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CHUHIJIETHOE JIMHEMHOE YPABHEHUE JJId OJHOYACTUYHON
®YHKIINN PACIIPEJIEJEHNS B CTATUCTUYECKON ®U3NKE
IIOBEPXHOCTHBIX {ABJIEHUN B YKNJIKOCTIX

© 2022r. H}O. B. ATPA®OHOB, . C. IIETPVYIIINH, /1. B. XAJIAUMOB

AnHoTALUA. [Ipeyioken ajropuT™ perieHusl JIMHEHHOTO MHTErPAJbHOrO ypasHeHus Dpeprosbma
BTOPOTO POJIa JIJIsT OMHOYACTUIHON (DYHKIUN PACIPEeIeHUs] MOJIEKY/ISIPHON CHCTEMBI TBEPIBIX cdep
BOJIM3M TBEPJIOl TIOBEPXHOCTU. S1/IpO M mpaBasi YaCTh yPaBHEHWUs BBIUMCJISIIOTCS Ha OCHOBE AHAJIUTH-
geckoil anmnpokcnMaruy Ilepkyca—leBnka, 3aJaHHOl Ha OPAHMYEHHOM HHTEPBAJIE JJIsi HPOCTPAH-
CTBEHHO-OJIHOPOJ/IHON MaKPOCKOIUYECKOW »KUIKOCTU. PellleHne /s OHOYACTUIHON (DYHKIUU UIIETCSI
B KJIacCe KyCOYHO-HemPePBLIBHBIX GyHKIuIi. CHOopMymMpoBaH METOJ aHAJIUTUIECKOTO BBIYUCIECHUST HA
KaXKJIOM WHTEpBaJje B 00JIaCTH OnpeeseHnst (pyHKIIH.

Karouesvle €n08a: KUAKOCTh TBEPABIX cdep, JacTUIHble (DYHKIIMU PACIpEIeICHUs], YPaBHEHU
Opumreitna—Ilepuuke, nnrerpajibaoe ypasaeane OpearosbMa BTOPOro pojia, FPAHUYHBIC CJIOU YKUJI-
KOCTe€It.

SINGLET LINEAR EQUATION FOR ONE-PARTICLE
DISTRIBUTION FUNCTION IN STATISTICAL PHYSICS
OF SURFACE PHENOMENA IN LIQUIDS

(© 2022 Yu. V. AGRAFONOV, I. S. PETRUSHIN, D. V. KHALAIMOV

ABSTRACT. In this work we suggest the algorithm to solve the linear Fredholm integral equation of
the second kind for the one-particle distribution function of simple liquid near the hard surface. The
core and the right part of the equation are guessed using Percus-Yevick approximation defined on finite
interval for spatial macroscopic liquid. We suggest an approach to solve the equation analytically for
each interval where function is defined.

Keywords and phrases: supercooled liquid, ideal glass, partial distribution function, replicas, chaotic
phase transition of the first kind, Fredholm equation of the second kind.

AMS Subject Classification: 45B05, 45G15

1. Bsenenwme. B kaccudeckoit cTaTUCTHIECKON (PU3MKE CUCTEM CUJIBHO B3AMMOIECHCTBYIONINX Ya-
CTHI] MaTEMATHIECKUN alapaT 9acTUIHBIX (PYHKIUN pacIpeesieHns] IBJIsIeTCs OMHUM U3 OCHOBHBIX
c1ocoDOB peajim3ariu KAHOHMIECKOrO paciipejiesieHus ['ubbca, KoTopoe B 00INEM BUjie OHpPEIeIserT
BEPOSITHOCTHOE DACIIpe/IeJIeHIe MOJIEKY/I B IIPOCTPAHCTBE (MUKPOCTPYKTYpPa BEIeCTBa), & TaKkKe BCe
MaKPOCKOIINIECKNE XaPaKTEPUCTUKN, OJHO3HATHO BBITEKAIOIINE U3 HETO.

Pabora BeinoHeHa npu nozaepkke Poccuiickoro douma dynnaMenTanbHbix ucciaegopanuii (mpoexkt Ne 18-02-00523a).
Agropsl npusHarenbubl A. A. TaBpuiiioky 3a IposiBJI€HHBIH K paboTe uHTEpeC.
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4 10. B. ATPA®OHOB, U. C. [IETPVYIIIUH, 1. B. XAJTIAUMOB

OrmeruM, 9TO MeTON (DYHKIMI pacrpeeseHns CBOAAT 3aJa9y K PacCMOTPEHHIO (PYHKIMIA OT
HEDOJIBIIIONO YHC/IA [TEPEMEHHBIX U COOTBETCTBEHHO OTKPBIBAET HOBBIE BO3MOXKHOCTHU BBISIBJICHUN JIO-
Ka/IbHBIX XapPaKTEPUCTUK, U3HAYAIBHO CKPBITHIX B IOJHOM pacrupeiesieHun ['mboca s O60bIoi cu-
cTeMBl B3anMojieiicTytomux dactat (pn N ~ 10%3).

[Tepeuncaum HEKOTOPBIE U3 COBPEMEHHBIX 11pobJieM. /1o HeaBHEr0 BpeMEHU OCTaeTCs JI0 KOHIA Hepe-
IIEHHOM 3aJ1a4a ONMMCAHNST MeTacTabMILHBIX COCTOSIHUI B CHCTEMe TBEPBIX cdep, HECMOTPST Ha, JJOCTHT-
HYTBIIl porpecc B 31oil obiactu B paborax [6,8-14|, ormeuyenubix HobGesesckoii npemueii 1o dusuke
3a 2021 r. BoJsiee TOro, HEMOHATHO KAaK ONMMCHIBATH TEPMOJIMHAMUICCKI-PABHOBECHBIE CUCTEMBI. B yact-
HOCTH, B CHCTE€ME TBEPIBIX cep CYIMIECTBYET BO3MOYKHOCTH ITEPENTH B KPUCTAINIECKYIO CTPYKTYPY
¢ pa3HOil CHHTOHHUel: OO B I'PAHEIEHTPUPOBAHHYIO KyOMYECKyI0, MO0 B IeKCaroHaJbHy. B aTmx
CTPYKTYPaX [E€PBbI€ KOOPIUHAIIMOHHBIE YHCJIA TIOJTHOCTHIO COBIAJIAIOT; TOHKUE PA3JITUIUS IIPOSBIISTIOTCS
JINIIb B JAJIBHUX KOOPJAMHAIIMOHHBIX chepax. OTKPBITHI [IJIsT U3yUeHUsT TaKue IPobJIeMbl, KaK IOBejIe-
HU€ YKUJKUX CACTEeM BOJIM3U TBEP/IOI ITOBEPXHOCTH, MOBEJIEHNE B OIPAHUICHHBIX 00beMaX, CTPYKTypa
JIAJIBHAX KOPPEJISINii, CTPYKTYPa KUJKOCTH B TIepexX0oaHOi objiactu u T. 7. OJIHON U3 MPUHIUITHAIBHBIX
3aJ1a9 TEOPUN XKUJIKOCTeH SIBJISIETCST MUCC/IeIOBaHIe 0COOEHHOCTEl OJIMKHETO MTOPsiIKa U (DOPMYIUPOBKA
ypaBHeHU, Hanbojiee TOYHO ONMUCHIBAIOIINX STU OCOOEHHOCTH.

OCHOBHOI TpeHJI peIlleHnsi BCEX MEPEUYUC/IEHHBIX ITPODJIEM — 3TO MPUMEHEHHE MEeTO/a JaCTUIHBIX
dbyukIwmit pacupegesnenns. Baxkueiimumn u3 s1ux byHKImil sBisores oqaodactuatas G (1) u 1Byx-
gacruanast G1o2(7r1,73) dyskiuu pacupeenenus. O6e 511 yHKIUI HAXOISATCS COBMECTHBIM PEIIEHUEM
CHUCTEMBbI HeJIMHEeHHBIX nHTerpajbHbix ypasaenuit Opumreiina—llepuuke (OLI) [8,15,17]

wp = n/GgClle@) + u,
(2) (2) )
his = 012 + TL/G3013 hggd(3)

Baeck d(i) = dr; o3HaUaeT MHTErPUPOBAHUE IO KOOPIMHATAM i-i YACTHUIIbL; 7 — IJIOTHOCTD YKUJIKOCTH;
G; = exp{—®;/kT + w;} — onHouacTuuHast byHKIUST PaCHpeesIeHUs], OIUCHIBAIOIIAsI IOJI0KEHNE Ya-
CTHUIIBI B JTAOOPATOPHOI cucTeMe KoopanHatT; ®; — MoTeHInAIbHAST SHEPTIHUS TaACTUIIBI BO BHEIITHEM I10JI€;
W; — ONHOYACTUYHBIA TEPMUIECKUI IOTEHIA, VINTHIBAIONIUN B3aNMOIEHCTBIE YACTULILL C OKPY2KAIO-
el cpesloil; XUMUYeCKU ITOTeHIuaJl (4 HAXOAUTCA U3 YCJIOBUA IIepexo/ia K IIPOCTPAHCTBEHHO-OIHOPO/I-
HOIl crcTeMe; mapHasi Koppessinnonnast dynkims hi; = exp{—®;;/kT + w;;} cBs3ana ¢ IByX9IacTH4-
Holt dyuknueit pacupesenenust coornomenneM Gij = G;Gj(1 + hij); wij — AByXYaCTHYHBII TepMITde-
CKUIl MTOTEHIMAJ, YINTHIBAIONINN KOJUIEKTUBHOE B3aWMOJEHCTBUE JIBYX YACTHUI[ Y€pe3 UX OKPYIKEHHeE;
C; (k) — npsivMble KOppeJIsiiioHHble (DYHKIAN:

1 1
C’i(j) = hij — wij — 1/2hsj(wij + Mi(j))’ (2)
G = hij — wij — M},

)

1 2 .
rje MZ(] ), Mi(j) — beckoHeuHbIe (DYHKITMOHAJIBHBIE Psi/IbI OT UCKOMBIX (DYHKITUI paciIpeie/IeHus.

