI 110cKocTH JIo6adeBckoro Kpusususl K = —1/ a®. Op6UTHI TOYEK BO BHYTPEHHEH
reOMETPHH ITOBEPXHOCTH SIBJIAIOTCSI OPUIUKIaMU. [[0BEpXHOCTH, OPTOrOHAJIBLHO IIEPECEKAIOIINE T0BEPX-
HOCTH CeMeRCTBa S, ABJISIIOTCA 9acTIMU cep BEeIeCTBEHHOIO paInyca, IeHTPhI KOTOPBIX PaCIOJJIOXKEHbI
Ha ocu Ox.

SamaauM Terepb B miockoctu Oxz ceMeicTBO MEpPHIMAHOB IIOBEPXHOCTEH BpalleHust ¢ ocbio Ox

CJIETY IO M O6p a30M:

oz (31)

&z Vi-a
[M'unepbosineckue BpaleHus 3TUX KPUBBIX 00Pa3yioT ceMeiicTBO cdep MHUMOIO pajanyca ¢ IeHTpaMu
ua ocu Ox. OproroHayjbHble TpaeKTOpnuu cemeiicTBa (31) 00J1aJaI0T MOCTOSTHHBIM OTPE3KOM KacaTe b
HOH @ - i 70 mpocTpancTsenHononobnoit ocu Oz. Ha puc. 2 reneps x! = x, 2 = 2. IloBepxHOCTD,
[TOJIy9e€HHAST THUIIEPOOJIMIECKUM BPAIIEHUEM TAKON KPUBOI, sIBJISIETCs €Ie OJHUM IICEBIIOEBKJINIOBBIM
anajiorom tmcepjocdepsr: 6aboukoit ge Currepa—IIlupokosa. OpHa OJIOCTh TAKON MOBEPXHOCTH H30-
METPUYHA YaCTH UIEAJBHON 001acTh 11ockocTr JI06aueBCKOT0, 3aKII0UCHHON MEXKTYy OPUITUKJIOM U a0-
coJitoroM. OpOUTHI BCeX TOUYEK MPU BPAIEHUU Oy/IyT BO BHYTPEHHEN NeOMETPUHU MOBEPXHOCTU OPHUIUK-
Jtamu. BUHTOBBIE JBUXKEHUST TICEBJOEBKJIMIOBBIX AHAJOTOB TPAKTPUCHI B IIPOCTPAHCTBE MUHKOBCKOTO

paccMOTpeHs! B [3).

6. IIpumep OpPTOrOHAJIBHBIX CEMENCTB MOBEPXHOCTEM, IMOJyYEeHHbIX N30TPOITHBIM Bpallie-
HHeM. PaccMOTpuM Ha BelleCTBEHHO-KOMILIEKCHONW €BKJ/IUIOBOM TJIOCKOCTU C JIEKAPTOBOH CHCTEMOI
koopuHaT Oxy OKPYKHOCTb o2 + 4% = 1 U Hapy MHHEMBIX H30TPOIHBIX IPAMBIX & £ 14 -y = 0. Pop-
MaJIbHO OIIPEJIeJIEHHAS JIJINHA OTPE3KA KACATEIHLHOM K OKPYKHOCTH JI0 STUX IPSIMBIX OYJIET TOCTOSHHOMA.
3amMeHa Yy — Y - ¢ JACT BEIIECTBEHHYI0 HHTEPIPETAIINIO STOTO CBOMCTBA: MICEBIOEBKIIUI0BA OKPYKHOCTD
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22 —y? = 1 B merpuke ds? = dz? — dy? 06/1a/1a€T OCTOSHHBIM OTPE3KOM KacaTeILHOMN /10 H30TPOIHBIX

npsIMbIX £Fy = 0, TPOXOAAINX Yepe3 ee IeHTP. AHAJIOTHIHOE CBOMCTBO, OYEBUIHO, BBIITOJIHSIETCS U JIJIsI
OKPY2KHOCTH MHUMOrO pajuyca. OTcoa u u3 Toro ¢pakra, 9T0 KacaTebHas K OKPYKHOCTH TIepIIeH, 1~
KyJAdpHa pajuycy, IPOBEJCHHOMY B TOYKY KaCaHWs, BBITEKAET, YTO JJIA CEMEHCTBA IICEBI0EBKIINIOBBIX
OKPY?KHOCTEll (PUKCHPOBAHHOTO PAINyCa C IMEHTPAMH Ha U30TPOIHON MPIMON OPTOrOHAJLHBIMU Tpa-
eKTOPUAMEI OYIYT TOXKE ICEBIIOEBKJIMIOBLI OKPYZKHOCTH JIPYTOr0 THUIA, PAIUYChl KOTOPBIX IO MOJIYJIIO
PaBHBI PaJycaM OKPYKHOCTEH HCXOIHOTO cemeiicTBa. 30TpomHble Bpalienuns KPUBBIX JAOT chephl
BEIIECTBEHHOI'O M MHUMOTO PaINyCa TPEXMEPHOI'O MCEBIOEBKJINI0BA IIPOCTPAHCTBA.
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2. YPABHEHUZI ABUKEHNA HA KACATEJIBHOM PACCJIOEHUU
K n-MEPHOMY MHOI'OOBPA3UIO B IIOTEHIIMAJIBHOM CHUJIOBOM IIOJIE

2.1. IlIpuBenennasi cucrema. Cuyuaii I. Paccmorpum ciiydail 3aanus KHHEMaTUIECKIX COOT-
nomtennii B Buge (?77) (cayqait I). Ypasuenus (??7) npumyr Bux (?7?). Ypasrenus reojesndeckux (77)
[I0CJIe COOTBETCTBYIONIEr0 BLIOOpA KHHEMATHIECKUX cooTHOIIeHuUiT (77) mouTH BCIojly SKBUBAJIEHTHBI CO-
cragHoii cucreme (?7?), (?7?) na muoroobpasuu Tu M™{z,, ..., 21;,B1, ..., Pn—1} (6osnee obiue yTBep-
Kienus cm. B [7,8,41,46,70]).

B obmiem ciryuae kunemarndeckue coornonternst (77) (¢ n(n—1)/2 «upon3BoiabHbIME» DYHKIHAMI
fela),k=1,....n—=1, (1), l=1,...,n =2, hyp(B2),m=1,...,n—3, ..., i1(Br—2) HE MOTYT, BOOG-
ITle TOBOPsI, 0OECTIEINTD CYIIEeCTBOBAHNE HEOOXOAMMOTO KOJIWYIECTBA MEPBLIX MWHTErPAJIOB, MOCKOILKY B
YPABHEHHSX Te0JIe3MIeCcKIX COfleprKaTcs, Boobie roops, 10 n2(n + 1)/2 pazmmanbx koabdummenTos
abPUHHON CBI3HOCTH F; i

Heckosbko mMopudunmposas cucremy (?7), (??7), mosyunm cucremy koncepsamuenyro. B orin-
e or cucreMbl (?77)) HaaMYHMe CHJIOBOrO IIOJIS XapaKTepusdyeTrcs NajkuM kKosddurmumenrom F(a)
BO BTOpOM ypaBHeHuu cucrembl (2.1). B jgaHHOM ciiyuae BBOAMTCS BHeIIHee IVIAJKOE CUJIOBOE IIOJIe

F(zp,...,z1;0) = (0,...,0, F(c)), HAIPABIEHHOE BJOJIb OCH Z,.
PaccmarpuBaemasi cucrema Ha KacarejbHoM paccioenun Ty M™{z,, ... z1;a, b1, ..., fn—1} Ipumer
B/
&= —2zp, (2.1a)
&= F(a) + f{ ()51 (0 )z + f3()gi (BTG5 (or B)25 + ..+
+ fv% 1( )gn 2 51) ( ) e Z%(/Bn—Q) 3,17%1(@,@7«%, (2'1b)

(
b1 = [2F<1xl( ) + Dfi(a }Z” Len = f“f((z))
f5—1(04)

- 79272(51)%73@2) (/Bn 2) n—1n— 1, ﬂ)zu (2.1c)
fi(a)

2 = |20 2500 8) + Dfu-a(0)| 27 — fi(e) 2072500 B) + Dga-s(B1) | 72zt — . =
— fa-3(@)gn-1(B)h ,5<52>...sl<ﬁn74>[2rz:§,n,2<a,ﬁ> + Dri(Bn-s) | 2225

B1)hn
B o (@) g 5B ha 3(B2)  13(Ba3) o
fn—2( ) 9n—3(B1) hn—a(B2) Tl(ﬂn—s)

[ anl 1(a, 8) + D fra )]len—fl(a)[ F?n11( s 8) + Dgn— 2(51)}21%71—

_f2(a)91(51)[ Iyl (a /8)+Dhn—3(/82)]212n—2_---_

(BT (a, B)22 5 — ... —

(/Bn 2) (O"/B)Z%? (2'1d)

~ J-2(@)g-5(B)hn-1(82) .- 11(Bus) [ 2038 01 (0, B) + Dir (Bu)| 2122, (216)

Bi = zn-1f1(c), (2.1f)

B2 = zn_af2(a)g1(B1), (2.1g)

B3 = zn—3f3(a)g2(B1)h1(B2), (2.1h)

Bt = 21 fn1(0)gn—2(B1)hn—3(B2) - . . i1(Bn—2). (2.1i)
Cucrema (2.1) mouTH BCIO/LY SKBHBAJEHTHA CJIEJYIONIEN CHCTEME:

a+ F(Oé) + F?l (Oé, B)B% -t Fn 1,n— 1( B)B?L*l = Oa (223“)

Bi+ 2T %, (o, B)dfr + F%Q(a, B)Bs + ...+ Fn—l,n—l(a’ B)BE_ =0, (2.2b)



NMHTEIM'PUPYEMBIE OJHOPOAHBIE JUHAMMNYECKNE CUCTEMBI 83

/32 + 2F(212(aa /B)QBQ + 2F%2(a7 5)/8152 + Fg?)(aa ,8)5% +..t F%—l,n—l(aa /6)57%—1 = 07 (220)
B3 + 2035 (a, B)fs + 2135 (v, B)B1 83 + 2033 (cx, B) B fs+
+ T4 (a, B)B +... +T5_, no1(a B)Br_y =0, (2.2d)

Br—a + 2002 ) (a, B)&Bn—a + 2072 o (0, B)B1 Bz + ... +
+ T3 o0, BB 8B a + T %, 1 (e, B)B2_1 =0, (2:2¢)
Bt + 2001 (a, B)aBn—1 + 27,y (0, B)BrBn—r + -+ T h o 1(0, B) B2t = 0. (2:2f)
2.2. IlepBble mHTETrpaJbl JAJd YPaBHEHHUII B moTeHIaJIbHOM mnojie. Coryuaii 1.

Ilpennoxkenue 2.1. Ecau ecrody wa ceoeti obaacmu onpedesenus cnpasediusa cucmema dugge-
peryuarvroir pasencms (77), mo cucmema (2.1) umeem zaadkuds nepswill urmezpas

®1(2n,.21) =21+ ...+ 22+ V(a) = Cp = const, V(a)= 2/F(a)da. (2.3)

Jlokazameavcmeo. eiicreurensho, muddepennupoanne dbyukimu (2.3) B cuity cucremsl (2.1) mgaer
2F (o) zn + 2[21%1(04 B) + Dfi(a) + fi(a) (111(04,5)} Za1ZnF ot

+2[2Fn L (a,B) + Dfni(a) + fi1(@)gn o (B _5(B2) - i1 (Bu-2)T 1 po1 (e, B) | 27 20+

a,n—1

2
“pn—2%n—1

_9 [ff(a) [QI‘%Q(Q, B) + Dg1 (51)] + 5 () g3 (B1)Tgo(cx, 5)] TRl

-2 [f%(a) 2071 (@ 8) + Dygna(B) |+

+f72zfl( )gn 2(/81) n— 3(52) (571 2) n—1ln— 1( 5)] fl(C;) — .=

_2[ : ( )gn 3(51) n— 4(/82) %(5“—3) [2F2:%,n—1(a75)+Dil(5n—2)]+

+ fa_1(@)gn o (Bl _5(Ba) . i (Bp—2)Th 1 1 (a, B) | X
Z%Zz . _
" Fu2(@)gn 3B 1(B2) 71 (Bn ) 2z =0,
HOCKOJIbKY BblosiHeHa cucreMa n(n — 1)/2 muddepennmanbubix pasencrs (7). O

IIpennoxenue 2.2. Ecau vinosnenv ycaosus npedrosicenus 17, mo cucmema (2.1) umeem 2aao-

Kul nepswiii unmezpas euda (7).

Jlokazameavcmeo. eiicreurensho, muddepennuposanue dbyukiyu (?77) B cuny cucremsl (2.1) npu

YCJIOBUSX TpeyiokeHust 77 jaer

{ [2P1(a) + W} p(a) — M)doiy} LY T S S

Ho dyuxmus @g(«) yaosaerBopsieT 0OBIKHOBEHHOMY 1M dOEPEHIMATBHOMY YPABHEHUIO

) — Lorate + F LN ),

9TO U JOKa3bIBaCT ITPEIJIOZKECHNE.
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IIpensoxkenne 2.3. Ecau évinonnenv, ycaosua npedaoscerus 7?7, mo cucmema (2.1) umeem zaad-
Kutll nepeviti unmezpan euda (77).

Jlokazameavcmeo. eiicreurensho, muddepennuposanue dbyukiyu (?77) B cuny cucremsl (2.1) npu
yCJIOBUSX Tpeyiokenust 77 jnaer

{ [2&(@) n W] Do) - C@doi(i“)} fr /Bt 22 (B

_ { [2F2(ﬂ1) + %] Uy (6r) — %ﬂ(lﬁl)} Zno1f(a)\/22 + ...+ 22 _,®0(a).