[Ipu pereHnn KOHKPETHBIX 33789 9TU PsiIbI Mi(jl), Mi(f) ATPOKCUMUPYIOT MPOCTLIMU AHAJIUTUIE-
CKUMW BBIDayKeHUSIMU, YTO MPUBOJIUT K HEJIMHEHHBIM WHTEIPAJILHLIM ypaBHeHusiM. Hanbostee uzBect-
HBIMU U3 HUX SIBJISIOTCS rumneprenHoe, Ilepkyca—esnxa, Mapremosa—Capkucosa, Poxepa—slnra.
O/ 1HaKO MeTOUYIecKast IMOIPEITHOCTD JTaHHBIX AIMPOKCUMAIINil HEM3BECTHA. Kak mpaBujio, ypaBHeHUs
PEIaioTCst IUCIEHHO, & MOJYYEeHHOE PeIlleHne CPABHUBAETCS C JAHHLIMUA YHUCJIEHHOTO YKCIIEPUMEHTA,
SIBJISFOIIETOCS 9TAJIOHOM TOYHOCTH. OTMETHM, 4TO JJIsi OTTAJKUBAIOIINX TOTEHIINAJIOB, B OCOOEHHOCTH
IS TIOTEHINANa TBepABIX cdep, npubimxenue Ilepkyca—Vesnka myunte, uem rumeprentaoe. OTHAKO
[IpU HU3KHUX TEMIIEpATypax U YMEDPEHHOU IJIOTHOCTH JJIsi 0Jiee PEaUCTUIHBIX [TaPHBIX MOTEHINAJIOB,
HMEIOIIX TIPUTATIBAIONLYIO0 JacTh, ypasuenue 'II1] naer smydrmme pesyiabrarsl, ueMm ypasuenue 1111,
O tHako 00a 3aMBIKAHUS SBJISIOTCS TEPMOIMHAMUYECKN HECOTJIACOBAHHBIMU: XaPAKTEPUCTUKHU, BHIUUC-
JIEHHbIE TI0 YPABHEHUIO COCTOSIHUS W CxKuMaeMmocTh jaior ommoky 10% u 6osee. Pojkep u Sur npe-
JIOXKUJIN 0DECIIeInBaTh TEPMOINHAMUYIECKYIO COTJIACOBAHHOCTH ITOCPEJICTBOM BBEJIEHUS ITOJTOHOTHBIX
mapaMeTpoB. B gacTHOCTH, B MX 3aMbIKAHUU TOJATIOHOYHBIN HapaMeTp MOJ0UPAeTCs Tak, YTOOBI HA Ma-
JIBIX PACCTOSTHUSIX MEKJIy YacTHIAMHI PeaIn30BbIBAIOCH npubimkenne Ilepkyca—esnka, a ma 60JIb-
IIUX PACCTOSTHUSX — TUTIEPIIEITHOE TPUOJInyKeHne. TepMouHAMIIeCKOe COrVIaCOBAHUE OCYIIECTBIISETCS
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M0 BUPHAJIBLHOMY YPABHEHHIO W YPABHEHUIO CKUMAEMOCTH. 3amMbikaHme Pomxepa—fnra oxazamoch
BECbMa YJIAYHBIM JIJIsl YUCTO OTTAJIKUBATEIbHBIX MOTEHNUANoB (Msrkue cdepbl). B npyrux ciaydasx
OHO Me€Hee YJIOBJeTBOPHUTEIbHO. OHAKO HAMJIYUIIIM TEPMOJIMHAMUIECKH COIJIACOBAHHBIM SIBJISIETCSI
samblkanne Mapremmosa—CapKucosa: ero ommoOKa, J1JIst CACTEMbI TBepAbIX cdep He npesbimaer 2%.

[omuepkuem, uto npubmmxkenue Ilepkyca—leBuka sBIIsSETCS €IMHCTBEHHBIM, KOTOPOE JOIYCKACT
AHAJIMTUYIECKOe PellleHNe JJisl IPOCTPAHCTBEHHO-O/IHOPO/IHBIX TPEXMEPHBIX MOJIEKYIISIDHBIX cucTeM [15].
B mocnemaune ronpl pa3spabaThIBAIOTCA AHAJUTUIECKIE METOJbI PEIeHUs! JJIsi OJHOMEDPHBIX U JByMEp-
HBIX MOJIEKYJIAPHBIX cucreM [18]. OTMeTnM Tak:Ke MHTEHCUBHO Pa3BUBAIOIIEECs HAllPaBJIEHUE [0 aMOP-
buzanuy MaKpOCKOIMYECKUX PACTBOPOB, yIIOMHUHAaBIIeecs Bbie |6, 8-14].

B merose gacTuuHbix GYHKINN paclpeie/ieHus TePMOITHAMUIECKU-PABHOBECHBIX CUCTEM MaKpPO-
CKOIIMYECKOE TEJI0 PACCMATPUBAETCS KaK OECKOHEYHO OOJIBINIOE YHCJIO OJUHAKOBBIM 00pPa3oM yCTPO-
CHHBIX IIOJICUCTEM (KOHI/H?I). B kaxk0it u3 KoOmmit MEXKMOJIEKYJ/ISIPHOE B3AMMOIEHCTBIAE 3a/1a€TCsI OJIU-
HAKOBBIM 00pa30M, UTO 0DECIIeYnBaeT OJHOPOJIHOCTH TeJia HA MUKPOCKOIHYIecKoM ypoBHe. CraTucTtu-
JecKoe paclpejesieHne KaKI0i IMOJACUCTEMBI 110 PA3JIUIHBIM COCTOSTHUSIM OIUCHIBAETCSI THOOCOBCKOI
9KCIIOHEHTOM. DTO SIBJISIETCST CJIEJACTBUEM 3PrOJIMIECKONl IMUIIOTE3BI, COTJIACHO KOTOPOH CpeaHne 3Hade-
HUsI MAKPOCKOIIMYIECKUX BEJIMUMH PABHBI UX CPEJHUM 3HadeHusM 1o ancambjio ['mbbca. C moMoIbio
pactpenenennst 'mbbca MoykeT OBITH BRIUNCIEHO CpegHee 3HaUeHMe JTI000M (hU3nIecKoil BeTNIHbI JIH-
00 HEIOCPEJICTBEHHO C MTOMOIIBI0 CTATUCTUYIECKOIO HWHTerpaJia, JUOO C IMOMOIIBI0 YaCTUIHBIX (DYHK-
U MEXK/1y OJJHOBPEMEHHBIMU TIOJIOYKEHUSMI HECKOJIbKIX YaCTHUIl B 3a/IAHHBIX TOYKAX ITPOCTPAHCTBA.
st MeTacTabUJIbHBIX COCTOSIHUI 9ProudecKas TUIIOTe3a He BBIMOJIHSAETCS. XaOTHIeCKOe PacIojIo-
JKeHHUe YaCTHIl, B (DUKCUPOBAHHBIX TOYKAX ITPOCTPAHCTBA MPUBOJUT K JIOKAJBHON MUKPOCKOIUIECKOI
HEOJTHOPOTHOCTH.

Mosepan3arnyst 3aK/II0YaeTCA B TOM, YTO PACCMATPUBAIOTCS OJIMHAKOBDIE KOIMH IIOJICUCTEM (peIlIn-
K1). BHyTpu Kaxkj10ii U3 HUX, KAK U B TEPMOJIMHAMUIECKHI-PABHOBECHBIX CHCTEMAX, MEZKMOJIEKYJISIPHOE
B3anUMOJIENCTBIE 38/Ia€TCsT OJIMHAKOBBIM 00pazomM. OJIHAKO MEXK/y PEIJINKAMU Teleph CYIIeCTBYeT B3a-
nmoeiicTeue. [lapamMeTpb! B3amMoIeiCTBAST MOIONPAIOTCS TaK, ITOOBI CpeHee PACCTOSTHIE MEXKIY Ta-
CTUTIAMU OBLIO MEHBIE, 9YeM B KUJIKOCTU. 110 CyIecTBy, 3TO SBJISETCS KDUTEPUEM OTIUIHUS [I€PEOXJia-
JKJIEHHOM YKUJKOCTUA OT UJEAJBHOIO CTeKJsa. B pe3yibrare yjgaercs OlmcaTh Iepexoj] U3 Ha9aJbHOTO
PaBHOBECHOI'O COCTOSIHUSI B KOHEYHOE MeTacTabUJIbHO COCTOsIHUE, He Ipuberast K PacCMOTPEHHIO MPO-
MEXKYTOYHBIX KHHETUIECKUX MPOIECCOB. B aHIVIOA3BIYHON JIUTEpATYPE TEOPHUS PEIIUK «XA0TUIECKOTO
¢a30BOrO MEpPEXO/Ia MEPBOr0 MOPSIKAY U €ro pPeaju3alius JJisi TPAKTHIECKA BAXKHBIX MOJIEKYJISPHBIX
cucteM (MHOTOKOMIIOHEHTHBIE YKUJIKOCTH C PA3JIMIHBIMU ITOTEHINAIAMI MEKMOJIEKYJISIPHOIO B3anMO-
JieficTBYSA, Tesie00pasHble CUCTEMBbI U T. J1.) TIOoJIydnsiu 6ypHoe pasBuTue. Teopus PeIiuK 110 3HATUMOCTH
CTOUT B OJIHOM Psiy C (DOPMYJIMPOBKON KAHOHUYIECKOTO pacipemeseHus ['mbbca m MeToma HHTerpasib-
HBIX YPaBHEHUI CTATUCTUIECKON TeOpUN TEPMOIMHAMUIECKH PABHOBECHBIX »KUIKOCTel. OIHAKO BAXKHO
[TOJIYEPKHYTh, UTO TEOPHUsI PEIJIUK HE JIaeT HUKAKOIO IMPEJCTABJIEHUsI O PEJAKCAIIMOHHBIX ITPOIECCaX.
WNHTerpajbHble ypaBHEHUS JJIsl YACTHUIHBIX (DYHKIA paclpeIeieHnst Jal0T TOJBKO IPEICTABICHHE
0 CTPYKTYPHBIX XapaKTEPUCTUKAX TEPMOIMHAMUYIECKH PABHOBECHBIX M MeTacTabDWJIBHBIX COCTOSTHHIA,
JIOCTUTAEMBbIX Ha OECKOHEYHO OOJIBIIINX BPEMEHHBIX MHTEPBAJIAX.

11 IpOCTPaHCTBEHHO-OHOPOIHBIX YKUJIKOCTEN AByXdYacTUIHAsT (DYHKIUS PACIIPEIETICHIST 3aBUCUT
OT PACCTOSIHYSI MEXKJLy YaCTUIAME 719 = 1] —73|. B 9TOM ciiyuae ypaBHeHUe JIst OHOYACTHIHON (DyHK-
MU paclpejiesieHns: yIoBaeTBopsiercs ToxkaectBenHo. Cucrema nByx ypasuenuit OLl cBopaumBaercs
K OJIHOMY yPABHEHUIO JJIs JABYXJIACTUIHON (DYHKIUU PACIIPEICTICHUST Ggg) (r12). Jst npocTpaHcTBeH-
HO-HEOJTHOPOJIHBIX cHCTeM (DYHKIMU Heobxoaumo pemiarh oba ypasaenust OL nyst dbyuknwmit Gy (77)
u G12(71,73). Bamernm, uro pemienue ypaprenuii (1) u (2) jyist 9rux QYHKIMHA MHOIUX [IepEMEHHBIX
SIBJISIETCS CJIOYKHOM BBIMUCUTEIBHON 3aj1adeii. DTy 1mpobeMy OOXOMAT 3aMEHON MPSMON KOPPEeJIsiiy-

OHHOI byHKIIUU C'g) (r1,73) ee rpaHUYHBIM 3HAYCHUEM C’fg) (r12). B 3aBucuMocTH OT mpHMEHsIEMO
AMMMIPOKCUMAITMY TIOJYYaioT TO WJIM WHOE HEeJMHEHHOe WHTerpajbHOe ypaBHEHHE Ha OJHOYACTUIHYIO
dbyHKIWMIO pactpe/iesieHnst (CHHITIETHOE IPUOJINZKEHHE ), OMUCHIBAIOINLYIO IPOMUIIL JIOKAJIBHOM [I0THO-
cru n(z1) = nG1(z1) = nexp{wi(z1)} BOIM3M TBepOIl OBepxHOCTH. Bee onu sIBIIsIIOTCS HeMHEHHDI-
MU MHTErPAJBLHBIMU YPABHEHUSIMY U PEINAIOTCS YUCIeHHO. TeM He MeHee, MeTOMYecKas OrPEITHOCTD
CHHTJIETHOTO TIPHUOJIIAKEHIST TAKIKe OCTACTCS HEM3BECTHOMN, W MOJIyIEeHHOE PEIeHNe BHOBDL TTPUXOIITCS
CPABHUBATH C YUCJICHHBIM 9KCIEPUMEHTOM. AHa/In3 YUCIIEHHBIX pelenuii npusejie B padore |7]. Takum
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00pasoM, oNucaHue CTPYKTYPhI >KUJIKOCTe B KOHTAKTe C TBEPJIO TOBEPXHOCTHIO OCTAETCS aKTyaIbHON
3ada49€ll.

B nammx paborax [2,3,16] GbLI0 1Ipe/JIOKEHO MepeolpeIeuTh HellPUBOAUMbIe (DYHKIMOHAIbHBIE
JMarpaMMbl B OJTHOTACTUIHOM yPaBHEHUN TakK, ITOOBI HEJIMHEHHOCTH KOMIIEHCHPOBAJIUCEH, ¥ B CHHIJIET-
HOM IpUOJIMKEHUU IIOJIYYHIOCh JIMHETHOe MHTerpajbHoe ypaBHeHne B Kiaaccudukamnun Ppemaroibma
BTOPOTro pojia. [IpoBeieH aHams JiaTepaTyphl 10 AHATUTHIECKOMY W YUCJIEHHOMY DEIIeHNIO YpaBHEHUIT
OpearosbMa BTOPOTO POJIA € IETBIO0 PEAM3AIMHE aJITOPUTMA, TPEOYIONEro HanMEHbITUX BBIIUCIUTE b=
HBIX PECypCOB.

2. JluHeliHOe MHTerpajibHOEe ypaBHeHUe (PU3UKU >KUJKOCTEH Ha I'PaHUIlE C TBEPIOM Mo-
BEPXHOCTBIO. /11 BBIMUC/IEHUST JIOKAJIBHONH MUKPOCTPYKTYPBI I'PAHUTHBIX CJIOEB YKUJKOCTEH U Tep-
MOJIMHAMUYECKHX TIAPAMETPOB HEOOXOIMMO 3HATH OJIHOYACTUIHYIO (DbYHKIMIO paciupeieienus G (1) =
exp{—®1(r1)/kT +w1(r1)}, KoTOpast onpe/iessieT BeposiTHOCTh HAXOXK IEHUs] TaCTHIbI BO BHEIITHEM 11016
@4 (r7) BOsIM3HM TOUKH ¢ KoopauHATaMU 71. OJHOYACTUYHBII TepMuYecKuii moTeHnuast wi (r]) yIuThbBaeT
B3aUMOJIEiCTBIE YaCTUILI ¢ OKpYyzKaromei cpenoi. JIuneiinoe unrerpaibuoe ypasaenne Opejgroabma
Jutst pyukimn pacupezesennst exp{wi(z1)} st xkugkocTu Bosm3u TBepoit nopepxuoctu (P1(r7) = 0)
6bL10 TIOJTyUeHo B |2,3,16]:

(e‘”l(zl) —-1) - 27m/dzz(ew1(z2) -1) / r12dr12C12(112) = —27m/d212/7“12d7“12012(7“12)- (3)
0 |z12] 21 212

37ech yITEHO, 9TO B3aUMOJIEHCTBUE YACTHI] KUJIKOCTA C IOBEPXHOCTBIO OCYIIECTBJISIETCS KaK B3a-
nmoieiicTere TBepabix cdep. Ilpsmvas koppensnnonnas ynakmus Cha(r12) M0KHA OBITH IPEBAPH-
TeJIbHO BbrumcsieHa. Y4areM, dro (3) ecrb ypasaenue Dpenrosbma Broporo poja. Sapo ypasHeHust
U IIpaBasi 9aCcThb MPEIBAPUTEILHO BBITUCISIOTCS U3 COOTBETCTBYIONIEr0 HHTErPAILHOIO YPABHEHUS IS
JIBYXYACTUIHON (DYHKIMU DPacIpejiesieHns] MaKpOCKonndeckoi kujakocru [8,15,17]. B Tom cayuae,
KOTJ[a [ApaMeTpPhl yPABHEHUS BBIYUC/ISIIOTCS AHAJTUTUYIECKH, JAHHOE yDABHEHHE TAKXKe MOXKET OBITh
PeIleno aHajuTHYecKn. B uacTHoCTH, /Ui 3aMbiKanus Ilepkyca—lesnka [8] BHyTpennme unTerpasib
ypaBHeHus (3) MOYXKHO IPEJICTABUTH B BUJIE