Ho dyukimu @p(a) u U1(F1) ya0BIeTBOPSIOT, COOTBETCTBEHHO, OOBIKHOBEHHBIM /i depeHnnaabHbIM
yPABHEHUSIM

dd dl dv dl
)2 N, S [+ ]
9TO U JOKa3bIBacT IIPEIJIO2KCHUE. |:|

B ,HaﬂbHefIHleM TaKzKe ObLI0 OBl JIOTMYHO JI0Ka3aThb aHaJIOTUYIHOE IIPEJIOZKEHNE U 110 YCJIOBUAM Cy-
OIeCTBOBaHUA IJIaJIKOT'O II€PBOI'O MHTEr'PpaJia BUIa

(134(,2”_3, Cey 21 04751,52) = \/Z% + ...+ 22_3 (130(04)\111(51)\112(52) =Cy = const,

MOJTyIUB TIpeyIoKenne ¢ HoMepoM 2.3+1 u T. 1. Ho MBI 10 IpeIoI0KeHNIo MHIYKIINA OITYCTHM HEKO-
TOpPOE€ KOHEYHOE YHUCJIO TAKUX IMaroB, U3MEHUB HOMEP CJIEJIYIOIIEro MPeJJIO?KEHUs Ha JIUIIb €JUHUILY,
noryauB npejioxkenue 2.4. Ilostomy masiee mpuMmeHseM M0 WHYKITUU BBITIEN3I0KEHHBIE PACCY 2K ICHUST
¥ IPUXOJINM K CJIETYIOMEMY YTBEPXKIEHUIO.

IIpennoxkenne 2.4. Ecau evinoarenv, ycaosus npedaodcenus 77, mo cucmema (2.1) umeem 2aao-
Kul nepswiii unmezpas euda (7).

Jlokasamenvcmeo. Heiicreuresnsho, muddepennupoanue dbyuxmuu (??7) B cuiy cucremst (2.1) npu
paccMaTpUBaeMbIX YCJIOBUSX AT

212pV1(B1) -+ - WU2(Bn—2) [[er(a) + W] Do () — d@;cia)] N

dln|g(51)|
df

d¥q(B1)

]‘1’1(51)+W

+ ...+

+ 212p-1f(0)@o()Wa(B2) ... Vy_o(Bn—2) [— [2F2(51) +

+ 2122f(04)g(,31) e T(ﬁn_g)q)o(a)\lfl(ﬂl) e \I/n_g(,@n_g)x

dln |i(B,_ AV, _2(Bn-
x [(—1)“ 2ru1(0) + PO, (s, ) + <—1)"+I$] .
Ho dbyuxmun @o(a), U1(51) ..., ¥y—2(Bn—2) yIOBIETBOPSIIOT COOTBETCTBEHHO OOBIKHOBEHHBIM Jjinde-
PEHIIMAILHBIM yPABHEHUSM
dd dl
R
d¥i(B1) dIn[g(B1)|
B [2F2(ﬂ1) + T] Wy (B1),
dwn72(6n72) o dIn |'L(ﬁn72)|
W = |:2Fn—l(5n—2) + dﬁT] Uy 2(Bn-2),
YTO U JOKA3BIBAET IPEIJIOXKEHHE. O

OLIGBI/I,ZLHO cireyroniee yTBep>KJAeHue O BbIJICJICHUN HE3aBUCHIMOMI IIOJCHUCTEMDBI.
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Bameuanme 2.1. Ecuu Boiosnena rpynmna n(n—1)/2 muddepenimanbabix paseHcTs (77), a Takxke
n — 1 rpynn yenosnii (77), (?7?), ..., (?7), TO BbIIOIHEHBI PABEHCTBA

Iy, B) =TT (a), T(a, B [9(a, B1), -,
Fgflﬂz—l(aa/@) F% 1,n—1 047/81,...,/8”_2),

) =
(
F%z(%ﬂ) :Féz(o%ﬂl)a 1ﬂ33( ,B) = le33(“751752)7 Sy
I&Lfl,nfl(aa/@) = Féfl,n 1o By Bre2),

FZ:%,n—l(aa ) - FZ:%,n—l(a7 517 ce 7671—2);

cJiejioBaTeIbHO, B cucTeMe (2.1) mosiBiisiercsi He3aBUCUMast TIOJICUCTEMA Mopsijika 2n — 1, cocrosimast u3
nepBbix 2n — 1 ypasuennii (ypaBuenue jjist 3,1 OTIEIAETCS):

&= —2,, (2.4a)
b = F(a) + fH)TS ()22, + F2(0)g3 (B0 Sy(0, BB + .. +
+ fg—l( )gn 2(61)]1 (52) i%(ﬂnf2)rz—l,n—1(av 517 e ﬁn72)2%, (24b)

. . _ f3(a) 5 1 2
Zpn—1 = [2F1(04) +Df1(04)} Zp—1%n f1(a)g (ﬁl)rzz(%ﬂl)znfz
ai(a) 4

fl(a) gn—2(61)h%—3(52) (ﬂn 2) n—1,n— 1( aﬁlv s ,ﬁn72)Z%, (2'4C)
Zg = [2F1(Oé) + Dfnf2(a)} zo2n — f1(a)|202(B1) + Dgn73(51)]z2zn71 -
- fn 3(0)gn—4(B1)hn—5(B2) - .. 51(Bn—4) [2Fn—2(/6n—3) + Dri(Bn—3)| 2223 —

(@) g2 5(B) B2 _5(B2)  13(Ba-s)
fn 2() gn—3(B1) hn—a(B2) Tl(ﬁnf?;)

= [2F1(@)+Dfn—1(0<)} 212 — fi(a ){2T2(51)+D9n—2(ﬂ1)]212n—1—

— fa(a)g1(B1) [2F3(52) + Dhn73(52)} 2Zp—2 — ... —

(ﬂn 2) ( 517 "aﬁn*2)Z%a (2'4d)

— fn2()gn—3(B1)hn-a(B2) ... 71(Bn-3) [QFn—l(/Bn—Q) + Dil(ﬁn—2)] 2122, (2.4e)

B1 = zn-1f1(e), (2.4f)
B = zn—2f2(a)g1(B1), (2.4g)
B3 = zn—3f3(c)g2(B1)h1(B2), (2.4h)
B2 = 22 fn-2()gn—3(B1)hn-1(B2) . . .71 (Bn-3), (2.41)
Br1 = 21 fn1()gn—2(B1)hn—3(B2) - . . i1(Bn_2). (2.5)

IIpengioxkenue 2.5. Ecau svinoanenv yciosus npedaioscenut 2.2, 2.3, ..., 2.4, mo cucmema (2.4),

(2.5) umeem nepewviii unmezpan suda (7?7), 2de nocae 3amus urmezpara smecmo nocmosnHoir Cp_1,
Chy MOHCHO HOPMANLHO NOJCTNABUMD AEBBIE HACTNU COOMBEMCMEYIOUUL NEPELLT UHMELPANOE.

Crema doxazamesvcmea. Ecim BBIIOJHEHBI yesI0BUst TIpeioxkennii 2.2, 2.3, ..., 2.4, To, cucrema (2.4),
(2.5) obuamaer nepsbivu unTerpasamu (?77), (?77), ..., (??), kosudecrBo Koropbix pasHo n — 1. Ham
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TOHAJIO0SATCST JIMIIE J[BA MTOCJIEIHAX ePBhIX HHTerpasia. Paccmorpum asa yposast Cp_1 u C, cooTBeT-
CTBYIOIIUX IEPBBIX HHTErpa/oB. Ha sTux ypoBHAX CIpaBe/INBO PABEHCTBO

Ch

. (2.6)
\/ n 2 Bn 2) Cv%
Yrout fB,—1 Oy/ileM UCKATh U3 CJIEJYIONIEro yPaBHeHUs], Oy YeHHOrO U3 cucreMbl (2.4), (2.5):
dBn—1 Z1 .
= —i(Bn-2)-
dfpn—2 22 (Br—2)
Ucnonb3yst B 9TOM ypaBHeHUN paBeHCTBO (2.6), mosydnM TpebyeMoe yTBepKICHUeE. O
[TpsimbIM coteicTBIEM TpeIozkenuit 2.1, ..., 2.5 gBJsieTcst cyelyoniast TeopeMa.
Teopema 2.1. Ecau svinoanenv, ycaosus npedaoscenud 2.1, ..., 2.4, mo cucmema (2.4), (2.5) 06-
AA0AEM NOAHBIM HAOOPOM HE3ABUCUMBET NePsur unmezparos suda (2.3), (77), (?7), ..., (??7), (?7?),

KOAUYECMBO KOMOPHLT PasHo 1 + 1.

Tor daxT, aTo mosHbIi HAOOP cocTouT u3 N + 1, a He w3 2n — 1 MePBLIX HHTErPAJIOB, OYIeT JTOKa3aH
HIKE.

2.3. IIpuBepennas cucrema. Ciydqait II. Paccmorpum ciydail 3aianust KHHEMATHIECKTX COOT-
Homenuit B Bujie (?7) (coyqait I11). Ypasuenus (?77) npumyr Buj (?7). Ypasuenus reojesndeckux (77)
HOCJIE COOTBETCTBYIONIEr0 BLIOOPA KHHEMATHIECKUX COOTHOIIEHNIT (77) HOUTH BCIO/Ly SKBUBAJICHTHBI CO-
craBroii cucreme (?7), (?7?7) na muoroobpazuu TuyM™{z,, ..., 2150, 1, ..., Bn-1} (6osee obuie yTBep-
KJjenus cM. B [54,56,60,72|).

B obmiem ciryuae kunemarndeckue coornomenust (7?) (¢ n(n —1)/2 + 1 «upon3BosbHbIMIY DYHK-
musivu fr(a), k=1,...,n, ¢i(B1), l=1,...,n—2, hyy(B2), m=1,...,n—3, ..., i1(Bp—2)) HE MOTYT,
BOOOIIIE TOBOPs, 00ECIIEUNTH CYIIECTBOBAHIE HEOOXOMMOIO KOJMIECTBA IIEPBBIX HHTErPAJIOB, IOCKO/Ib-
Ky B YPABHEHUSX I'€OJE3UIECKUX COIEPIKATCsI, BOOOIIE TOBOPS, 10 n2(n +1)/2 4+ 1 pasau4uabIX KO3]D-
durmenTos adpGUHHON CBAZHOCTH F;k

Heckomnbko moguduruposas cucremy (?77), (77), momyuauMm cucreMmy xoncepsamugrylo. VimeHuo, BBe-
JieM riaJiKoe (BHeIHee) cuiioBoe 1ojie (B oTimdue or cucreMsl (77))

Fi(Bn-1)fa-1(a)gn—2(B1)hn—-3(B2) ... i1(Bn—2)
Fy(Bn-2)fn—2()gn—3(B1)hn-1a(B2) ... 71(Bn-3)
F(zn,...,zl;a,ﬂl,...,ﬂn_l):
Fo1(B1) f1(a)

Fr(a) fu()
PaccmarpuBaemast cucrema Ha KacareiabHoM paccioerun TuM™{z,, ... 215,01, ...,fp—1} upumer
CJAEAYIOIIUNA BUJ:
& = zpfn(a), (2.7a)
2 = Fa(@)fa(@) = fa(0) [Taa (@, 8) + Dfu()] 22—
2 2
- %F%(O@ﬁ)zgl - ﬁg ;91(51) 2(a, B) 121 2 T
2
IO B2 (Be) BB Ty (e B2 2.1h)

ful@)
S0t = Fac1(B)1(0) = fa(@)[ 2041 (0, 8) + Dfi(@)] 20120

fQ((a))g (BTha(0, §)2 0 — -~

@) o
fl( ) i) 9

2(51)]1 3(B2) .. (5n 2) n—1,n— 1( 5)2’%, (2.7¢)
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2y = F3(Bn-2) fn-2()gn—-3(B1)hn—4(B2) - .. 71(Bn-3)—
— @) 20052 5(0 B) + Dfa2()] 2220
~ fila) QF?;%Q(a,ﬂ)—%l)gn_g(ﬂl)]zgzn_l——...—
_fn 3(a)gn—a(B1)hn—5(82) - .. 51(Bn— 4)[2112_?,,%2(0@5)+Dr1(5n—3)]2223—

(@) g2 _o(B1) hp_3(B2)  13(Bas) -
2(04) n—3(B1) hn— 4(ﬂ2)' 1 (B 3)
21 :Fl(ﬂn 1)fn (CY In— ( ) n— 3(/82) (671—2)_

)g
—haﬂﬂgjl B) + Dfn (ﬂm%—
— fila [QF?nl (o, B) + Dgp— 2(51)]21%71—

)
— fa(a)g1(B1) [21“;‘”1 1(a, B) + Dhy, 3(/82)]len 92— ... —
(

(ﬁn 2) 1(0[,5)2%, (27d)

— fua(@)gn-3(B)hn-1(Ba) .. 71(Bu-3) [2rz:;,n,1<a, 8) + Dir(Bn-2)| 2122, (27¢)
B = zn-1f1(c), (2.7f)
B = zn—2fa(a)g1(B1), (2.7g)
B3 = zn—3f3(a)g2(B1)h1 (), (2.7h)
................................. , (2.74)
Br1 = 21 fn1(@)gn—2(B1)hn—3(B2) - - . i1(Bn—2). (2.7j)
Cucrema (2.7) modYTH BCIOJLY SKBHBAJEHTHA CJIEJYIONIEH CHCTEMe:
Fu(a) f2(a) + T4, (o, B)E + T (a, BB + ...+ T (e, )82 =0, (2.8a)
B — Fu_1(B1) fi(a) + 204 (o, B)6By + Ty, B)B5 + ...+ Th 1, 1 (e, )82 =0, (2.8b)
Ba — Fra(B2) f3(a)g? (B1) + 2L as (e, B)dfz + 2175 (v, B)B1 fa+
+T83(cn B)B5 + .+ Th 1 (@, B)B 1 =0, (2.8¢)
Bs — Fr_s(B3) f3() g5 (B1)hi(Ba) + 2T35(cr, B)cBs + 2135 (cv, B) 1 B3 + 2T55(cv, B) B2 B3+
+ T8, B)BF + ... + T3 1n—1(a, BB, =0, (2.8d)
B2 = Fa(Bu-2) fr_a()gn_5(B1)hp_4(Ba) .. 77 (Bn—3)+
+ 2002 (0, B) Bz + 2072 o (a, B)B1 Bz + - +
+ 773 o(0 B) a2+ 03, (e, B2, =0, (2.8¢)
Bt = Fi(Bu-1) f1(@)gio(B1)hi3(B2) - % (Buz) + 200 1 (0 B)étBur+
+ 2T (0, B)B1 Bt + -+ T0Th (00 B)Bu—2Pn1 = 0. (2.80)