K(lz]) = =0(1 = [z[)¥(]2)),
1
\I/(‘ZD = /Tlnglg(Od + Brio —i—")/T:lSZ), (4)

||

e a = (2n+1)*/(n = 1)*, 8= =3n(2+n)?/2(n — 1)*, v = n(2n + 1)*/2(n — D*.
HeHOCpeﬂCTBeHHoe BbIYHUC/IEHUE ITOKa3bIBACT, IYTO

vA©) 5 ¥ 5, ¥O(0) ,

U(z) =(0) + TR TR + S (5)
b
W(0) = % o g VA(0) = —a, ¥O0) =25, ¥O(0) = —24c. (6)
CoOTBETCTBEHHO, MOXKHO HAWTH 3HAYEHUE ITPOM3BOIHON \I/(i)(z) (t=0,...,5) B Touke z = 1. B pe-
gysibraTe ypaBHeHue (3) mpuHUMAaeT BHL
1421 1
Fen) = =120 [ deafla)U(ler = 2al) 4 120 [ din¥(eo), (7
0 z1
z1+1

f(z) = 12 / deaf (22)U (|21 — 2]), (8)

z1—1

e n=mn/6 n f(z1) = exp(wi(z1)) — 1.
Acumirrornueckoe nosesierne GyHknun f(z1) npu GOJIBIINX 3HAYEHUSAX apIyMEHTa BBIYMCIIEHO B Ha-
mux paborax [1,4]. Beuio nokasano, 9To peleHne nMeeT OCIUIIAPYIONHIA, 3aTy XAl BT, OTHAKO
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AMILTATY/Ia KOJiebaHuil OCTaBaJlach HEM3BECTHOM, TaK KaK JIJIsT €€ OIPeJIe/IeHIs HeoOX0IMMO 3HATh Pe-
[IIeHNEe Ha MaJIbIX PACCTOSIHUAX. 1eM He MeHee, OBbLIO ITOKA3aHO, YTO BOJHOBLIE YHCJIA, OIPEIEISIONIINe
CKOPOCTH 3aTyXaHWUs W MEPUOJ OCIWLIAINN, HAXOIATCI YNCJAEHHBIM peIeHreM JIByX TPAHCIEHJIEHT-
HBIX ypaBHeHuil. UucCIeHHOE pellleHre CUCTEMbI TPAHCIIEHIEHTHBIX YPABHEHUN TPOBOIMIOCH METOIOM
[IOCJIEIOBATEIbHBIX MPUOJIMKEHHI I IJI0OTHOCTEH »KuakocTu B auanasone or 0,26 mo 0,785. Bouio
IMOKa3aHO, 9TO MPHU MaJON IJIOTHOCTA MOJIEKYISPHONU CHCTEMBI 3aTyXaHUE HOCUT KOPOTKOJIEHCTBYIO-
it xapakrep. OJHAKO ¢ POCTOM ILIOTHOCTH OCIUJIJISIITIE HOCST JAJTbHOJAEHCTBYIONINI XapaKkTep, ITo
obycaoBaeHo 3 deKTaMi IJIOTHOM YITAaKOBKH TBepIbix cdep. llosydenHoe pernerne MOKHO PacIpo-
CTPAHUTH HA MOJIEKYJITPHBIE CHCTEMBI C PEAJTUCTUIHBIMA MTOTEHITUATIAMA MEXKIACTUIHOTO B3aMMOJIEH-
crBusi. B anuoii pabore Mbl pACCMOTDPHUM pellieHne cucreMbl ypaBaeruii (7), (8) nmpu MajibIx 3HAYEHUIX
apryMeHTa.

U3 ypaBrenusi (7) ciejyer, 4TO MHTEIPUPOBAHME UCKOMON (DYHKIMM HYXKHO BECTH HA WHTEpBAaJIe
1 < z < 2. Ho ayist oToro, kax cieayer u3 (6), HeoOX0MMO 3HATH ee [oBejieHne Ha naTepsase 2 < z < 3
u 1. . Takum obpasom, mosrydaeTcss GECKOHEYHAs MMOCIe0BATEIbHOCTL MyHKIWiA fr(21), n < 21 <
n+1(n=0,1,23,...). Pemmenue ypasuenuii (7), (8) Oyuem uckarh B KJacce KyCOIHO-HEIPEPBIBHBIX
dbyukuuii. [TockoabKy BrOpoe ciaraemoe B (7) €CTh MOJMHOM IIECTON CTENEHH, TO HOJIaraeM

6 £(n) 6 r(n)
n=0 ’ n=0 ‘

CoOTBETCTBEHHO MOXKHO HaliTh Bce npousBojHble GyHknun f(z) B Touke z = 1. Bee onu GyyT BbIpa-
KaThCs depe3 nponssobie f (™) (0). Touno rak»ke mosaraem, 4To

6. rn)(q
Zf (1)

n!

= )
f(z) = (=1 f@)=) = 1<zL2 (10)
n=0 n=0
13 (10) moxkHO HaiiTh Bce npousBojnble dbyHKImU f(z) B TOUKe z = 2, KOTOPble OY/yT BBIPAZKATHCS
Jepes Mpou3BoJHbIE f (”)(1). AHaIOruaHO MOYXKHO 3ammcaTh pasdjoxkenne dyHKimn f(z) B ps o cre-
HEHsIM 2z Ha OCTAJbHBIX MHTEpBajaxX. TakuM 00pa3soM IOC/IEI0BATEIbHO BhIYHUCsieTcss byHKIus f(z)
Ha BceM uHTepBase 0 < 2 < oo.

Tenepsb paccmoTpuM ypasHenue (7), KOTOPOe ¢ y9IeTOM BbICKA3aHHBIX COOOparKeHWl, 3aIuIieM B BUJIE

1 1421 1
f(z1) =—12n /dzzf(zg)\ll(\zl —z|) + / dzof(29)W(20 — 21) | + 1277/dz2\11(22). (11)
0 1 z1

Huddepennupysi 0be wactu ypaBuenust (11) u mosarasi 3areMm z; = 0, MOJYYUM CHCTEMY yPaBHEHWIA,
B KOTOpYIO BXomaT byHKIws f(2) u ee npousBojause f (”)(z) B Toukax z; = 0 u z; = 1. Hanpuwmep,

1 1
f0) = =12y | dzof(22)W(z2) + 121 [ dzeW(z2), (12)
/ /
1
100 =120 | [ deaf () ¥ ) - 00) | (13)
10
100 = 120 | [ deafe2)0® () - WO () | (149)
X 0
F9(0) = 121 / dza f (22) 8 (25) — FEA () + FO QWD (1) — 9(0)] | (15)

0

1 T. 1., BIUIOTb 110 f (6)(2). B pesyabrare mosmydaercsa cucreMa JUHEHHBIX aJareOpamdecKux ypaBHEHU
IIECTOrO TIOPSIJIKA, PellleHne KOTOPOii 103BoJIsieT BbrancauTh (GyHkimo f(z) Ha naTepBasax 0 < z < 1
nl<z<2
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[Tepeiiem anee k pemienuio ypasuenust (8). 3uadenne dyuknuu f(2z1) B JeBoit 9acTn ypaBHEHUs
Ha unreppajie 1 < z < 2, HO3BOJIsIET BLIYUC/IATL €€ Ha cieiayiomeMm unrepsate 2 < z < 3. C sroit
1eJIbIO, BBIJIEJINB 110 OT/IEJIbHOCTH MHTErPUPOBaHUe Ha PA3HbIX MHTEpBAJax, IepenuiieM ypasaerue (8)
B BHUJIC

z1+1

n 2/ dzaf(22)¥ (22 — 21) =
1 21 2

= —7 / dzof(z2)W (21 — 22) + /dzzf(ZQ)\I/(zl — 22) + /dZQf(ZQ)\I/(ZQ —2z1)| = f(z1). (16)

1—1 1 21

B npasoit wactu (14) Bce craraemble Bhrumcistiorcst Ha narepsaie 0 < z < 2 U ABJISIIOTCH 33/[aH-
HBIMH BeJMYHHAMU. B pesysbrare Hosrydaercss MHTErpajbHOe ypaBHeHHe Bosbreppa mepBoro poja,
perierne KoToporo onpesessier Gyukiwo f(z) Ha uarepsasie 2 < z < 3. PaccMorpeHHblii B ypaBHEHU-

x (12)—(16) asropuT™ MO3BOJISIET IIOCJIE0BATEILHO HAXOIUTH PElleHre ypaBHeHus (6) Ha HHTepBaJIe
3 < z<4um n [oxcranoBka nosydeHHoro pertenns B (8) Jyst z > 4 NpUBOJANT K ypaBHEHNSIM Bosib-
Teppa Jyisi CTapiux (QYHKIWHA, KOTOPbIE TAKXKe MOIYT ObITh PEIeHbl aHAJUTUYIECKH. 3aMeTUM, UTO
JIUIsl IMCJIEHHOTO peIlleHnsl ypaBHEeHUs (3) ¢ JAPyruME IapaMeTpaMi MEeXKMOJIEKY/ISIPHOIO B3anMo/Ieii-
CTBHUSI ¥ 3aMBIKQHUSIMI HEOOXOMMO HPEIBAPUTEILHO UX BBIYHCIUTH HAa OCHOBE DEIeHHsT HeJTMHEHHBIX
MHTerpajbHbIX ypaBHeHuii Opuireitna—llepHuke.

3. 3akJirouyeHume. B Hacrosimee BpeMsi Bce HeJIWHEHHbIE MHTErpajibHble ypaBHEHUs] (DU3UKH MaK-
POCKOIIMYECKNX YKUIKOCTEH IMOJIyJaioTCsd CYyMMUPOBaHUEM MIPUBOJAMMBIX IUarpaMM B (pOpMajbHO TOY-
HbIX ypaBHeHusix Opumreitna—llepanke. Henmpupoaumble quarpaMMbl IOMPOCTY HE YUUTBIBAIOTCS, ITO
[IPUBOJIAT K MPUOJIMKEHHBIM YPaBHEHUSIM, METOINYIECKasl ITOTPEIIHOCTh KOTOPLIX Hem3BecTHa. OleHKa
TIOTPEITHOCTH OCYIIECTBIISIETCSI CDABHEHNEM C Pe3yIbTaTaMU YMCJIEHHOI'O SKCIIEPUMEHTA, KOTOPBIHA CJIy-
JKHUT 9TAJIOHOM TOYHOCTHU. Takast ke cuTyarust HabJII01aeTCs U IIPU OITUCAHUY [TOBEPXHOCTHBIX SIBJICHIIT
B KHJIKOCTSIX — TaK Ha3bIBAEMOE CHHIJIETHOE IPHUOJIMZKEHHE.

PaspabarbiBaemMbIil HAMU TIOIXO K CTATUCTHYIECKON (PU3MKE MOBEPXHOCTHBIX SBJICHUN OCHOBAH HA
[IPEJIIIOJIOXKEHNN, UTO YIeT HEIPUBOIUMBIX JMArpaMM B OECKOHEUHDLIX (DYHKIIMOHAJIBLHBIX PAIaX st
[PSIMBIX KOPPEJISIITUOHHBIX (DYHKIMI, MOXKHO HPOBOJUTL TaK, YTOOBI OCYIIECTBIISIIACH KOMIICHCAIIHS
Bcex HejmHeinocTei. /[aHHDBIN OAX0 MPUMEHEH JJisT MOAU(MUKAIINYA CHHTJIETHOI'O MPUOJINKEHUST O
HOYACTUIHON (DYHKIIUN paCIpeIeeHnsT KUIKOCTH B KOHTAKTE C TBEPON MOBEPXHOCTLIO. B pesyiibrare
MoJIydaeTcst cTaHJIapTHOe ypaBHeHue PpeJirosibMa BTOPOrO PoJia, sApO U IpaBasg 4acThb KOTOPOTO Ha-
XOJISITCS TIPEIBAPUTE/IHHO PEIIeHreM JIJIsi PSIMOl KOPPEeIAnOHHON (DYHKIIUN OHOTO M3 HEJIMHEHHBIX
WHTErPAJILHBIX yPABHEHUN MAKPOCKOIIMYECKON YKUJIKOCTH. B KadecTBe TAKOTO MBI BRIOpaju ypaBHe-
HHE HepKyca—PIeBHKa, KOTOPO€e JIOIyCKaeT aHAJUTUIECKOe DPeINIeHne Jijisl IPSIMOil KOPPeJSIITMOHHON
dyukun. CoOTBETCTBEHHO pellieHre ypapHeHne OperojibMa BTOPOro Pojia TaksKe JIOIYCKAeT aHaJIu-
TUYecKoe perenne. HaMu rmpejijiozKeH aJiIrOpUTM aHAJIUTHIECKOTO PEIIEHUsT TOCPEICTBOM PA3JI0KEHUS
WCKOMOT'O PEeIIeHNsI B CTENIEHHbBIE PsIJIbI 110 MAJIOMY ITapaMeTPy, XapaKTepU3yIoIIeMy y/iaJleHne JacTUIIhbI
OT TBEPO MOBEPXHOCTHU. Pertenne mpeicTaB/IeHo MOJNHOMOM IIIeCTON CTEIeHHU II0 STOMY ITapaMeTpy.

Jl1st Ipyrux MpsIMBIX KOPPEJSIIUOHHBIX (DYHKIINI sIIpO W IpaByIo 4acTh ypaBHeHuss Ppemarosbma
BTOPOTI'O pojia HEOOXOIMMO ITPEIBAPUTEIBHO ONPEIEUTh YncjaeHHO. COOTBETCTBEHHO YPABHEHUE TAKIKE
npujercs penarhk duciaeHHo. OgHAKO 3TO TpebyeT MEHBITNX BBIUYUCIUTEbHBIX 3aTpaT, YeM pPelleHue
HEJIMHETHOINO CHHIVIETHOIO YPaBHEHHS JIJIsI OJHOYACTUIHON (PYHKIMU PACIpEIe/IeHIs. 3aMETHM, YTO
METO/INIECKYIO TTOTPENTHOCTD ITPEJJIOYKEHHOTO HAMU YPaBHEHUS BCE-TaKU IIPHUJIETCST COTIOCTAJISITh C JIaH-
HBIMHU YHCJIEHHOTO SKCIepuMeHnTa. Takoe COMOCTaB/I€HUE ITO3BOJIHUT BLISICHUTDH, Y KAKOTO YPaBHEHUS
MeTOonYecKasl IOIPEIMTHOCTb MEHBIIIE.

JlpyruM JOCTOMHCTBOM JIMHEHHOT'O YPABHEHUSI SABJISIETCS BO3MOXKHOCTH ODOOIIUTE €r0 JIJIst OITUCAHUS
TOHKHMX aMOPQHBIX IIJIEHOK Ha OCHOBE TEOPUU XAOTHIECKOIo (Pa30BOr0 IIEpexojia IIEPBOr0 IOPSIKA.
3aMeTHuM, 9TO MJIEOJIOTHS ITOW TEOPUU JI0 CHX IIOP IPUMEHSIIACH JJIsl OIMCAHUS [IPOCTPAHCTBEHHO-0/I-
HOPOJIHBIX CHCTeM (B OTCYTCTBHU BHEITHUX TI0JIEH M BJAJIU OT OlPAHMIMBAIONINX oBepxHocTelt). OnHa-
KO BO3MOKHO IPUMEHUTHh TEOPHUIO XAOTHIECKOIo (Pa3s0BOI0 IIEPEXO/Ia HEPBOIO MOPSIIKA, JJIF OIUCAHMS



CUHIJIETHOE YPABHEHUE B ®U3UKE ITOBEPXHOCTHLIX SIBJEHUN YKUJIKOCTEN 9

CTPYKTYDPBI KUJKOCTH, IPaHUYAINEi ¢ TBep/IOil IOBEPXHOCTHIO Ha ocHOBe ypasHenus (3). IIpensapu-
TeJIHO $1JIPO U MpaBast YacTh ypaBHeHUs (3) J0JIKHBI ObITh BHIYUCJICHBI € TOMOIIIBIO JIAHHOI UJIC0IOTUH,
a 3aTeM CTAHIaPTHBIMHU CIIOCOOAMU MOXKHO pellaTh JIMHEiiHOe nHTerpaibHoe ypaBHeHue. B pesyibrare
MTOSABJISIETCST BO3MOXKHOCTD OIACHIBATH METOJIAME CTATUCTUYIECKONH (DU3UKU OBEPXHOCTHYIO aMopdusa-
IIUIO TIEPEOXJIAXKIeHHBIX I'PAHUYHBIX CJIOEB YKMJKOCTEIL.
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2. VIHTErPUPOBAHUE YPABHEHUI OW3EHXAPTA

Taxk Kax Bcsikas r-mepHas ajgredpa JIu 06s13aTeIbHO COMEPKUT OJJHOMEPHYIO HOJIAITredpy, a ypaBHe-
HUsI, OTIPe/IeISTONIIe OTHOMEPHYIO TPOeKTHBHYI0 anre6py Jlu B (M?, g), nveror Bu

Lxg="h, VhY,Z,W)=29Y,2)Weo+g(Y,W)Zp+ g(Z,W)Y ¢, (2.1)
rjJe IocJjeaHee ypaBHeHI/Ie II0CJIE€ 3aMEHBI h =Qa + 2(pg paBHOCI/IJIbHO

Va(Y,Z,W) =g(Y,W)Zp + g(Z, W)Y ¢,

ISSN 2782-4438 (© BUHUTU PAH, 2022
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Y, Z,W € TM, (n+ 1)¢ = DivX, 1o B 1epByto o4epe/ib HEOOXOAUMO OIPEJEJUTH Te IIPOCTPAH-
CTBa, Jisl KOTOPBIX 9TH ypaBHeHHsI UMeloT pemtenust (g, h, ). Ilepsoe u3 ypashenuit (2.1) HasbiBaer-
cst 0b0bwenHbiM YpasHeruem Kuarurnea, a BTopoe — ypasHeHruem Disenxapma. Ecau o = const, T.e.
Div X = const, To mpoekTuBHOE IBUXKEHME SIBISIETCsT adPUHHBIM.