2.4. IlepBble uHTErpaJsbl AJd YpaBHEeHHUII B moTeHIIMaJIbHOM ToJte. Coryuaii 11.

ITpengioxkenune 2.6. Ecau scrody na obaacmu onpedeserus cnpasedausa cucmema n(n—1)/2+1
dugpeperyuarvnox pasencms (77), mo cucmema (2.7) umeem 2aadkuti nepsvil urmezpan

Dy (2ny s 2130, 81,y 1) = 28 + ...+ 22 + V(a, B) = O = const, (2.9)
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n—1 a n—1 P
V(@.8) =Vala) + 3 Vok(3) = -2 [ Fulayda—2Y" [ Fusit)a
k=1 o k:15k,0

Jlokasameavcmeo. Jeiicteuresnbho, muddepennuposanne dyukimu (2.9) B cuiy cucremst (2.7) paer

2z I, (a)fn(a) + 2Zn71Fn71(51)f1 (Oé) + 2an2an2(52)f2(a)gl (51)‘1‘
+ 22p,_3F,_3(B3) f3(a)g2(B1)h1(B2) + - . . 4+ 222 F5(Br—2) f—2()gn—3(B1) hn—a(B2) - . . 71(Bn—3)+
+ 20 F1 (o) oo (@) (B0 -a(82) 3 (Ba) — 26u(a) [Tl ) + T 2

2
Zn—1*n

—2[f3<a> 20k (0. 8) + Dfi(@) +ff<a>r‘f1<a,6>] e

-2 [fg(a) [2FZ;},1(a, B) + Dfnfl(a)] +

22

+ fg_l(a)g%_Q(ﬁl)h%_?’(ﬁg) - ’L% (ﬁan)F%—l,n—l(aa B)] fn(O‘) o

2
“p—2%n—1

-2 [ff(a) {2F%2(O‘a B) + Dg (51)] + (@) g3 (B1)T3s (e, 5)] RO

-2 [ff(oz) [21”{”7;1_1(04, B) + Dgn—z(ﬁl)] +

2
R1Zn—1

+ fz_l(a)gi_g(&)hi_g(ﬁz) e i%(ﬂn—z)riz—l,nq(a» B) e
fi(a)

- 2[ na(@)gn_5(B1)hi_4(B2) ... 73 (Bn-3) [QFZ:%,nA(O%B) + Dil(,@n—Q):| +

+ fr1(@)gn_o (B _5(B2) -+ 83 (Bu—2)Tin T 1 (@, B) | X

2229
* Fuea(@)gn—s(B)hn—a(B2) - T1(Bus)
=225 Fn (@) fola) = 22p 1 Fy1(B1) f1(@) — 2252 F—2(B2) fa(a)g1(B1)—
= 22,-3Fn—3(83) f3(2)g2(B1)ha (B2) — ... —
— 2205 (Bn—2) fn—2(a)gn—3(B1)hn—a(B2) ... 71(Bn—3)—
=221 F1(Bn—1) fa—1()gn—2(B1) hn—3(52) . . . i1(Br—2) = 0,

HOCKOJIbKY BblosiHena cucrema n(n — 1)/2 + 1 quddepennmansubix pasects (7). O

CJIG,ZLyIOHLI/Ie YTBEpP2XKJICHNA CIIpABE/IJINBBI B boJtee O6HL€M Bra€e, HO Mbl OI'PaHUYIUMCH CJICYOITUMU.

IIpengoxkenune 2.7. I[Tyemo F,,_(Bx) =0, k = 1,...,n — 1. Ecau evwnoanenv. ycrosus npeono-
oicenus 77, mo cucmema (2.7) umeem zaadkuti nepeuiti unmezpan euda (77).

Jlokazameavcmeo. eiicreurensho, muddepennuposanue dbyukiuu (?77) B cuny cucremsl (2.7) npu
paccMaTpUBAEMBbIX YCJIOBHUSX JA€T

dln‘f(a)‘ do(a) — d®o(av)

_fn(a){[2F1(a)+ o o }zn 24422
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Ho dyuxius ®g(«) yaosaerBopsieT 0OBIKHOBEHHOMY 1M dOEPEHITATBHOMY YPABHEHUIO

d®o(a) dln|f(c)|
= |or d
9TO W JOKA3BIBAET IIPeTOXKEHNE. ]
ITpengioxkenune 2.8. ITyemo Fy,_(Br) =0, k = 2,...,n — 1. Ecau 6vinoanenv ycrosus npeono-

orcenus 77, mo cucmema (2.7) umeem enadkuii nepevili unmezpan suda (77).

Jlokazameavcmeo. eiicreurensho, muddepennuposanue dbyukiun (?77) B cuny cucremst (2.7) npu
paccMaTpUBAEMBbIX YCJIOBHUSX JA€T

— fula) { [21}(@) + W] Dp(a) — %O(éa)} zm/z% 4+ ...+ 22_2\1'1(51)—
_ { [zrg(gl) n %] U (B1) — diliﬁ(fl)} 1 f@) /22 4 o+ 22, ®0(a).

Ho dyukiyn @g(a) u U(f1) yIaoBIeTBOPSIOT, COOTBETCTBEHHO, OOBIKHOBEHHBIM JinddepeHIaibHbIM
YPaBHEHUSIM

dd dl d¥v dl
) g+ ], 200y 2 .
9TO W JOKA3BIBAET IIPeTOXKEHNE. ]

B ,HaﬂbHefIlHeM ObLIO ObI JIOTMYHO JAO0Ka3aTh aHaJIOTHIHOE IIPEAJIO2KECHNE U 110 yCJIOBUAM CYIIECTBO-
BaHUs TVIaJKOI'O II€EPBOIO0 MHTEr'paJia BHIa

Dy(2n-3,.--, 2150, B, B2) = \/ 25 + ... + 223 Po() U1 (B1)T2(B2) = Cy = const,

MIOJTy IUB TIpeyIoKenne ¢ HoMepoM 2.8+41 u T. 1. Ho MBI 110 IpeIIoI0yKeHII0 WHIYKIINA OITyCTHM HEKO-
TOPOE KOHEYHOE YHCJIO TAKWX IIaroB, N3MEHUB HOMED CJICAYIONIErO IIPEJIJIO?KeHNA Ha JIMIIb CAUHAILY U
oty anM tpeggioxkenue 2.9. [lostomy masiee mpuMensieM O WHLYKITUH BBIIEN3/I0KEHHBIE PACCY 2K ICHUST
¥ IIPUXOJNM K CJIEAYIOIIEMY YTBEPXKJICHUIO.

IIpennoxenue 2.9. [Tycmv Fi(By—1) = 0. Ecau évinoanerv ycaosus npediooscenus 17, mo cu-
cmema (2.7) umeem eaadkuil nepewvili unmezpas euda (77).

Jlokasamenvcmeo. Heiicreuresnsho, muddepennupoanne dbyuxmuu (??7) B cuiy cucremst (2.7) npu
paccMaTpUBaEMbIX YCJIOBUSX AT

— fala)z12, 1 (B1) - .- Yp—2(Br—2) Hzpl(a) + M] Bo(a) — (M)doio(fl)] N

do

+ 21201 f () Po() W2 (B2) . .. ¥p—2(Bn—2) [— |:2F2(,31) + %ﬁiﬁl)q Uy (Br) +

oot legf(a)g(ﬂl) c. T(,Bn_g)q)o(a)\lll(ﬂl) e \I/n_g(ﬂn_g)x

d\I/l(ﬂl)]
i |

X [(_1)n |:2Fn1(6n2) + %} Un—2(Bn—2) + (—1)"“%@_2)} .
Ho dbyukmun ®o(a), ¥1(B1) ..., ¥y—2(Br—2) y/IOBIETBOPSIOT, COOTBETCTBEHHO, OOBLIKHOBEHHBIM U~
dbepeHIIaIbHBIM ypaBHEHUSIM
dd dl
o) — Jari(e) + S gy o)
dVi(81) dln|g(f1)|
W - |:2F2(51) + T] \I’l(ﬁl)a
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d\Iln—Q(ﬁn—2) dln |Z(/8n—2)|
— = = 2,1 (B ———= WU, 9(Bn_2),
dfBn—2 1(Bn=2) + dBn—2 2(fn=2)
9TO W JOKA3BIBAET IIPeTOXKEHNE. ]

OueBHIHO CJleIyIOlee yTBEPKIEHUE O BBIJIEJEHNN HE3aBUCUMOI MOICUCTEMBI.

Bameuanne 2.2. [lycts Fy(8,-1) = F{ = const. Ecim Bemonmena rpymra n(n — 1)/2 + 1 aud-

dbepennmanbubix pasercts (?77), a rakxke n — 1 rpynn ycsosuit (77), (?77?), ..., (??), TO BBIIOJIHEHBI
paBeHCTBA
I (e, B) =TT (), Fzz( B) =Tg(a,B1), ...,
F%—l,n 1, 8) =T5_ 1,n— 1(04»5 - Bn-2),
Ty (a, B) = Tap(a, B), F33( = T3 ( B B2),
Fvlz—l,n—l(aaﬁ) I 1,n— 1(%51,---,57#2),

FZ %n 1( B) FZ %n 1( )ﬂla---aﬁn72);

cJIeJIoBaTeNIbHO, B cucTeMe (2.7) 1osIBJIsSIeTCsl He3aBUCHMast TI0JICUCTeMa Mopsijika 2n — 1, cocrosiiast u3
nepBbix 2n — 1 ypaBuennii (ypaBuenue jist 3,1 OTIEIAETCS):

4w (2.10a)
A IR RTINS YA R

- %ggz(ﬁl)h%:’,(@) o B (Bua)Te g 1 (@, B, Baa) 2, (2.10b)
byt = o (B0)f4(0) ~ F@)[203(0) + Do) s0r — RGO )5 =

- fel(lg)gﬁ 2(BURE _5(Ba) . i3 (Ba—2)T 11 (o, Br, ..., Ba2) i, (2.10¢)

Zo = F2(Bn—2) fn—2()gn—3(B1)hn—1(B2) ... 11(Bp—3) — fu(c) [2F1(Oé) + Dfn72(05)} Z22n—
~ 1(0) [202(81) + Dgu-a(8)| 22701 = ... -
— f-3(0)gn-1(B1)ln-5(B2) - $1(Bn1) |22 (Bus) + Dr1 (Bn-s) | 2225

o (@) g o (B1) ha 3(B2)  13(Bu-3)
fn 2(0) gn—3(B1) hn—a(B2) ~ 71(Bn-3)

Z%(Bﬂ 2)inln 1( 7517"'7/671—2)2%’

(2.10d)

4 = F fo1(a)gn—2(B1)hn-3(B2) .. . 11(Bn—2) — fn(a) [21“1(04) + Dfn—l(@)] 21%n—

— fi(@) {2F2(5l) + Dgn—z(ﬂl)] 212n—1—

— f2(a)g1(B1) [2F3(52) + Dhn%(@)} 212Zp—2 — ... —

— fn—2(@)gn—3(B1)hn—-a(B2) - .. 71(Bn-3) [QFn—l(/Bn—Q) + Dil(ﬁn—2)] 2129, (2.10e)
B1 = zn-1f1(a), (2.10f)
Ba = zn—2f2(a)g1(B1), (2.10g)
B3 = zn-3f3(c)g2(B1)h1(B2), (2.10h)
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B2 = 22fn—2()gn-3(B1)hn-1(B2) ... 71(Bn-3), (2.10i)
Bt = 21 fn-1(0)gn—2(B1)hn—3(B2) . . - i1 (Bn—2). (2.11)

ITpengoxkenne 2.10. ITycmo F,,_(Bx) =0, k=1,...,n — 1. Ecau svmoarenv, ycaosus npedio-
orcenud 77,77, ..., 77, mo cucmema (2.10), (2.11) umeem nepswiii unmezpanr suda (?7), 2de nocae

63AMUA UHMESPANG BMECTINO TOCTNOAHHDIT Cn—l; Cn MOHCHO (ﬁOpMa./l'bHO nodcmasums AEEbLE YACTNU
Coomeemcmaeyrnuuxr NeEPvLT UHIMEZPaNO6.

Crema doxasameavcmea. Ecim BbIoIHeHBI yeaoBust npeyioxkenuit 77, 727, ..., 7?7, 1o, cucrema (2.10),
(2.11) obmamaer nepsbiMu uuTerpasamu (77), (77), ..., (??), kosmdecTBo KOTOPBLIX pasho n — 1. Ham
HOHAI005TCsL JINIIB JBa MOCAEHIX HePBLIX nHTerpasa. Pacemorpum nsa yposust Cy,—1 u C), cooTBeT-
CTBYIOIIUX NEPBBIX UHTErpajioB. Ha 9THX ypOBHSX CIIPaBe/INBO PABEHCTBO

z C
o7 n . (2.12)
z
2O (Bus) - C
Yroa (-1 Oy/ieM UCKaTh U3 CJIEJYIOIIero ypaBHeHNs, Oy 9eHHOro u3 cucreMbl (2.10), (2.11):
dBn—1 21 .
= —i(Bn-2)-
dfn—2 22 (Bu2)
Ucnonb3yst B 9TOM ypaBHeHUN paBeHCTBO (2.12), nosryuuMm Tpebyemoe yTBepKIeHUe. O
[Tpsimbim ceacTBueM u3 npeioxkenunit 2.6, ..., 2.10 aBjseTcs cieayronas TeopemMa.
Teopema 2.2. Ecau swnoarenv. ycaosusa npedsosicenud 2.6, ..., 2.9, mo cucmema (2.10), (2.11)
06aa0daem noANbIM HABOPOM HEZABUCUMBIT NEPSHLT unmezpanos suda (2.9), (72), (7?7), ..., (?7), (77),

KOAUBECMBO KOMOPHLT PasHo 1 + 1.

Tor daxkT, aro mosHbI HabOp cocTouT U3 n + 1, a He u3 2n — 1 MEPBBIX UHTEIPAJIOB, OYIET MOKA3aH
HUZKE.
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CHAPTER 3

AUTOMORPHISMS, AUGMENTATION TOPOLOGY,
AND APPROXIMATION

3.1. INTRODUCTION AND MAIN RESULTS

This chapter is dedicated to the review of results of Kanel-Belov, Yu and Elishev on the geometry of
the Ind-schemes Aut K[z, ..., 2,] and Aut K(x1,...,z,) of automorphisms of the polynomial algebra
and the free associative algebra over an algebraically closed field, with the number of generators > 2.
The inner character of Ind automorphisms of these Ind-schemes, together with the negative resolution
of the automorphism group lifting problem, was established in [123].