KJI&CCI/I(bI/IKaLU/IH IPOCTPaHCTB, AOIIYCKaIOMNX HETOMOTETUYICCKUE ITPOEKTUBHbIC JIBUXKEHUA, OCHOBaA-
Ha Ha pa30MeHuHu WX IO THUIAM B COOTBETCTBHUM C ajredpamvdeckoil CTpyKTypoii nmpousBoguoit JIlu Lxg
METPUKHU ¢ B HAIPABJIEHUHU MIPOEKTUBHOTO JBUKeHUs X, ompesessieMoil B Kaxkoii Touke p € V C M
xapakTepuctukoii Cerpe x Tersopa h = Lxg. Tun tensopa Lxg onpeessier TUI TPOEKTUBHOIO JIBU-
xeunst X w Tun Metrpuku g B obyactu V. Takme MeTpukm HA3BIBAIOTCA h-Mmempukamu muna X, a
COOTBETCTBYIOIIHE IPOCTPAHCTBA — h-npocmpancmeamu muna X (cm. [12,13]).

B nmamnHOM pazjesie Mbl HHTEIPUPYEM ypaBHEHUsI Dif3eHXapTa U HAXOIUM IIsITUMEPHBIE YKECTKue h-
METPHKH BCEX JIOIyCTUMBIX TUIOB (77).

2.1. Kosddunuenrol Bpalietunss Puddu OaTUMEpPHBIX >KE€CTKUX h-IIPOCTPAHCTB B KOCO-
HOpMaJIbHOM periepe. B nannom paszese ijsi KaKI0i XapaKTepUCTUKH OWJIMHEHHONH (opMbI h B
mpocrparcTse M° Mbl HaxoAuM (GOPMBI CBSIBHOCTH 1 KOI(bQHUIMEHTHI BpAIeHisT PHY4H, YI0BIETBOPSI-
IOIIMe YPaBHEHUAM Dif3eHXapTa B KOCOHOPMAaJbHOM perepe.

[Tycrs 6}, — kanonuyeckas 1-dopma, coupsizkernas ¢ Yy, (Y}) — KocoHOpMauIbHBIH perep B 06JjacTu
V C M, B kotopom OumHeitabie popMbl g 1 h = a 4 2¢g UMEIOT KAHOHUIECKUI BUI:

k k k
g‘vzzgpa h‘V:Z()\p“‘ZP)gp“‘hOEG‘{‘ZPQ, 2<P:Z)‘pa
p=1 p=1 p=1
e Af, ..., Ap — HOMMAPHO PA3JIMYHbIe XapaKTepuCTHIecKue Jucjia OuauHeitHoit dopmbl a = h — 2pg
KPATHOCTEl COOTBETCTBEHHO T1,...,Tk, U IIPU N = D JIJI PA3HBIX HEBBIPOXKJEHHBIX XaPAKTEPUCTUK

(7?7) onpenensoTcst CAeAyOMUMEA (hOPMYIaMHU:

X221 = {221} : g = e1(6102 + 0201) + e2(0304 + 0403) + €30505,

2.2
ho = ag = e1(0161) + e2(6303); (2.2)
0 e1f1 0 0 0 0 ez 0O O O
ertfi el 0 0 0 ee. 0 0 O O
Qpg = 0 0 0 es fa 0 s Gg=10 0 0 e 0], (2.3)
0 0 egfg (D) 0 0 0 €9 0 0
0 0 0 0 esfs 0O 0 0 0 eg
x32 = {32} : g = e1(0163 + 0265 + 03601) + ex(0405 + 056.), (2.4)
ho=ap =€ (9102 + 9291) + e2 (9494); '
0 0 €1f1 0 0 0 0 €1 0 0
0 efi e 0 0 0 egc 0 0 O
QApg = etfi el 0 0 0 s Gpg=1]e 0 0 0 0], (2.5)
0 0 0 0 esfo 0 0 0 0 e
0 0 0 eafa  es 0 0 0 e O
xa1 = {41} 1 g = e1(0104 + 0203 + 0302 + 0461) + e2(6565), (2.6)
ho=ap =€ (0103 + 0969 + 9391); '
0 0 0 e1f1 0 0 0 0 e O
0 0 €1f1 €1 0 0 0 €1 0 0
Qpq 0 e1f1 el 0 0 y  Opg = 0 ec O 0 O (2.7)
€1f1 €1 0 0 0 €1 0 0 0 0
0 0 0 0 e fo 0O 0 0 0 ey
X5 = {5} 1 g= 6(9195 + 60504 + 9393 + 04605 + 9591), (2 8)

ho = ag = e(0104 + 0203 + 0302 + 0461);
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0 0 0 0 ef 0 000 e
0 0 0 ef e 0 00 e O
(Gpg) =0 0 ef e 0], (Gpg)=]0 0 e 0 0], (2.9)
0O ef e 0 O 0 e 00O
ef e 0 0 O e 00 00

3/1eCh €, €1, €2, €3 PaBHLI 1.

[ToMuMO TIEpEYNCICHHBIX, IPU N = 5 BO3MOXKHBI XapakTepuctuku X, = {vl,...,1}, v = 1,2,3,
OTHOCSIINECS K JIOPEHIIEBOH CUTHATYpE; OHU OBLIN MOIPOOHO MCC/Ie0BaHbl B paborax A. B. AMunoBoOi
[12,13], mosromMy 3j1€Ch HE PACCMATPUBAIOTCL.

Ioncrasus B ypasuenue Diizenxapra (?7) BMECTO Gpg U Gpg COOTBETCTBYIONIHE KAHOHUYECKUE 3Ha-
YeHUs] U YIUTHIBAL, ITO

1=2, 2=1, 3=4, 4=3, 5=5 B3 cyuae {221};
1=3, 2=2, 3=1, 4=5, 5=4 B3cyuae {32};
1=4, 2=3, 3=2, 4=1, 5=5 B cyuae {41};
1=5 2=4, 3=3, 4=2 5=1 B3cayuae {5},

nostyunm cucreMsl n2(n + 1)/2 ypaBHeHnii, KOTopble T0C/Ie Psjia TPeobpazoBaHuil IPUBOIAT K CJIeTy-
IOIIUM COOTHOIIIEHUSIM.

H-npocrpancrBa Hioy Tuma ygo1 = {221}:

Yip=Y30 =0, d\ =e1(Yop)b1, dry=ea(Yap)ls, dIs=2e3(Y5¢)05,
)\ZYi(p)\l Asyiw)\l 01, wa = (Yap)la, waz = )\2Yi(p)\1
)\2Yi¢>\1 b2 = (A2}:2S§\1)293 * )\2}%‘7)\194, (2.10)
)\Byi@)\l 02 + AgYi(pAl 05,

937

wig = 01, wis=

= 0
(}\2 _)\1)2 1+

= 0
w25 (}\3_)\1)2 1+

Y: Y: Y,
O3, wiz = (Yap)bs, was = O 5% 04+ i 0.

3 —X2)? A3 — A2 A3 — A9

T M=

H-npocrpancrBa Hss Tuna yss = {32}:

2
Yl(p = Yé(p = Y4(,0 = 0, d)\l = 561 (Y3<p)91, d)\g = 62(Y5(p)94,

1 Y:
wig = g(Ysﬁﬂ)@h wiz = —(Yap)ba, wis = " igp)q@l,
2.11)
Ys5¢ Y5 Y3 (
Wos = 0, + 02, w3z = (Yzp)b3, w3 = 04,
25 Do — )2 1 N — M 2 32 = (Y3)03 34 N — M 4
Y5 Y5 Y5 Y3 Y3
= 0 0 03 — 0 —T 0.
s (A2 — A1)3 1t (A2 — A1)? 2 A=A 0 (Mg —Ap)? it Ao — Ay C
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H-npocrpancrBa Hy tumna x4 = {41}:

1
Yip=Yop=Y30 =0, d\ = 5(5/490)91, dXy = 2(Y5¢)05,

w13 = %(YMP)QM wig = —(Yap)la, wis = Azyi(il@l,
wag = —(Yap)bls, wos = ()\g%ﬁil)ﬁl + )\QYi(p)\l 02, (2.12)
w3g = —(Yap)bs, wss = (Ag%il)?)% + 0 }:5(37\1)292 + )\2Yi(p)\1 03,
o (Afil)‘*el ! (Az%i1)392 ! (Afil)ﬁ?’ ! AQYi(pAle‘l " )\QYiSO)\le
H-npocrpancrBa H; tuna x; = {5}:
Vip=Yop=Yap =Yig =0, d\= 2 (Vsp)fy,
w3g = _%(YBSO)HL w4l = —g(YW)Hl, ws1 = (Ys)02, (2.13)

ws2 = (Ysp)03, wsz = (Ysp)0s, wss = (Y5¢)05.