3.1.1. Automorphisms of K|[z1,...,z,] and K(z1,...,2,). Let K be a field. The main objects
of this study are the K-algebra automorphism groups Aut K[z1,...,z,| and Aut K(z1,...,x,) of the
(commutative) polynomial algebra and the free associative algebra with n generators, respectively. The
former is equivalent to the group of all polynomial one-to-one mappings of the affine space A% . Both
groups admit a representation as a colimit of algebraic sets of automorphisms filtered by total degree
(with morphisms in the direct system given by closed embeddings) which turns them into topological
spaces with Zariski topology compatible with the group structure. The two groups carry a power series
topology as well, since every automorphism ¢ may be identified with the n-tuple (¢(x1),...,o(z,)) of
the images of generators. This topology plays an especially important role in the applications, and it
turns out—as reflected in the main results of this study—that approximation properties arising from
this topology agree well with properties of combinatorial nature.

Ind-Groups of polynomial automorphisms play a central part in the study of the Jacobian conjecture
of O. Keller as well as a number of problems of similar nature. One outstanding example is provided by
a recent conjecture of Kanel-Belov and Kontsevich (BKK conjecture; see [41,42], which asks whether
the group

Sympl(C*") € Aut(Clzy,...,z2,))

of complex polynomial automorphisms preserving the standard Poisson bracket
{wi, 25} = dinyj = Oitn,j
is isomorphic! to the group of automorphisms of the nth Weyl algebra W,
W,(C) = (C<a;1, e Ty YLy e ,yn>/I,
I = (zzj — xji, Yiyi — YiYi Yij — T3y — Oij).-

'n fact, the conjecture seeks to establish an isomorphism Sympl(K>") ~ Aut(W,(K)) for any field K of characteristic
zero in a functorial manner.
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The physical meaning of the Kanel-Belov—Kontsevich conjecture is the invariance of the polynomial
symplectomorphism group of the phase space under the procedure of deformation quantization.

The BKK conjecture was conceived during a successful search for a proof of stable equivalence of the
Jacobian conjecture and a well-known conjecture of Dixmier stating that Aut(W,) = End(W,,) over
any field of characteristic zero. In the papers [41,42], a particular family of homomorphisms (in effect,
monomorphisms) Aut(W,,(C)) — Sympl(C?") was constructed, and a natural question whether those
homomorphisms were in fact isomorphisms was raised. The aforementioned morphisms, independently
studied by Tsuchimoto to the same end, were in actuality defined as restrictions of morphisms of the
saturated model of Weyl algebra over an algebraically closed field of positive characteristic—an object
which contains W,,(C) as a proper subalgebra. One of the defined morphisms turned out to have a
particularly simple form over the subgroup of the so-called tame automorphisms, and it was natural
to assume that morphism was the desired BKK isomorphism (at least for the case of algebraically
closed base field). Central notion of the construction is the notion of infinitely large prime number (in
the sense of hyperintegers), which arises as the sequence (p,,)men of positive characteristics of finite
fields comprising the saturated model. This leads to the following natural problem (see [41]).

Problem 3.1.1. Prove that the BKK morphism is independent of the choice of the infinite prime
(pm)meN-

The general formulation of this question presented in [41] is as follows.
For a commutative ring R define

T / /
Roo _hg(];[R ®Z/pZ | @R ®Z/pZ>,

where the direct limit is taken over the filtered system of all finitely generated subrings R* C R and
the product and the sum are taken over all primes p. This larger ring possesses a unique “nonstandard
Frobenius” endomorphism
Fr: Roo — ROO7 (ap)primesp — (ag)primes p-
The Kanel-Belov—Kontsevich construction returns a morphism
Yr : Aut(W,(R)) — Sympl R"
such that there exists a unique homomorphism
or : Aut(W,)(R) — Aut(P,)(Rx)

satisfying the condition ¢)r = Fr, o¢gr, where Fr, : Aut(P,)(Rx) — Aut(F,)(Rx) is the Ind-group
homomorphism induced by the Frobenius endomorphism of the coefficient ring and P, is the commu-
tative Poisson algebra, i.e., the polynomial algebra in 2n variables equipped with additional Poisson
structure (so that Aut(P,(R)) is just the group Sympl(R?") of Poisson structure-preserving automor-
phisms).

Question 3.1.2. In the above formulation, does the image of ¢r belong to
Aut(P)(i(R) ® Q),

where i : R = R, is the tautological inclusion? In other words, does there exist a unique homomor-
phism
PE" - Aut(P,)(R) — Aut(P,)(R® Q)
such that ¢ = Fr, oiy 0 pF™.
Comparing the two morphisms ¢ and ¢ defined using two different free ultrafilters, we obtain a
“loop” element ¢yt of Autpg(Aut(W,)) (i.e., an automorphism which preserves the structure of

infinite dimensional algebraic group). Describing this group would provide a solution to this question.
In the spirit of the above we propose the following conjecture.

Conjecture 3.1.3. All automorphisms of the Ind-group Sympl(C?") are inner.
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A similar conjecture may be stated for Aut(W, (C)).

The automorphism groups of Weyl algebras and their generalizations, as well as automorphisms of
certain algebras of vector fields, were studied in the works of Bavula [23-25]. Reduction to positive
characteristic was proved both fruitful and essential in the context of Weyl algebra. One of the
precursors to the study of these algebras in characteristic p was the paper [22].

We are focused on the investigation of the group Aut(Aut(K|z1,...,x,])) and the corresponding
noncommutative (free associative algebra) case. This way of thinking has its roots in the realm of
universal algebra and universal algebraic geometry and was conceived in the pioneering work of Boris
Plotkin. A more detailed discussion can be found in [39)].

Wild automorphisms and the lifting problem. In 2004, the celebrated Nagata conjecture
over a field K of characteristic zero was proved by Shestakov and Umirbaev (see [180, 183])
and a stronger version of the conjecture was proved by Umirbaev and Yu (see [200]). Let
K be a field of characteristic zero. Every wild K|[z]-automorphism (wild K|z]-coordinate) of
K[z|[z,y] is wild viewed as a K-automorphism (K-coordinate) of Klx,y,z]. In particular, the
Nagata automorphism (z — 2y(y* + zz) — (y* + x2)%z, y+ (y* + x2)z,2) (the Nagata coordinates
r—2y(y? + 22) — (y® + 22)%2 and y + (y* + 72)z) are wild. In [200], the following related question
was raised.

The lifting problem. Can an arbitrary wild automorphism (wild coordinate) of the polynomial al-
gebra K[x,y, z] over a field K be lifted to an automorphism (coordinate) of the free associative algebra
K(x,y,2)?

In the paper [38] based on the degree estimate (see [137,143]), Belov-Kanel and Yu proved that
any wild z-automorphism including the Nagata automorphism cannot be lifted as a z-automorphism
(moreover, it was proved in [44] that every z-automorphism of K(z,y, z) is stably tame and becomes
tame after adding at most one variable). It means that if every automorphism can be lifted, then it
provides an obstruction 2’ to z-lifting and the question to estimate such an obstruction is naturally
raised.

In view of the above, we may state the following problem.

The automorphism group lifting problem. Is Aut(K|zy,...,x,]) isomorphic to a subgroup of
Aut(K(x1,...,x,)) under the natural abelianization?

The following examples show this problem is interesting and nontrivial.

Example 3.1.4. There is a surjective homomorphism (taking the absolute value) from C* onto R*.
But R is isomorphic to the subgroup R of C* under the homomorphism.

Example 3.1.5. There is a surjective homomorphism (taking the determinant) from GL,(R) onto
R*. But obviously R* is isomorphic to the subgroup R*I,, of GL,(R).

In this paper we prove that the automorphism group lifting problem has a negative answer.

The lifting problem and the automorphism group lifting problem are closely related to the Kanel-
Belov—Kontsevich conjecture (see Sec. 3.3.1).

Consider a symplectomorphism ¢ : x; — P;, y; — Q;. It can be lifted to some automorphism @ of
the quantized algebra Wj[[A]]:

Prai— P+ P+ + PRy — Qi+ Qih+ -+ QY'R™.

The point is to choose a lift ¢ in such a way that the degree of all P/ and Q7" would be bounded. If
this is true, then the BKK conjecture is also true.

3.1.2. Main results. The main results of this paper are as follows.

Theorem 3.1.6. Any Ind-scheme automorphism ¢ of NAut(K[x1,...,x,]) forn = 3 is inner, i.e.,
18 a conjugation via some automorphism.

Theorem 3.1.7. AnyInd-scheme automorphism ¢ of NAut(K(x1,...,x,)) forn > 3 is semi-inner
(see Definition 3.1.11).
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We denote by NAut the group of nice automorphisms, i.e., automorphisms that can be approximated
by tame automorphisms (see Definition 3.3.2). In the case of zero characteristic, every automorphism
is nice.

For the group of automorphisms of a semigroup a number of similar results on set-theoretical level
was obtained previously by Kanel-Belov, Lipyanski, and Berzinsh (see [39,43]). All these questions
(including Aut(Aut) investigation) take root in the realm of Universal Algebraic Geometry and were
proposed by B. Plotkin. Equivalence of two algebras having the same generalized identities and
isomorphism of first order means semi-inner properties of automorphisms (for details, see [39,43]).

Automorphisms of tame automorphism groups. Regarding the tame automorphism group,
something can be done on the group- theoretic level. In the paper of H. Kraft and I. Stampfli
(see [133]) the automorphism group of the tame automorphism group of the polynomial algebra was
thoroughly studied. In [133], conjugation of elementary automorphisms via translations plays an im-
portant role. The results of our study are different. We describe the group Aut(TAuty) of the group
TAutg of tame automorphisms preserving the origin (i.e., taking the augmentation ideal onto an ideal
which is a subset of the augmentation ideal). This is technically more difficult, and will be universally
and systematically done for both commutative (polynomial algebra) case and noncommutative (free
associative algebra) case. We observe a few problems in the shift conjugation approach for the non-
commutative (free associative algebra) case, as it was for commutative case in [133]. Any evaluation
on a ground field element can return zero, for example, in the Lie polynomial [[x,y],z]. Note that
the calculations of Aut(TAutg) (respectively, Auty,q(TAutg) and Autp,q(Autg)) imply also the same
results for Aut(TAut) (respectively, Auty,q(TAut) and Autp,q(Aut)) according to the approach of this
article via stabilization by the torus action.

Theorem 3.1.8. Any automorphism ¢ of TAuty(K|x1,...,z,]) (in the group-theoretic sense) for
n = 3 is inner, i.e. is a conjugation via some automorphism.

Theorem 3.1.9. The group TAuty(K|x1,...,x,]) is generated by the automorphism
r1 — 1+ Toxy, T; > X, GF£ 1,
and linear substitutions if char(K) # 2 and n > 3.

Let Gy C TAut(K|z1,...,z,]) and Exy C TAut(K(zy,...,x,)) be tame automorphism subgroups
preserving the Nth power of the augmentation ideal.

Theorem 3.1.10. Any automorphism ¢ of Gn (in the group-theoretic sense) for N > 3 is inner,
i.€., 1s given by a conjugation via some automorphism.

Definition 3.1.11. An anti-automorphism ¥ of a K-algebra B is a vector-space automorphism
such that ¥(ab) = ¥(b)¥(a). For example, transposition of matrices is an anti-automorphism. An
anti-automorphism of the free associative algebra A is a mirror anti-automorphism if it sends z;z; to
xjx; for some fixed 7 and j. If a mirror anti-automorphism 6 acts identical on all generators z;, then
for any monomial x;, - - - x;, we have

(i, - xlk) = Ty, Ly -
Such an anti-automorphism will be generally referred to as the mirror anti-automorphism.

An automorphism of Aut(A) is semi-inner if it can be expressed as a composition of an inner
automorphism and a conjugation by a mirror anti-automorphism.

Theorem 3.1.12.
(a) Any automorphisms ¢ of TAutyg(K (x1,...,zy,)) and also TAut(K(x1,...,zy,)) (in the group-
theoretic sense) forn = 4 are semi-inner, i.e., are conjugations via some automorphism and/or

mirror anti-automorphism.
(b) The same is true for E,, n > 4.

The case of TAut(K (x,y, z)) is substantially more difficult. We can treat it only on Ind-scheme
level, but even then it is the most technical part of the paper (see Sec. 3.5.2). For the two-variable
case, a similar proposition is probably invalid.
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Theorem 3.1.13.

(a) Let char(K) # 2. Then Autq(TAut(K(z,y,z2))) (respectively, Autiq(TAuto(K(z,y,z2)))) is
generated by conjugation by an automorphism or a mirror anti-automorphism.
(b) The same is true for Autyg(Es).

We denote by TAut the tame automorphism group and by Auty,gq the group of Ind-scheme auto-
morphisms (see Sec. 3.2.2).
Approximation allows us to formulate the celebrated Jacobian conjecture for any characteristic.

Lifting of the automorphism groups. In this paper, we prove that the automorphism group of
polynomial algebra over an arbitrary field K cannot be embedded into the automorphism group of
free associative algebra induced by the natural abelianization.

Theorem 3.1.14. Let K be an arbitrary field, G = Auto(K|[z1,...,2,]) andn > 2. Then G cannot
be isomorphic to any subgroup H of Aut(K(x1,...,x,)) induced by the natural abelianization. The
same is true for NAut(Klz1,...,x,)).

3.2. VARIETIES OF AUTOMORPHISMS

3.2.1. Elementary and tame automorphisms. Let P be a polynomial that is independent of
x; with 7 fixed. The automorphism

v =z + P, x; —x; fori#j
is called elementary. The group generated by linear automorphisms and elementary ones for all

possible P is called the tame automorphism group (or subgroup) TAut and elements of TAut are tame
automorphisms.

3.2.2. Ind-Schemes and Ind-groups.

Definition 3.2.1. An Ind-variety M is the direct limit of algebraic varieties M = hg{Ml C
My ---}. An Ind-scheme is an Ind-variety which is a group such that the group inversion is a morphism
M; — Mj; of algebraic varieties, and the group multiplication induces a morphism from M; x M;
to My ;)- A map ¢ is a morphism of an Ind-variety M to an Ind-variety N, if p(M;) € N;(;) and
the restriction ¢ to M; is a morphism for all <. Monomorphisms, epimorphisms and isomorphisms are
defined similarly in a natural way.

Example 3.2.2. M is the group of automorphisms of the affine space and M; are the sets of all
automorphisms in M with degree <j.

Problem 3.2.3. Investigate growth functions of Ind-varieties. For example, the dimension of va-
rieties of polynomial automorphisms of degree <n.

Note that coincidence of growth functions of Aut(W,,(C)) and Sympl(C?") would imply the Kanel-
Belov—Kontsevich conjecture (see [41]).

Definition 3.2.4. The ideal I generated by variables z; is called the augmentation ideal. For a
fixed positive integer N > 1, the augmentation subgroup Hp is the group of all automorphisms ¢ such
that ¢(x;) = z; mod IV. The larger group Hy D Hy is the group of automorphisms whose linear
part is scalar, and ¢(z;) = Az; mod IV () is independent of 7). We often say an arbitrary element of
the group Hy is an automorphism that is homothety modulo (the Nth power of) the augmentation
ideal.
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3.3. JACOBIAN CONJECTURE IN ANY CHARACTERISTIC,
KANEL-BELOV-KONTSEVICH CONJECTURE, AND APPROXIMATION

3.3.1. Approximation problems and Kanel-Belov—Kontsevich conjecture. Let us give for-
mulation of the Kanel-Belov—Kontsevich conjecture:

BKKC,, : Aut(W,,) ~ Sympl(C*").
A similar conjecture can be stated for endomorphisms:
BKKC,, : End(W,,) ~ Sympl End(C*").

If the Jacobian conjecture JCo), is true, then the respective conjunctions over all n of the two conjec-
tures are equivalent.

It is natural to approximate automorphisms by tame ones. There exists such an approximation
up to terms of any order for polynomial automorphisms as well as Weyl algebra automorphisms,
symplectomorphisms etc. However, the naive approach fails.

It is known that Aut(W7) = Auty(K[z,y]) where Aut; stands for the subgroup of automorphisms
of Jacobian determinant one. However, considerations from [177] show that Lie algebra of the first
group is the algebra of derivations of W7 and thus possesses no identities apart from the ones of the
free Lie algebra, another coincidence of the vector fields which diverge to zero, and has polynomial
identities. These cannot be isomorphic (see [41,42]). In other words, this group has two coordinate
systems, which are relatively nonsmooth but relatively integral. One system is constructed from the
coefficients of differential operators in a fixed basis of generators, while its counterpart is provided by
the coefficients of polynomials, which are the images of the basis Z;, ¥;.

In [177], functionals on m/m? were considered in order to define the Lie-algebra structure. In the
spirit of this paper, we state the following conjecture.

Conjecture 3.3.1. The natural limit of m/m? is zero.

This means that the definition of the Lie algebra admits some sort of functoriality problem and it
depends on the presentation of (reducible) Ind-scheme.

In his remarkable paper, Yu. Bodnarchuk established Theorem 3.1.6 by using Shafarevich’s results
for the tame automorphism subgroup and for the case where the Ind-scheme automorphism is regular
in the sense that it sends coordinate functions to coordinate functions (see [55]). In this case, the tame
approximation works (as well as for the symplectic case), and the corresponding method is similar to
ours. We present it here in order to make the text more self-contained, as well as for the purpose
of tackling the noncommutative (that is, the free associative algebra) case. Note that in general, for
regular functions, if the Shafarevich-style approximation were valid, then the Kanel-Belov—Kontsevich
conjecture would follow directly, which is impossible.

In the sequel, we do not assume regularity in the sense of [55] but only assume that the restriction of
a morphism on any subvariety is a morphism again. Note that morphisms of Ind-schemes Aut(W,,) —
Sympl(C?") have this property, but are not regular in the sense of Bodnarchuk (see [55]).

We use the idea of singularity which allows us to prove the augmentation subgroup structure
preservation, so that the approximation works in this case.

Consider the isomorphism Aut(W7) = Auty(K[z,y]). It has a strange property. Let us add a small
parameter t. Then an element arbitrary close to zero with respect to t* does not go to zero arbitrarily,
so it is impossible to make tame limit! There is a sequence of convergent product of elementary
automorphisms, which is not convergent under this isomorphism. Exactly the same situation happens
for W,,. These effects cause problems in perturbative quantum field theory.

3.3.2. Jacobian conjecture in an arbitrary characteristic. Recall that the Jacobian conjecture
in zero characteristic states that any polynomial endomorphism ¢ : K™ — K™ with constant Jacobian
is globally invertible.

A naive attempt to directly transfer this formulation to positive characteristic fails because of the
counterexample z — = — P (p = char K), whose Jacobian is everywhere 1 but which is evidently
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not invertible. Approximation provides a way to formulate a suitable generalization of the Jacobian
conjecture to any characteristic and put it in a framework of other questions.

Definition 3.3.2. An endomorphism ¢ € End(K|[zq,...,x,]) is good if for any m, there exist
Ym € End(K|z1,...,2,]) and ¢y, € Aut(K|[z1,...,2y,]) such that

(i) © = Vm®m;

(i) Y (z;) = x; mod (x1,...,zy)
An automorphism ¢ € Aut(K|[z1,...,x,]) is nice if for any m there exist ¥, € Aut(K[x1,...,z,])
and ¢, € TAut(K|[zy,...,xz,]) such that

(i) © = PmPm;

(il) Ym(zi) =x; mod (x1,...,2,)™, 1.e. Uy € Hyp,.

Anick proved (see [8]) that if char(K) = 0, any automorphism is nice. However, this is unclear in
positive characteristic.

m

Question 3.3.3. Is any automorphism over arbitrary field nice?

Ever good automorphism has Jacobian 1, and all such automorphisms are good—and even nice—if
char(K) = 0. This observation allows for the following question to be considered a generalization of
the Jacobian conjecture to positive characteristic.

Jacobian conjecture in any characteristic: Is any good endomorphism over arbitrary field an
automorphism?

Similar notions can be formulated for the free associative algebra. That justifies the following
question.

Question 3.3.4. Is any automorphism of free associative algebra over arbitrary field nice?

Question 3.3.5 (version of free associative positive characteristic case of JC). Is any good endo-
morphism of the free associative algebra over arbitrary field an automorphism?

3.3.3. Approximation for the automorphism group of affine spaces. Approximation is the
most important tool utilized in this paper. In order to perform it, we have to prove that ¢ €
Autpyq(Aute(K[z1,. .., xy,]) preserves the structure of the augmentation subgroup.

The proof method utilized in theorems below works for commutative associative and free associative
case. It is a problem of considerable interest to develop similar statements for automorphisms of other
associative algebras, such as the commutative Poisson algebra (for which the Aut functor returns the
group of polynomial symplectomorphisms); however, the situation there is somewhat more difficult.

Assume that ¢ is an Ind-automorphism (in either commutative of free associative case) such that
it stabilizes point-wise the set T of automorphisms corresponding to the standard diagonal action of
the maximal torus (in the next section we will see that this implies that ¢ also stabilizes every tame
automorphism). The following two continuity theorems, for the commutative and the free associative
cases, respectively, constitute the foundation of the approximation technique.

Theorem 3.3.6. Let ¢ € Autpqg(Auto(K[z1,...,2,])) and let Hy C Auto(K[xy,...,z,]) be
the subgroup of automorphisms which are identity modulo the ideal (x1,...,2,), N > 1. Then
w(Hy) C Hy.

Theorem 3.3.7. Let ¢ € Autpyq(Auto(K(z1,...,2,))) and let Hy be again the subgroup of auto-
morphisms which are identity modulo the ideal (x1,...,7,)~N. Then o(Hy) C Hy.

Corollary 3.3.8. In both commutative and free associative cases under the assumptions above one
has ¢ = 1Id.

Proof. Every automorphism can be approximated via the tame ones, i.e., for any ¥ and any N there
exists a tame automorphism 1y such that ¢! € Hy. O
Therefore, the main point is why ¢(Hy) € Hx whenever ¢ is and Ind-automorphism.

Proof of Theorem 3.3.6. The method of proof is based upon the following useful fact from algebraic
geometry.
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Lemma 3.3.9. Let ¢ : X — Y be a morphism of affine varieties and A(t) C X be a curve (or
rather, a one-parameter family of points) in X. Assume that A(t) does not tend to infinity as t — 0.
Then the image pA(t) under ¢ also does not tend to infinity as t — 0.

The proof is straightforward and is left to the reader.
We now put the above fact to use. For ¢ > 0 let

At) : A — A%

be a one-parameter family of invertible linear transformations of the affine space preserving the origin.
A curve A(t) C Auto(K[z1,...,x,)) of polynomial automorphisms whose points are linear substitu-
tions corresponds to A(t). Assume that the ith eigenvalue of A(t) also tends to zero as t — 0 for 5,
k; € N. Such a family will always exist.

Now we assume that the degrees {k;, i = 1,...n} of singularity of eigenvalues at zero are such that
for every pair (7,7), if k; # k;, then there exists a positive integer m such that

either k;m < kj or kym < k;.

The largest number m possessing this property is called the order of A(t) at t = 0. Since all k; are
positive integers, the order equals the integer part of kmax/kmin-
Let M € Auty(K|z1,...,zy,]) be a polynomial automorphism.

Lemma 3.3.10. The curve A(t)MA(t)~! has no singularity at zero for any diagonalizable A(t) of
order < N if and only if M € Hy, where Hy is the subgroup of automorphisms which are homothety
modulo the augmentation ideal.

Proof. The “if” part is elementary, for if M € Hy, the action of A(t)MA(t)~! upon any generator
z; (with i fixed)! is given by

AGMAR) (@) = Az + 75 Y g TRl L St a2,
i+ +lp=N

where \ is the homothety ratio of (the linear part of) M and S; is polynomial in x1,...,z, of total
degree greater than N. Now, for any choice of lq,...,l, in the sum, the expression

Faly+ -+ Enln = Ki 2> o Y 1 — ki = Fin N — ki > 0

for every i, so whenever ¢ tends to zero, the coefficient will not tend to infinity. Obviously the same
argument applies to higher-degree monomials within S;.

The other direction is slightly less elementary; assuming that M ¢ Hy, we need to show that there
is a curve A(t) such that conjugation of M by it produces a singularity at zero. We distinguish between
two cases.

Case 1. The linear part M of M is not a scalar matrix. Then after a suitable change of basis (see
the footnote), it is not a diagonal matrix and has a nonzero entry in the position (i, 7). Consider the
diagonal matrix A(t) = D(t) such that on all positions on the main diagonal except jth it has t* and
on jth position it has t*i. Then D(t)M D~1(t) has (i, j) entry with the coefficient t*i~% and if k; > k;
it has a singularity at t = 0.

Let also k; < 2kj. Then the nonlinear part of M does not produce singularities and cannot
compensate the singularity of the linear part.

1Without loss of generality, we may assume that the coordinate functions ; correspond to the principal axes of A(t)
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Case 2. The linear part M of M is a scalar matrix. Then conjugation cannot produce singularities
in the linear part and we as before are interested in the smallest nonlinear term. Let M € Hy\Hn+1.
Performing a basis change if necessary, we may assume that

o(x1) = \zy + 625 + S,

where S is a sum of monomials of degree > N with coefficients in K.

Let A(t) = D(t) be a diagonal matrix of the form (t*1, %2 tk1 . %) and let (N + 1) - kg > k; >
N - ky. Then in A~'M A the term (53751 will be transformed into (53751 tVE2=k1 " and all other terms are
multiplied by t*2sk1=F1 with (1,s) # (1,0) and I,s > 0. In this case, lky + sk; — k1 > 0 and we are
done with the proof of Lemma 3.3.10. ([l

The next lemma is proved by direct computation. Recall that for m > 1, the group G,, is defined
as the group of all tame automorphisms preserving the mth power of the augmentation ideal.

Lemma 3.3.11.

(a) [Gm,Gm]| C Hp,, m > 2. There exist elements ¢ € Hpyip1\Hm+k, V1 € G, and 2 € Gy,
such that ¢ = [, 12].
(b) [Hm, Hy) C Hypyp—1-
(¢) Let p € Gy\Hy and b € H\Hy11, k > m. Then [p,¥] € H\Hjy1.
Proof. (a) Consider elementary automorphisms
¢1:JZ1'—>.’L‘1+.’L‘§, To > To, T; X, 1> 2;
P9 1 ;1 > X1, 332'—>{L'2+.’L'71n, T x> 2.
We set ¢ = [1)1, 9] = ¢f1¢51¢1¢2- Then
QXX — wg + (29 — (1 — xlg)m)k,
To > Lo — (.’L‘l — Jfg)m + (331 — .’L‘g + (332 — (331 — xé)m)k)m, XT; — Iy, 1> 2.

It is easy to see that if either k or m is relatively prime with char(K), then not all terms of degree
k +m — 1 vanish. Thus ¢ € Hypi k-1 \Hmak-

Now assume that char(K) f m; then, obviously, m — 1 is relatively prime with char(K). Consider
the mappings

1/11:x1'—>x1+x]§, To — T2, T =T, 1> 2
P9 1 T > T, To — To + $gn_1$3, T T, 1> 2.
Set again ¢ = [1h1,12] = ¢y 5 "h11he. Then ¢ acts as

k
- —1,_ k-1
Ty =z —ah + <.’L‘2 — (21 — 2b)™ 1333) =21 — k(zy —ab)™ tab ey + S,

m—1
xo > o — (1 — xlg)m_lxg + (a;l — xlg + (g — (1 — xé)m_lxg)k> 3,
T X, 1> 2

here S stands for a sum of terms of degree > m + k. Again we see that ¢ € Hp k-1 \Hpmik-
(b) Let
Yriaz; = xi+ fi; Y2imie i+ g

for ¢ = 1,...,n; here f; and ¢g; do not have monomials of degrees less than or equal to m and k,
respectively. Then, modulo terms of degree >m + k, we have
af;
V1ot = xi + fi+ g0+ a—zgga
Ly

so that modulo terms of degree >m + k — 1 we get

Yoty = xp+ fi + gi, Yot i = xp+ fi + g
Therefore, [11,12] € Hypqp—1-
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(c) If o(I™) C I"™ and ¥ : (x1,...,24) — (X1 + g1,...,%n + gn) is such that for some iy the
polynomial g;, contains a monomial of total degree k (and all g; do not contain monomials of total
degree less than k), then, by evaluating the composition of automorphisms directly, one sees that the
commutator is given by

[@7w] : (xla"'7xn)'_> (3’:1 +gl+Sl7axn+gn+Sn)

with S; containing no monomials of total degree <k+1. Then the image of z;, is z;, modulo polynomial

of height k. O

Corollary 3.3.12. Let ¥ € Autpyq(NAut(K|[z1,...,24])). Then ¥(Gy) = G, and V(H,) = H,.