Orcroza, ncrnone3yst dopmyity (?7), Haiigem Ko duuenTs Bpamenus Puaan v;;, 11 paccMaTpuBa-
e€MbIX h-TIPOCTPAHCTB.

Tun {221}:
e1Yyp e1Ys5p
= — fry e Y s = — = 7’ = — = s
Y121 Y211 120, 7142 Y412 N — A Y152 V512 M — Mg
e2Yop eaY e1Yap

234 = Y324 = Ty Y241 = V421 = Ty V242 = V42 = T g
g T W W LA VD Ve 7 (A2 — A2

243 = 7423 = ) V244 = —7422 = ) Y251 = —7521 = e1¥s
AL — Ao (Ao — Ap1)2’ A — )3’

V522 = —7252 = —ﬂ V255 = —7522 = ¢sYo¢ V343 = —7V433 = €2Y4p
(A3 — A% A — A3 ’

L, = 250 . 250
V354 V534 Ny — A3’ Y453 V543 Ny — A3’

V544 = —7Y454 = ﬂ Yis5 = —Ysa5 = €3Y21(’0
(A3 = A2)* A2 — A3

Tun {32}:
1
Y213 = —V123 = §€1Y3<P> Y231 = —7Y321 = €1Y3p, Y312 = —7V132 = —€1Y3p,
e1Y3p e1Ys5p e1Ysp

V435 = —7V345 = Mo — AL V513 = —7153 = Mo — AL V522 = —7252 = Ay — A

V523 = —7253 = ﬂ Y531 = —7Y351 = ﬂ V532 = —Y352 = ﬂ
(A2 = A)?’ Ao — A Oo— )2

Y533 = —7353 = 761Y5(p Y534 = —7V354 = ehEld
(A2 — Ap)¥ Az — At

V535 = —Y355 = _ Yo V544 = —Ya54 = —€2Y50
(A2 = Ap)?’ '
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Tun {41}:

1
V314 = —V134 = §€1Y490, V413 = =143 = —€1Y40, Y422 = —Y242 = —€1Y40,

= — = —€ Y = — — ﬂ — — 61YV5QP
Y431 Y341 1Y4¥, 7514 Y154 Ny — N V523 Y253 N — N

V524 = —7254 = ﬂ V532 = —7Y352 = ﬂ 7533 = —7353 = &
(A2 — Ap)2’ A2 — A (A2 = A)?’

V534 = —7354 = ﬂ V541 = —7V451 = ﬂ V542 = —Y452 = &
(A2 — Ap)3’ A2 — A (A2 = A)?’

1543 = T7453 = _alee V544 = —7V454 = e1lsp V545 = —7V455 = e Y4
(A2 — )3’ Ao — A\ o — A\

Tumn {5}:

3 1
Y145 = —Y415 = —56Y590, V154 = —Y514 = €Y50, Y235 = —V325 = —56Y590,

Y253 = —Y523 = €Y50, Y3520 = —Y532 = €Y50, Ya51 = —Vsa1 = €Y500.

Bo Bcex 4eTbipex cilyyasix HeBBIITMCAHHBIC KOI(D(UIMEHTHI Wi U 7Yjjk PaBHBI HYJIIO.

2.2. H-npocrpancrsa Tuna {221}. B stom pasjese OyayT ompeJeseHbl TEH30DPEI g;; 1 hij s
h-nipocrpancTs Tuna {221}, korga TeH3op h;; MMeeT TPH IVIABHBIX HAIPABJICHUS, JIBa U3 KOTOPBIX
W30TPOTHBIE.

s (2.10) ciaemayior paBeHCTBA

Yl = 0i2Yop, Yida = 0uYap, Yid3=06iY50, i=1,...,5. (2.14)

Ucnonb3yst mostydenHbie cooTHomenus: u dpopmyity (?7), cocraBuM BCeBO3MOXKHBIE CKOOKH JIu BeKTOD-
HBIX TTOJIei Y7, ..., Ys:

Y,
Vi, Y2 = ~(¥ap)¥a, V1Y) =0, 17, Y] = fﬂln,
Y5 Yop
Y1, Y5 = Y Yy Yyl = —2F
® YZ;SO Yoo Yoo
YY) = — Y, Y. Ys — Y,
[Yo, Yy e 1+)\ v 2 — Do — M1 )? 3 N — 4, (2.15)
Y; Y; Y,
Vo, ¥s) = —22 v+ —92 vy, = 222 yi vy, Vi) = —(Yap)Va,

(A3 —\p)? A3 — A1 AL — A3
Y5 Y5 Y5 Yip
Yy — Ys.
A3 — A2 (A3 — A2)? (A3 — A2) A2 — A3
Hamommmm, 9to crucrema TuHEHHBIX UM OEPEHITHATBHBIX YPABHEHI B TACTHBIX TIPOU3BOIHBIX C HEM3-
BecTHON yHKIHEN U

[Y3,Y5] =

Vs, [Ya,Y5]=

5 Y3 +

< ou
— ¢t n _ _ R
You=E&'(z,...,x )(9 -=0, s=1,...,p;i=1,...,n,
S X
rje &' — KOMIIOHEHTBI P BEKTODHBIX MOJieil Koconopmajsibaoro penepa (Yi,...,Y,), sBisiercs BHOJIHE
S
HHTEIPHPYEMOH, T.e. JIONYCKAET N — P HE3ABUCHMBIX pertenuit u', ..., uP, ecid U TOJIBKO eC/IU BCE
KOMMYTaTOPbI OIlepaTOPOB CHUCTEMbI
n
[}/;7}/;5] EY;Y;—Y%Y; = E er(’}’rst_’)/rts)y;“a S,t: 1,---,]9, (216)

r=1
e

Yijk = E1m€E™ (2.17)
7 7k
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— K03 uIuenTs Bpalenusd Pudun, JIuHEHO BBIPasKaloTCA HYepe3 OllepaTopbl CHCTeMbl Yi,...,Y),
(em. [62, c. 143], [61, c. 12]).
U3 (2.15) BugnO, 4TO crcTeMbl MuddOEPEHIMATBHBIX yDABHEHA
Yiu=Ysu=Y,u=Ysu=0, Ysu=Yyu=Ysu=0

ABJAIOTCA BIIOJIHE MHTEIrPUPYEMBIMU U UMEIOT COOTBETCTBEHHO OJHO U JIBa PEIIICHMA. O6o3naanM pe-

IHIeHue HepBOfI CUCTEMBI 1 OJJHO U3 JABYX HE3aBUCHMbIX peHleHI/IfI BTOpOI'?'I CHUCTEMBI 9epe3 ul, enre OJHO

pernienue BTOpOfI CUCTEMBI 0003HAYNM Uz.

B nosbix koopmunarax ! = u!(z), 22 = u?(x), omycTHB WITPHXH, IOy YIM
@=g=g==0
1 3 4 5

npu p = 1,2. Tak xe Haiigem

mpu q = 3,4
E=P=0=¢=0
1 2 3 4

Iocye atoro m3 (2.10), (2.14) ciemyet, 9To \; 3aBUCHT TOJNBKO OT T2, Ay 3aBUCHT TOMBbKO OT % 1 A3
3aBUCHT TOJHKO OT X7

)\1 = fl(a:Q), )\2 = fg(ﬂ?4)7 )\3 = f3(.%‘5).
[TpupaBHuBasi B KayKJI0i KOOPJIMHATHON OKpecTHOCTH U KOODJIMHATHI BEKTOPHBIX I0JI€l B IIPABBIX U
JIEBBIX 4acTsx ypasHeHuil (2.15), ¢ momomipio dbopmysbl (?77) mosmyunm cieyonyo cucremy u3 21
HEJTHHEHOTO yPABHEHHST B YaCTHBIX TIPOM3BOIHBIX C HEM3BECTHBIME &/

10 518151—516151—526251:—£2f{£1;
1 2 1 2 2
2° 5 3152 -fi (52) ;
3° 533351 f (91§3 51(91§5 53(93§5
3 1 1
4° 538353 + 54(9453 53(9353 £4f2£3
4 3 4 3 3 4
5O §383§4 — _fé(£4)2;

o 1 _ f2 1.
N U e
7 o =¢oet =0
T S }/
o 1 _ = 3 1.
s 85§  2f3—fi1 ]
9°  £05¢" = 0567 = 0;
3 3 3 f’2
° 3_ N1 .3
10 82§ A ff23
° 3_ 1 f3 .3
11 (95§ = 2f3— § 1
o (3. ¢l edq ¢l dprel L rel,
12 § a3§ § a4§ (f f )2§ f2§ f f14 f2§ )
o ¢dn (2 4 pre2.
18 0 = R
° 19 ¢3 | ¢29 ¢3 3 2 163,
1 g 31%“ +¢ 82§ (fz—f1)2§ f1§ J1— f22 f1§
15°  £20x¢" = f f1§4
5 1 f2—
° 1 Lisaa 1.5
16° g = m—ﬁﬁﬁﬁﬁ TR
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TV I T praeyry
g sy
o o 5 _ 1 5.
150 ZeEN f
o 3__1 é 3_1 é 3.
19 85§ 2(f3—f2)2§ 2 fa— fad’

1 fh
20° Pt =1 I3 e
5§ 2f2/— 3§
21° 8 5: f2 5.
4§ f3— f25

[MITpux 31€ch U Jajgee o3Ha4YaeT IPOU3BOAHYIO (DYHKIUU OJHOTO IIEPEMEHHOTO 110 €€ apryMeHTyY, Ha-
upumep, fi = dfi/dx?, fi = dfz/dx?, fi = dfs/dx).