Corollary 3.3.12 together with Proposition 3.4.5 of the next section imply Theorem 3.3.6, for every
nice automorphism, by definition, can be approximated by tame ones. Note that in characteristic zero
every automorphism is nice (Anick’s theorem). 0

Proof of Corollary 3.3.12. For simplicity, we set char K = 0, so that NAut coincides with Aut owing
to Anick’s theorem.

Let ¢ be an Ind-automorphism which stabilizes point-wise the standard action of the maximal torus.

1. We first note (and give a proof further along the text) that in this case ¢ also stabilizes point-wise
the set of all tame automorphisms.

2. It follows from the singularity trick that cp(ﬁ N) C Hy (the inverse inclusion is also true due to
the invertibility of ¢). Namely, if f = ¢(g) is an automorphism in p(Hy) but not in Hy then there
is a curve A(t) of order < N such that A(t) o f o A(t)~! admits a singularity at ¢ = 0. But then

e AW o fo AT = At) o™ (f) 0 A
(this equality holds due to the preservation of tame automorphisms) also admits a singularity at zero,

which is a contradiction.
It is a fairly easy exercise to show that for all N we have

@(Hni1\Hy) = Hy i1 \Hy.

3. Now we demonstrate that o(Hx\Hy) = Hy\Hy which together with the preceding results will
allow us to descend from homothety to identity modulo V.

A. First, let N > 2. Assume thatr g € H ~N\Hy. We take a tame automorphism f which is given
by the sum of the identity map and a nonzero term of height two. Consider the automorphism

gr=rfogo [
It is easy to see that g; € Hy: as the linear part of g is given by a scalar matrix not equal to the
identity matrix, the degree two component of g o f~! is proportional to the homothety ratio A # 1,
therefore the composition with f cannot compensate it.

On the other hand, if ¢(g) € Hy, i.e., the linear part of ©(g) is the identity map, then the degree-
two component of p(gr) = fop(g)o f ~1 (this expression is again due to point-wise preservation of
tame automorphisms) is equal to zero, which contradicts the relation gp(ﬁ N+1\ﬁ N) = H N+1\ﬁ N-

B. Now let N = 2. Assume that g € ﬁg\Hg is a nontrivial homothety plus a term of height two.
The automorphism g can be approximated by tame automorphisms, in particular there exists a tame
automorphism £ such that £ o g € Hs. The Case A implies that (€ o g) = £ o p(g) is also in Hj.
Since the linear part of g is given by a nontrivial homothety, which means that & scales it back to
the identity matrix in order to approximate g up to terms of height three, then the left action by £~!
reverses the scaling, so that the linear part of ¢! o€ o¢(g) = ¢(g) is given by a nontrivial homothety,
which implies ¢(g) € Hy\Ho.

4. Finally, combining all of the results, we get o(Hy) = Hy, N > 1 as desired. ([l
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3.3.4. Lifting of automorphism groups.
3.8.4.1.  Lifting of automorphisms from Aut(K[x1,...,x,]) to Aut(K{(x1,...,2,)).

Definition 3.3.13. In the sequel, an action of the n-dimensional torus T" on K(z1,...,z,) (the
number of generators coincides with the dimension of the torus) is said to be linearizable if it is
conjugate to the standard diagonal action given by

Aty An) £ (210 20) = (a1, -, An).

The following result is a direct free associative analog of a well-known theorem of Biatynicki-Birula
(see [51,52]). We will make frequent reference of the classical (commutative) case as well, which
appears as Theorem 3.4.1 in the text.

Theorem 3.3.14. Any effective action of the n-torus on K{xy,...,x,) is linearizable.

The proof is somewhat similar to that of Theorem 3.4.1, with a few modifications. We present it
in Chapter ?7.
The following proposition is a consequence of Theorem 3.3.14.

Proposition 3.3.15. Let T"™ be the standard torus action on Klx1,...,z,] and " be its lifting to
an action on the free associative algebra K(xy,...,x,). Then T™ is also given by the standard torus
action.

Consider the roots Z; of this action. They are liftings of the coordinates z;. We must prove that
they generate the whole associative algebra.

Due to the reducibility of this action, all elements are products of eigenvalues of this action. Hence
it suffices to prove that eigenvalues of this action can be presented as a linear combination of this
action. This can be done similarly to [51]. Note that all propositions of the previous section hold for
the free associative algebra. Proof of Theorem 3.3.7 is similar. Hence we have the following theorem.

Theorem 3.3.16. Any Ind-scheme automorphism ¢ of Aut(K({(x1,...,xy,)) for n = 3 is inner,
i.€., 1S a conjugation by some automorphism.

Therefore, we see that the group lifting (in the sense of isomorphism induced by the natural abelian-
ization) implies an analog of Theorem 3.3.6.

This also implies that any automorphism group lifting, if exists, satisfies the approximation prop-
erties.

Proposition 3.3.17. Assume that
U Aut(K(xy, ..., 2n]) = Aut(K (21, ..., 2n))
18 a group homomorphism such that its composition with the natural map
Aut(K (z1,...,2n)) = Aut(K[z1,...,24))
(induced by the projection K(z1,...,zn) — K[z1,...,2,]) is the identity map.
1. The coordinate change ¥ provides a correspondence between the standard torus actions x; — \;x;

and z; — N z;.
2. The images of elementary automorphisms

$]’_>$]a ]7&% $Z’_>$Z+f(x1aafzaa$n)
are elementary automorphisms of the form
Zivzi, JFG =zt (2, 5 ).

Hence the image of a tame automorphism is a tame automorphism.
3. Y(H,) = G,. Hence ¢ induces a map between the completion of the groups of Aut(K|[x1, ..., x,])
and Aut(K (z1,...,2z,)) with respect to the augmentation subgroup structure.
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Proof of Theorem 3.1.14. Any automorphism (including wild automorphisms such as the Nagata ex-
ample) can be approximated by a product of elementary automorphisms with respect to augmentation
topology. In the case of the Nagata automorphism corresponding to

Aut(K(z1,...,2n)),

all such elementary automorphisms fix all coordinates except x; and x2. Because of items 2 and 3 of
Proposition 3.3.17, the lifted automorphism would be an automorphism induced by an automorphism
of K(x1,x9,23) fixing x3. However, it is impossible to lift the Nagata automorphism to such an
automorphism due to the main result of [38]. Theorem 3.1.14 is proved. O

3.4. AUTOMORPHISMS OF THE POLYNOMIAL ALGEBRA
AND THE BODNARCHUK—-RIPS APPROACH

Assume that

U e Aut(Aut(K(z1,...,2y,])) or U e Aut(TAut(K[z1,...,z,)))
U € Aut(TAuto(K[z1,...,2,])) or e Aut(Auto(K[x1,...,zn])).

3.4.1. Reduction to the case where U is identical on SL,. We follow [133] and [55] using the
classical Biatynicki-Birula theorem (see [51,52]).

Theorem 3.4.1 (Bialynicki-Birula). Any effective action of torus T™ on C" is linearizable (cf.
Definition 3.3.13).

Remark 3.4.2. An effective action of T"~! on C" is linearizable (see [51,52]). There is a conjecture
whether any action of T"~2 on C" is linearizable, established for n = 3. For codimension >2, there
are positive-characteristic counterexamples (see [18]).

Remark 3.4.3. By considering periodic elements in T, Kraft and Stampfli proved (see [133]) that
an effective action T' possesses the following property: if ¥ € Aut(Aut) is a group automorphism,
then the image of T' (as a subgroup of Aut) under V¥ is an algebraic group. In fact, their proof is also
applicable for the free associative algebra case. We use this result.

Returning to the case of automorphisms ¢ € Auty,q Aut preserving the Ind-group structure, we
now consider the standard action z; — A;x; of the n-dimensional torus T «» T™ C Aut(Clxy, ..., z,])
on the affine space C". Let H be the image of 7™ under ¢. Then by Theorem 3.4.1, H is conjugate
to the standard torus 7" via some automorphism . Composing ¢ with this conjugation, we come to
the case where ¢ is the identity on the maximal torus. Then we have the following assertion.

Corollary 3.4.4. Without loss of generality, it suffices to prove Theorem 8.1.6 for the case where
(,0|']1' =1d.

Now we are in the situation when ¢ preserves all linear mappings x; — A\;x;. We must prove that
it is the identity.

Proposition 3.4.5 (E. Rips, private communication). Let n > 2. Assume that ¢ preserves the
standard torus action on the commutative polynomial algebra. Then  preserves all elementary trans-
formations.

Corollary 3.4.6. Let ¢ satisfy the conditions of Proposition 3.4.5. Then ¢ preserves all tame
automorphisms.

Proof of Proposition 3.4.5. We state a few elementary lemmas.
Lemma 3.4.7. Consider the diagonal action T* C T™ given by automorphisms

a:x; o, Boxg = B,
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Let o : x; — Zaux‘], i=1,...,n, where J = (ji,...,Jn) is the multi-index, ) =i ... gin. Then
i,J

aotpofSix;— E a;aigz? B7,
iJ
In particular,

aoo a l: T;— Z oziawx‘]of‘].
i,J

Applying Lemma 3.4.7 and comparing the coefficients, we obtain the following assertion.

Lemma 3.4.8. Consider the diagonal T action x; — Az;. Then the set of automorphisms com-
muting with this action is exactly the set of linear automorphisms.

Similarly (using Lemma 3.4.7), we obtain Lemmas 3.4.9, 3.4.12, and 3.4.13.
Lemma 3.4.9.
(a) Consider the following T? action:

xr1 )\5$1, XTo > )\$2, xr3 5$3, XT; — )\$Z’, 1 > 3.

Then the set S of automorphisms commuting with this action is generated by the following
automorphisms:

xr1+— T+ ﬁ$2$3, T —r €;%4, 7> 1, (6,82‘ S K)
(b) Consider the following T"! action:
wy e May,  aye Ny, G>1, M =22\

Then the set S of automorphisms commuting with this action is generated by the following
automorphisms:

n
xp—)wl—{—BHw;-j, g e K.
=2
Remark 3.4.10. A similar statement for the free associative case is true, but one has to consider

the set S of automorphisms x; — 1 + h, x; — gz, @ > 1 (¢ € K, and the polynomial h €
K{x,...,zy,) has total degree J; in the free associative case it is not just monomial anymore).

Corollary 3.4.11. Assume that ¢ € Aut(TAut(K|[z1,...,x,])) stabilizes all elements from T.
Then ¢(S) = S.
Lemma 3.4.12. Consider the following T action:
xr1 — )\21'1, T — Az, 1> 1.

Then the set S of automorphisms commuting with this action is generated by the following automor-
phisms:
€1 l—>l’1+ﬂl’%, T = Nz, 1>2, B\ €K

Lemma 3.4.13. Consider the set S defined in the previous lemma. Then [S,S] = {uvu=tv=1}
consists of the following automorphisms:
1 o1 + Broxs, xor>xe, ax3+>x3, LK.
Lemma 3.4.14. Let n > 3. Consider the following set of automorphisms:
Yit =z + BitipTive,  Bi 0, e xR, kFd

fori=1,...,n—1. (Numeration is cyclic, so, for ezample, Tn,+1 = x1.) Let B; # 0 for all i. Then
each of ¥; can be uniquely simultaneously conjugated by a torus action to

/ .
Yt T T+ Tip1Tige, T > TE, K F

fori=1,...,n.
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Proof. Let «: x; — ajx;. Then by Lemma 3.4.7 we obtain

1. 11 1.
P X+ BiTip 1T 20G 1 O o, QO 00 LTy > T,

aopioa
for k = ¢. Comparing the coefficients of the quadratic terms, we see that it suffices to solve the system
ﬂiaijrlla;bai =1,i=1,...,n— 1.

Since §; # 0 for all 4, this system has a unique solution. O

Remark 3.4.15. In the case of a free associative algebra, one must consider Sxox3+ yx3x2 instead
of Bxoxs.

Proposition 3.4.5 follows from Lemmas 3.4.8, 3.4.9, 3.4.12, 3.4.13, 3.4.14, and 3.4.16 (see below).
Note that we have proved an analog of Theorem 3.1.6 for tame automorphisms. O

3.4.2. The Rips lemma.

Lemma 3.4.16 (E. Rips). Let char(K) # 2, |K| = co. Linear transformations and 1) defined in
Lemma 3.4.14 generate the whole tame automorphism group of K[x1,...,xy].

Proof of Lemma 3.4.16. Let G be the group generated by elementary transformations as in
Lemma 3.4.14. We must prove that is isomorphic to the tame automorphism subgroup fixing the
augmentation ideal. We need some preliminaries. O

Lemma 3.4.17. Linear transformations of K> and
vixex, y—y, 22+ Ty
generate all mappings of the form

Rz, y,2) iz x, yy, 2 z+b™, be K.

Proof of Lemma 3.4.17. We proceed by induction. Assume that Suppose we have an automorphism
Gr1(,,2) i x> T, Yoy, 2 2 b

Conjugating by the linear transformation (z — y, y — z,  — ), we obtain the automorphism

gb?nfl(x,z,y) XX, Y y—i—bxm*l, Z =z

Composing this on the right by 1, we get the automorphism

m—1

oz, y,z)tx—x, y—>y+bz™ ", z— z+yr+a™.

Note that
Sm1(z,y,2) Loz, y,2) iz x, Yy y, 20— 2+ zy + ba™.
Now we see that
VT P (2,9, 2) 7 0 p(2,y,2) = ¢, O

Corollary 3.4.18. Let char(K) 1 n (in particular, char(K) # 0) and |K| = co. Then G contains
all the transformations
2 2+ bfyl yoy, z

such that k+1=n.

Proof. For any invertible linear transformation
Q1T an® + a2y, Y a1 +axny, z— 2 aj € K,

we have
-1 b . m
@ ¢m(p'$'_>x>y'_>y>Z'_)Z+b(all$+a12y) .
Note that sums of such expressions contain all the terms of the form ba*y'. g
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3.4.3. Generators of the tame automorphism group.
Theorem 3.4.19. If char(K) # 2 and |K| = oo, then linear transformations and
vixex, y—y, 22+ Ty
generate all mappings of the form

ozl;n(w,y,z) =z, y—y, 2= 2+ byx™, be K.

Proof of Theorem 3.4.19. Observe that
azﬁoéfn(a;,z,y) cr—= oty y—y+r+by™, 2z,
where :x— x, y—x+y, z— z. Then
y=a YWa iz z, yey, 2o 24 zy + 2bzy™ + by
Composing with 11 and ¢2°, we obtain the required fact:
a%f(w,y,z):xHx,yn—>y,zn—>z+2byxm, be K. O

Corollary 3.4.20. Let char(K) t n and |K| = oco. Then G contains all transformations of the
form

2 2+ bfyl yy, z
such that k =n + 1.

The proof is similar to the proof of Corollary 3.4.18. Note that either n or n 4+ 1 is not a multiple
of char(K') so we have the following assertion.

Lemma 3.4.21. If char(K) # 2, then linear transformations and
Yvixx, y—y, 224y
generate all mappings of the form
ap:x—x, y—y, z—z+ Px,y), P(x,y) € K[z,y].
We have proved Lemma 3.4.16 for the three variable case.
In order to treat the case n > 4, we need the following lemma.

Lemma 3.4.22. Let M (%) = a[2¥, a € K, |K| = oo, char(K) t k; for at least one of k;’s.
Consider the linear transformations

f L= Y = Zai]‘x]’, det(aij) 7é 0,

and monomials My = M(y). Then the linear span of My for various f contains all homogenous
polynomials of degree k = > k; in K[xy,..., ]

Proof. Lemma 3.4.22 is a direct consequence of the following fact. Let S be a homogenous subspace
k
of K[x1,...,x,] invariant with respect to GL,, of degree m. Then S = fn/pk’ p = char(K), S; is the

space of all polynomials of degree . O

Lemma 3.4.16 follows from Lemma 3.4.22 in a similar way as in the proofs of Corollaries 3.4.18
and 3.4.20.
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3.4.4. Aut(TAut) in the general case. Now we consider the case where char(K) is arbitrary, i.e.,
the remaining case char(K) = 2. Still |[K| = oo. Although we are unable to prove an analog of
Proposition 3.4.5, we can still play on the relations.

Let
n—1
M=aqa H a:fl
i=1

be a monomial, @ € K. For polynomial P(z,y) € K[z,y| we define the elementary automorphism
Ypraxi—a;, i=1,....n—1, xp—x,+ Plx1,...,20-1).

We have P = ) M; and ¢p can be naturally decomposed as the product of commuting 15, Let
U € Aut(TAut(K|[z,y,z])) stabilize linear mappings and ¢ (the automorphism ¢ was defined in
Lemma 3.4.17). Then, according to Corollary 3.4.11, ¥(¢p) = [[ ¥ (¢ns;). If M = az", then due to
Lemma 3.4.17, we have ¥(¢ps) = ¥ps. We must prove the same for other type of monomials.

Lemma 3.4.23. Let M be a monomial. Then V() = ¥ar.

Proof. Let M =a H?;ll wfl Consider the automorphism

a:ri—x+x, 1=2,....n—1;, =T, TH+> Tp.
Then
-1
a Ypra=1v . = Yo¥ .
2yt T (witar)ke ,22 k;
i=2 az|”

Here the polynomial

n—1
It has the form @ = > N;, where N; are monomials such that none of them is proportional to a power
of zj. =2
According to Corollary 3.4.11, ¥(¢ps) = tpps for some b € K. We need only to prove that b = 1.
Assume the contrary, i.e., b # 1. Then

Ve tvma) = | ] v@w) ) ov@ nat, )= II v |ow et
[N;,21]#0 azi=? ! [N;,z1]#£0 azi=? ¢

for some b; € K. On the other hand,

W(a’lea) = a*1QI(1/}M)a = aflwaod = H 1/}(,]\]1. o nilk‘.
[Ni,:pl};é(] al,li:2 ‘

Comparing the factors ¢ ,_1 and ¥ ,_: in the last two products we get b = 1. Lemma 3.4.23

i k; X kg
az =2 az =2
and hence Proposition 3.4.5 are proved. U

3.5. THE BODNARCHUK-RIPS APPROACH
TO AUTOMORPHISMS OF TAut(K (z1,...,2,)) (n > 2)

Now we consider the free associative case. We treat the case n > 3 on the group-theoretic level and
the case n = 3 on the Ind-scheme level. Note that if n = 2, then

Auto(K|[z,y]) = TAutg(K|z,y]) ~ TAuto(K (x,y)) = Aute(K(z,y))

and description of automorphism group of such objects is known due to J. Déserti.
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3.5.1. The automorphisms of the tame automorphism group of K(x1,...,xz,), n > 4.

Proposition 3.5.1 (E. Rips, private communication). Let n > 3 and let ¢ preserve the standard
torus action on the free associative algebra K(x1,...,x,). Then ¢ preserves all elementary transfor-
mations.

Corollary 3.5.2. Let ¢ satisfy the conditions of Proposition 3.5.1. Then ¢ preserves all tame
automorphisms.

For free associative algebras, we note that any automorphism preserving the torus action preserves
also the symmetric
xr1+— x1+ ﬁ(l’gl’:; + $3l’2), T x> 1,
and the skew symmetric
xr1— T+ ﬁ(l’gl’:; — $3l’2), T x> 1,

elementary automorphisms. The first property follows from Lemma 3.4.12. The second one follows
from the fact that skew symmetric automorphisms commute with automorphisms of the following type

T9 »—>a:2+x§, Ti> X, 1F 2,
and this property distinguishes them from elementary automorphisms of the form
x1 — 1 + Broxs + yx3xa, T — x4, > L

Theorem 3.1.7 follows from the fact that the forms Sxoxzs 4+ yrsxse corresponding to general bilinear
multiplication
¥5 1 (T2, T3) — Braxs + YT3T2
lead to associative multiplication if and only if § = 0 or v = 0; the approximation also applies (see
Sec. 3.3.3).
First, assume that n = 4 and consider K (z,y, z,1).

Proposition 3.5.3. The group G containing all linear transformations and mappings
T=T, Y=y, 2—=2+zy, t—=1
contains also all transformations of the form

x—x, y—y, 20 2+ Pla,y), t—t.

Proof. 1Tt suffices to prove that G contains all transformations of the form
r—=z,y—y, z—=z+aM, t—t, a€kK,
where M is a monomial.

Step 1. Let
m m m m
M=a H xkiyli or M=a H yloxkiyli or M=a H xkiyli or M=a H $k¢ylika+1‘
=1 i=1 i—1 Py

Define the height H(M) of M as the number of segments involved of a specific generator—such as

xF—in the word M. For example,

m
H (anxkiylixk’"*l) =2m+ 1.

i=1
Using induction on H (M), one can reduce to the case where M = ya*. Let M = M’z* such that
H(M') < H(M). (The case where M = M'y' is similar.) Let
pix—x,y—y z2—=2z+M,t—t a:x—z, Y=Y 22, t—t+ za”.

Then
ploaogpiz oz y—oy, z— 2, t—t— M+ zzF.
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The automorphism ¢! o o 0 ¢ is the composition of automorphisms
b:x—x,y—=y, z2—2, t—=t—M and vy:x—zx, y—>y, 2 — 2, t —t+ zat.
Observe that 3 is conjugate to the automorphism
Blizx—x, y—sy z2—2—M, t—=t

by a linear automorphism
rT—=x,yYy—>yY, z—t t—= 2.

Similarly, v is conjugate to the automorphism

7’:x—>$, Yy —y, z—)z—i—ywk, t—t.
We have thus reduced to the case where M = zF or M = yz.
Step 2. Consider the automorphisms

a:r—T, y—>y+a:k, z—=z, t—t and Birx—x, y—y, z—2z t—=>1t+azy.
Then
ofloﬁooz:x—>$, y—y, 2— 2, t—>t—|—azxk—|—a2y.

It is a composition of the automorphism

Yix =T, Y=Y, 2— 2, t—>t+azaﬁk,
which is conjugate to the needed automorphism

7’:x—>x, Y=, z—>z—|—y$k, t—t

and an automorphism
d:x—x, y—y 22—z t—1t+azy,

which is conjugate to the automorphism

iz —x y—y z—2+axy, t—t
and then to the automorphism

' ix =z, y—y 2= z+ay, t—t
(using similarities). We have reduced the problem to proving the statement

G>3¢Yy, M=2zF forallk.

Step 3. Obtain the automorphism
r—x, y—>ytat, z—z, t—t.

This problem is similar to the commutative case of K[z1,...,x,] (cf. Sec. 3.4).
Proposition 3.5.3 is proved. U

Returning to the general case n > 4, let us formulate Remark 3.4.10 as follows.
Lemma 3.5.4. Consider the following T"1 action:
T —>>\II'1, $j—>>\jl'j, i>1 )\I:A?}\:@"

Then the set S of automorphisms commuting with this action is generated by the following automor-
phisms:
1 —>x1+H, xz—x; 1>,

where H is any homogenous polynomial of total degree io + - -+ + iy,.

Proposition 3.5.3 and Lemma 3.5.4 imply the following assertion.
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Corollary 3.5.5. Let ¥ € Aut(TAuto(K(x1,...,2zy))) stabilize all elements of torus and linear
automorphisms

¢p:xy — xp+ Pxy,...,20-1), x;—w, i=1,...,n—1
Let P = Y Pr, where Py is the homogenous component of P of multi-degree 1. Then the following
T

assertions hold:

9(a) ¥(op):xn = xn+ P¥(21,..., 20 1), 7 > x4, i=1,...,n— 1.
9(b) PY =" PJ¥; here P} is homogenous of multi-degree I.
1

9(c) If I has positive degree with respect to one or two variables, then PI‘I’ = Pr.

Let ¥ € Aut(TAuto(K(z1,...,x,))) stabilize all elements of torus and linear automorphisms,

¢y — xy+ Pr1,...,2p-1), x; > x5 t=1,...,n—1
Let
0Q X1 — Ty, Tg = T, T — T+ Qi(x1,x2), i=3,...,n—1, xzp = zp;
Q= (Q3,...,Qn—1). Then ¥(pq) = ¢g by Proposition 3.5.3.
Lemma 3.5.6.

(a) ‘70651 o ¢p o g = Pp,, where
Po(xy,...,xp 1) = P<$1,$2,$3 + Q3(21,72), ..., Tpo1 + Qn71(9€1,$2))-

(b) Let Py = Pg) + Pg) and Pg) consist of all terms containing one of the variables x3, ..., Tn_1,

and let Pé;) consist of all terms containing just x1 and xrs. Then

v_ py _ p¥ | p@¥ _ p)¥ | p2)
Py =Py =Py + PPV = PYY + PY.

Lemma 3.5.7. If Pg) = Rg) for all Q, then P = R.

Proof. Tt suffices to prove that if P # 0, then Pg) # 0 for appropriate @ = (Q3,...,Qn-1). Let m =

deg(P), Q; = x%iﬂmwgiﬂm. Let P be the highest-degree component of P, then P(z1, 22, Qs3, ..., Qn_1)

)

is the highest-degree component of Pg . It suffices to prove that

A

P(x1,$2,Q3, . -,anl) 75 O

Let x1 < 9 < 29 < --- < x,_1 be the standard lexicographic order. Consider the lexicographically

minimal term M of P. It is easy to see that the term M‘Q,%m, i = 3,n — 1, cannot cancel with any
other term N Oy i=3,n—1,of P(xl,xz, Q3,...,Qn—1). Therefore, p(l’1,$2, Qs3,...,Qn-1) #0.
O

Lemmas 3.5.6 and 3.5.7 imply the following assertion.

Corollary 3.5.8. Let ¥ € Aut(TAuto(K(x1,...,zn))) stabilize all elements of torus and linear
automorphisms. Then PY = P, and U stabilizes all elementary automorphisms and, therefore, the
entire group TAuto(K (x1,...,zy)).

Proposition 3.5.9. Let n > 4 and let U € Aut(TAuto(K(z1,...,2,))) stabilize all elements of
torus and linear automorphisms. Then either ¥ = 1d or ¥ acts as conjugation by the mirror anti-
automorphism.

Let n > 4. Let ¥ € Aut(TAuto(K(x1,...,zy))) stabilize all elements of torus and linear automor-
phisms. Denote by EL an elementary automorphism

EL:x1 —x, ..., Tp_1 = Tp_1, Tn — Tp + T1T2
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(all other elementary automorphisms of this form, i.e., xy — x + x;x;, ©; — z; for | # k and k # i,
k # j, i # j, are conjugate to one another by permutations of generators).

We must prove that W(EL) = EL or V(EL) : z; — x4, i =1,...,2p-1, Tn — Tp +x221. The latter
corresponds to ¥ being the conjugation with the mirror anti-automorphism of K (x1,...,z,).

For some a,b € K, we define = *, 3 y = axy + byx. Then, in any of the above two cases,

U(EL) :xi = x; i=1,...,Zn-1, Tpn — Ty + T1 %qp T2

for some a and b.
The following lemma is elementary.

Lemma 3.5.10. The operation x = %,y is associative if and only if ab = 0.

The associator of z, y, and z is defined as follows:
{z,y, 2}« = (x*xy)*x 2z —x * (y x 2) = ab(zx — x2)y + aby(xz — zx) = ably, [z, 2]].
Now we are ready to prove Proposition 3.5.9. For simplicity, we treat only the case n = 4, the general
case is considered similarly. Consider the automorphisms
axr—x, yYy—y, z—2+axy, t—1,
Brx—x, y—y, z—z t—ot+z2,
hzx—z, y—vy z2z—z t—=t—az
here h = =1, Then
y=hatBa=[B,0]:x =z y—y 2=z t—t—zy.
Note that « is conjugate to 8 via a generator permutation
K:x—x, y—z 2=t t—y, koaok =8
and
U(y)ix—x, y—y 22, t—=>t—x*x(xxy).

Let
bz —x, Yoy, 2= z+12 t—t,

€E:r—T,Y—Y, z—>2 t—=>10+2y.
Let v = e 16~ 'e6. Then
7/:$—>x, y—y, 2 — 2z, t—>t—x2y.
On the other hand we have
e=U(e 0 ted) iz —a,y—y 2=z t >t —(2?)*y.
We also have v = 7. Equality ¥(y) = ¥(v') is equivalent to the equality = * (z * y) = 2% * y. This
implies = * y = xy and we are done.

3.5.2. The group Auty,q(TAut(K(z,y, z))). This is the most technically loaded part of the present
study. At the moment we are unable to accomplish the objective of describing the whole group
Aut TAut(K(z,y,z)). In this section we will determine only its subgroup Auty,g TAute(K(z,y, 2)),
i.e., the group of Ind-scheme automorphisms, and prove Theorem 3.1.13. We use the approximation
results of Sec. 3.3.3. In what follows, we assume that char(K) # 2. As in the preceding chapter,
{z,y, 2z} denotes the associator of x, y, and z with respect to a fixed binary linear operation , i.e.,

{z,y, 2} = (x*xy)x 2 —x % (y * 2).
Proposition 3.5.11. Let ¥ € Autp,q(TAuto(K(z,y, 2))) stabilize all linear automorphisms. Let
p:x—x, Yy—>yY, 2—2z+1xY.
Then either
U(p):z—z, y—y, z—2z+axy or ¥Y(p):z—x, y—y, z2—2z+byx
for some a,b € K.
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Proof. Consider the automorphism
p:x—x, Yy —yY, 22— 2+ ay.

Then
U(p):x—x, y—y, 2= 2+T*y,

where = x y = azy + byx. Let a # 0. We can make the star product * = x4 into  x y = zy + \yx
by conjugation with the mirror anti-automorphism and appropriate linear substitution. Therefore, we
need to prove that A = 0, which implies ¥(¢) = ¢. O

The following two lemmas are proved by straightforward computation.
Lemma 3.5.12. Let A= K(z,y,2). Let fxg= fg+ Afg. Then
{f,9.h} = Mg, [f, hl].
In particular,
{f,9, /=0, [fx(fxg)=(f*[f)xg=—{ff. 90 =Alf, [}, 9]l
(g f)*f—gx(f+f)=Ag.f. [} = A, 1], 9]
Lemma 3.5.13. Let
CL:X = T+Yz, Y=Y, 22 P2 T, Y=Y, 2— 2+ yr; <,0:<p2_1<,01_1<,02<p1.
Then modulo terms of order >4 we have
o:x—r+yir, y—y z2—=z2—y*z and V(p):x—oxtyx(yxz), y—y, z2—z2—y*(y*2).
Lemma 3.5.14.
(a) Let ¢y:x =z, y =y, 2 — 2z +y?x. Then
U(py):x—x, y—=y, 22— z2+yx*(yx*z).
(b) Let ¢ :x — 2, y—y, 2 — z+xy>. Then
U(pp):x—x, y—y, 2= 2+ (xxy) xy.

Proof. According to the results of the previous section we have
\I/(qbl)ll'—)$, y—y, Z_>Z+P(ya$)>

where P(y,x) is homogenous of degree 2 with respect to y and degree 1 with respect to . We have
to prove that H(y,x) = P(y,z) —yx (yxz) = 0.

Let
Tiroz, Y=y z2—ox T=1" =1t lix—oa+ydz, y—ovy, 2oz
Then
() :x—a+Ply,2), y =y, 2z
Let

O =iy x — x4+ Py, 2), y =y, 22— 2+ Py, )
modulo terms of degree >4.
Let 7: 2 — 2 — 2, y = y,z = z and g9 and ¢ be the automorphisms described in Lemma 3.5.13.
Then
T:T_l¢;17¢2,1x—>$, Y=Y, 22
modulo terms of order >4. On the other hand,
UV(T):x—>x+Hy,z)—H(y,z), y—>y, z—z+P

modulo terms of order >4. Since deg, (H (y,r) = 2, deg,(H(y,x)) = 1, we get H = 0.
The proof of (b) is similar. O



POLYNOMIAL AUTOMORPHISMS. III 117

Lemma 3.5.15.

(a) Let
1/11:3;—>a:+y2, Y=y, 22—z, Wrir—x, Yy —Y, z— 2+ 22
Then
[1, 0] = vy oy Wt s =z, y =y, 2= 2y ey
U([p1,902]) iz = x, y =y, 2— 2+ (y*xy)xx+x*(y*y).
(b) We have

¢f1¢;1[w1,¢2] T T, Y=Y, 22
modulo terms of order >4 but

\P((ﬁfl(ﬁ;l[wlawﬂ) r =X, y_>y7
z=z+yry)rr+a*x(y*xy) —(vxy)xy—yx* (y*r) =2+ 4\[z[z,y]]

modulo terms of order >4.

Proof. The assertion (a) can be obtained by direct computation; the assertion (b) follows from (a)
and Lemma 3.5.12. O

Proposition 3.5.11 follows from Lemma 3.5.15.
We need several auxiliary lemmas. The first lemma is an analog of the hiking procedure from [34,
122].

Lemma 3.5.16. Let K be algebraically closed and let ny,...,ny, be positive integers. Then there
erist ki,...,ks € Z and A1, ..., s € K such that
(i) > ki =1 modulo char(K) (if char(K) =0, then > k; = 1).
(i) kN =0 forallj=1,...,m.

For A € K, we define an automorphism ¢y : ¢ — x, y = y, 2 — Az.
The next lemma provides for some translation between the language of polynomials and the group
action language. It is similar to the hiking process (see [34,122]).

Lemma 3.5.17. Let ¢ € K(z,y,z). Let o(z) =z, o(y) = y+ > R+ R, and p(z) = 2+ Q.

7
Let deg(R;) = N, let the degrees of all monomials in R’ be greater than N, and let the degrees of all
monomials in Q be greater than or equal to N. Finally, assume that deg,(R;) =i and the z-degree of
all monomials of Ry are greater than 0. Then the following assertions hold:

(2) ¥y loYy i = 2,y = y+ S NR + R, 2 — 2+ Q. Also the total degree of all monomials

7
involving R’ is greater than N, and the degree of all monomials of Q is greater than or equal
to N.

ki
(b) Let ¢ =] (%;1@%) . Then

¢ —w, y—)y—{—ZRi)\fijLS, z—z+T,
i

where the degree of all monomials of S is greater than N and the degree of all monomials of T
is greater than or equal to N.

Proof. Assertion (a) is proved by adirect computation and (b) is a consequence of (a). O

Remark 3.5.18. In the case of zero characteristic, the condition of K being algebraically closed
can be dropped. After hiking for several steps, we must prove the following assertion.

Lemma 3.5.19. Let char(K) = 0 and n be a positive integer. Then there exist ki, ..., ks € Z and
A,y ..., s € K such that
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Using this lemma, we can cancel all terms in the product in Lemma 3.5.17 except for constant
terms. The proof of Lemma 3.5.19 for any field of zero characteristic can be obtained by using the
following observation.

Lemma 3.5.20.

(iAZ)n—Z(A1+---+%+---+An>n+---+
=1

J
n

S S R L U G R | 8
7;1<"'<ik' =1

and if m < n, then

(i&)m—Z(A1+...+xj+...ﬂn)m+...+
i=1

J
F DTN () e () @ ) = 0.
i1 <<,
Lemma 3.5.20 allows one to replace the nth powers by product of constants; after this Lemma 3.5.19
becomes obvious.

Lemma 3.5.21. Let ¢ : 2 — x+ Ry, y — y+Ra, 2 — 2/, such that the total degree of all monomials
in Ry and Ry is greater than or equal to N. Then for ¥(p):x — x+ R}, y = y+ R, z — 2" with
the total degree of all monomials in R} and RY also greater than or equal to N.

The proof is similar to the proof of Theorem 3.3.6.
Lemmas 3.5.21, 3.5.17, and 3.5.16 imply the following statement.

Lemma 3.5.22. Let p; € Auto(K(z,y,2)), j = 1,2, such that
pi(@) =z, oY) =y+> RI+R) ¢;(z)=2+Q;

Let deg(Rf) = N. Assume that the degree of all monomials in R; is greater than N, while the degree
of all monomials in Q is greater than or equal to N; deg,(R;) = i, and the z-degree of all monomials
in Ry is positive. Let R} =0 and R3 # 0. Then ¥(p1) # 2.

Consider the automorphism
p:x -z, y—y, z2—z+ Plx,y).
Let ¥ € Auty,q TAutg(k(z,y, z)) stabilize the standard torus action pointwise. Then
VU(p):x—x, y—y, 22— 2+ Q(z,y).

We introduce the notation U(P) = Q. We prove that U(P) = P for all P if ¥ stabilizes all linear
automorphisms and W(xy) = xy. We proceed by strong induction on the total degree. The base of
induction corresponds to k=1 and [ = 1.

Lemma 3.5.23. If ¥(P) = P for all monomials P(x,y) of total degree <k+1, then ¥ (zFyl) = xFyt.

Proof. Let
gb:x—)w,y—)y,z—)z—i—wkyl, <p1:$—>x+yl,y—>y,z—>z,
<p2:$—>x,y—>y+$k,z—>z, p3:Tr—T, Y—yY, 22+ xy,

hix—z, y—y, z2—z—artl
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Then for £ > 1 and | > 1 we have

9= he3 o ey Losprps
e -y +@y— (- yey— @)+ @y + - (@ —yH))HE,
2z —ay — 3"+ (=Y (y — (@ — yH)F).

Observe that the heights of g(x) — z, g(y) — y, and g(z) — z are at least k +1— 1 for k > 1 or [ > 1.
Then we use Theorem 3.3.6 and the induction step. Applying ¥ implies the result since ¥(p;) = ¢;,

i=1,2,3, and p(Hy) C Hy for all N. O
Let
My, g, = ay*2 g or My, g, = 2™y ok
n
for even and odd s, respectively, and k = >_ k;. Then
i=1
My, oy = My oy 4™ or My g, = My, o, 2™

for even s and odd s, reapectively. B
We prove that W(Mjy, k) = My, k.. By induction we assume that W(My, . ) = My, g, -
For any monomial M = M (xz,y), we define the automorphism

pmMir—=x,y—y 2—2+M
and the automorphisms
op T, y—y+zaF, z— 2z and qbz:w—)w—{—zyk, Y=y, z— 2.

We present the case of even s (the case for odd s is similar).
Let D¢ . be a derivation of K(z,y, z) such that

¢ (x) =0, D°.(y)=zz* D°,.(z)=0.

zzk zzk zxk
Similarly, let Dgyk be a derivation of K (x,y, z) such that
Dg(y) =0, D2u(x) =zy", D.ux(2)°=0.
The following lemma is proved by a direct computation.

Lemma 3.5.24. Let
w= o5, oMy, jy) 05 0(Myy,.ksy)
for even s and
u = ¢Z;190(Mk1,...,k571)71¢is<P(Mk1,...,ksfl)
for odd s. Then
urxr =z, Yy —=y+ My g+ N', z = z+ D¢ (Miy ko) +N

zzk

for even s and

u:x—>x+Mk17m7ks+N', y—vy, z2—=2+D? (Mg, k. .)+N

zak

S
for odd s, where N and N' are sums of terms of degree >k = >_ k;.
i=1

Let
V(Mpy,hy) i@ =@,y =y, 2= 2+ My g,
Qe 1 X =T, Yy —>Y—2, 22,
Qp:T—=T—2, Y=Y, 2— 2.
Let Py = W(M) — M. We prove that Py = 0. Let
0= (Mg, ge) e (Miy ok uagt ot v = (Mg, k)" a0t My, Juog

for even and odd s, respectively.
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The following lemma is also proved by a direct computation.

Lemma 3.5.25.
(a) We have
vix—x, Yy —>y+H, z—z2+H + Hy
for even s and
vix—x+H, y—y, z—2+H + Hs
for odd s.
(b) We have
U(v):z— x, Yy—=y+Puy, ks—l—ﬁ, 2= z+ Hy + Hy
for even s and

ks—i—ﬁ, y—vy, z— 2+ Hi + Ho

,,,,,

— s ~
for odd s, where Hy and Hs are the sums of terms of degree greater than k= > k;, H and H
i=1
are the sums of terms of degree 2k and positive z-degree, and Hy and Hy are the sums of terms
of degree k and positive z-degree.

Proof of Theorem 3.1.13. The assertion (b) follows from (a). To prove (a), we show that U(M) = M
for any monomial M (z,y) and for any ¥ € Autp,q(TAut((z,y,z))) stabilizing the standard torus
action T3 and ¢. The automorphism W(®,;) has the form described in Lemma 3.5.25. But in this
case Lemma 3.5.22 implies W (M) — M = 0. O

3.6. SOME OPEN QUESTIONS CONCERNING THE TAME AUTOMORPHISM GROUP

As the conclusion of the paper, we would like to raise the following questions.

1. Is it true that any automorphism ¢ of Aut(K(x1,...,2,)) (in the group-theoretic sense, that is,
not necessarily an automorphism preserving the Ind-scheme structure) for n = 3 is semi-inner, i.e.,
is a conjugation by some automorphism or mirror anti-automorphism?

2. Is it true that Aut(K(x1,...,x,)) is generated by affine automorphisms and the automorphism
Ty — Tp + X122, T; — X3, © = n? For n > 5, it seems to be easier and the answer is probably
positive; however, for n = 3 the answer is known to be negative (cf. [82,193]). For n > 4, we believe
the answer is positive.

3. Is it true that Aut(K|[z1,...,x,]) is generated by linear automorphisms and automorphism x,, —
Ty + X129, T; — x4, © # n? For n = 3, the answer is negative (see the proof of the Nagata
conjecture; [180,183,200]). For n > 4, it is plausible that the answer is positive.

4. Ts any automorphism ¢ of Aut(K (x,y,z)) (in the group-theoretic sense) semi-inner?

5. Is it true that the conjugation in Theorems 3.1.8 and 3.1.12 can be done by some tame automor-
phism? Assume that ¢ ~'pe is tame for any tame ¢. Does it follow that 1 is tame?

6. Prove Theorem 3.1.13 for char(K) = 2. Does it hold on the set-theoretic level, i.e.,
Aut(TAut(K(z,y,z))) are generated by conjugations by an automorphism or the mirror anti-
automorphism?

Similar questions can be formulated for nice automorphisms.
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