N3 ypasuenust 3° cieryer
03" =&’ = 0167 = 35E° = 0.
1 3 5 5
WNurerpupyst ypasuenus 6°, 8°, 10°, 11°, 18° u 21°, naiimem
1 1

1 _ 2
§  (f2 —fl)(f3—f1)1/2Rl(x )
3 _ 1 3 4
S = s = ),

& = L Rs(z°),

5 (fi—=f)(fa—f3)
e Ry, R3, R; —HenyneBble (DyHKIMN yKa3aHHBIX epeMeHHbIX. [locie mpeobpa3oBanust KOOPIMHAT
’ _ ’ / _ / / _
! = /Rl Yaat, 2% =22, 2% = /R3 Yo, ob =2t 2° = /R5 Ydad,
HE MEHSIIOIIEro TMOJYYEeHHBIX PaHee PABEHCTB, OMYCTUB IITPUXH, TOJIYTHM

€ = : € = : £ = : .
1 (==Y 3 (Ai—f)(fs— )Y 3 (fi—f)(fa—fs)

U3 ypasuenns 9° caenyer 0362 = 0. IIpounrerpuposas ypasuenns 2°, 13° u 17°, naiinem
2

1
& - .
3 (o= f)(fs = f)YA(fiz! + 7(2?))
BosmozkHbl siBa caydas: fj #0wu f{ =0.
B nepsoM ciiyuae cegaeM npeobpasoBaHue KOOPIUHAT

¥ = fia?), o =P, p#2

u nonoxnm 7 = (f)~17; Torma

2 = @Y+, & =¢r, p#2.
2 1 2 2

7= /Tda:2.

B wurore, onycrus depty, oobeuHIM 008 cirydas pOpMyJIaMu

Bo BTOPOM cCJiy4dae caejiaeM 3aMEHy

fi =2+ (1 —¢1)c1, ¢ = const,
€ = :
3 (fo—f)(fs — f)12A
rje €1 pasHo 0 minu 1.
[TomobuO 3TOMY, U3 ypaBHeHuit 5°, 7°, 15° u 20° umeem

A=¢e (wl + T(I'Z)) +1—eq,

fo = eox* + (1 —e9)co, o = const,
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1
&= ;
i (= f)(fs— f2)Y?B
rie €2 pauo 0 mnm 1.
WNurerpupyst ypasuenus 1°, 9°, 12° 16° 4°, 7°, 14° u 19°, noxyaum

B =g (wS + w(x4)) +1—eo,

1: 1 A 2
g 2A(f2—f1)(f3—f1)1/2( o1+ V()
3_ 1 4
g C2B(f1 — fo)(fs — f2)Y/2 (Boz + M(z"),
rie
R TR S S
"YTheh f-h T fi—fa fa—fa

[Toce mpeobpazoBaHMsT KOOPANHAT

/ 1 ! 1 !
z! —xl—i/Ndﬁ, 3 —a;g—i/Mda:A‘, ¥ = 2k, k#1,3,
OILyCTHUB INTPUXHU, IMEEM

£ = ! o, = ! o
3 2(fa—f)(fs—f)V2 7 1 2(fi— f)(fs— f)V2 T

I/ICHOJH)BYH HaIL/'I,ZLeHHbIe SHaQ4YCHNA KOMIIOHEHT BEKTOPOB KOCOHOPDMAaJIBHOT'O perepa:

&= . ¢ = ! o1
1 (fa— f)(fs — f)/27 3 2(fa— f1)(fs — f)V/2 7
1

2 _

ST @ ) ) -
3 _ 1 53 _ 1 o ( - )
S TR § T AR )

G 1 £ 1

i (h=FfR)(fs— )2 (@@ +w@E)+1-a) 5 (- f)(f2— 1)
(BBIIIICAHBI TOJBKO HEHYJIEBbIE KOMIIOHEHTHI), 110 opmysam (?7), (??) BbIYUCIUM KOMIIOHEHTHI KAHO-
Hraecknx 1-popM B HarypasbHom perepe (X;):

01 = (fo— f1)(fs — fO)Y2Adz?, 0= (fo— f1)(f3s — f1)'/? (dwl — %Admz) ,
05 = (f1 — f2)(f3 — f2)Y?Bda?, 04 = (f1 — fo)(fs — f2)*/? (daﬁg — %Bdm“) ,
05 = (f1 — f3)(fo — f3)da®,

u 3areM 110 popmysiaM (2.2) — KOMIOHEHTBI METPUKH ¢ U OUIMHENRHOi hopMBbI A B HATYPAJIBLHOM periepe.

Beraucsiue cumpouibl Kpucroddestst HaiiieHHON METPUKHU ¢, HEITOCPEJICTBEHHON TPOBEPKOil yOemmMest
B TOM, YTO TEH30DHBIE TOJI ¢, h U ¢ YJIOBJIETBOPSIOT ypaBHEHHUIO JDiizenxapra. B mrore mosydmm
CJEAYIOIUN pe3ysIbTat.

Teopema 2.1. [Tycmv M — namumeproe mmoz2000pazue ¢ mempuxotl g u ceaznwocmyvio Jlesu- Yu-
suma V. ITycmov 0-gopma ¢ u cummempusnas burunetnas gopma h xapaxmepucmury xzo1 = {221}
onpedeaerv, 6 M uau 6 Hexomopoti obaacmu V- C M u nyecmo f1, fa, f3 —nonapro pasauunvie xa-
paxmepucmuteckue KopHy buasunetinot gopmor h — 2¢0g xpamuocmet coomeememseenno 2, 2 u 1. Jas
mozo umobw, h, g u @ ydosaemeopasu ypasHerur Susenrapma, m.e. dis mozo 4wmobov. M 6viao h-
npocmparcmseom muna X221 = {221}, neobxrodumo u docmamouro, 4mobvl 6bINONHAIUCH PABEHCTNEA

g=-ei(fr— f1)*(fs — f)g1 + e2(fi — f2)°(f3 — f2)g2 + es(fr — f3)*(f2 — f3)%gs,
h=(2fi +2f2+ f3)g +e1(fo — f1)*(f3 — f1) (figr + A1) +
+ea(fi — f2)2(fs — fo) (fogz + A2) + es(fr — f3)°(f2 — £3)* f3 93, (2.19)

<P=f1+f2+%f3
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u 6okpye kasrcdoli mowku p € V.C M cywecmeosana xanonuueckas xapma (x,U), 6 xomopot

_ 1,2 2 2y2
gl‘UA(M & A(fz—h fs—f1> )

_ Bt 2 2 (2.20)
9l B<2d a B<f1—f2 f3—f2> >
gg‘U (dx )2, Al‘U = A2(dx2) , ‘U (dx4)2,

2de
fi=az®+ (1 —e)er, fo=e'+(1—e)er, f3=f3(2°) = p(a),
¢y =const, cy=-const, A=cey(z! +7(2?))+1—-e;, B=ey(2®+w(x)+1— ey,
€1, €2 npuruMarom Hedasucumo 3naverus 0 uau 1, e1, es, e3 = +1, 7 — dynrwyua 22, w — Pynryua .
OTcro/1a BBITEKAET CJIEYIONIee YTBEPIKICHNUE.

Teopema 2.2. Bexmoptoe noie X € TM® mozda u moavko mozda asasemcs (A0Kaabmbm) npoex-
muensim deusiceruem muna {221} na namumeprom ncesdopumarosom mmnozoobpasuu (M°, g), xozda
suinoansemcs pasencmeo Lxg = h, ede mempuxa g u busunetnas gopma h onpedeserwv, opmyramu
(2.19) w (2.20) (cm. Teopemy 2.1).

2.3. H-npocrpancrBa tuna {32}. B srom pasjese GyuyT onpejiesieHbl METPUKH h-IPOCTPAHCTB
tuma {32}, korga TeH3op hj; MMeeT jBa M30TPOIHBIX IVIABHBIX Hampasienus. Tak Kak

d= 0"y, = Zeheﬁyh,

h
3 (2.11) coeytor paBeHcTBa
2 )
Y\ = §5i3Y380, Yido =0i5Y5, 1=1,...,5. (2.21)
Ucnonsayst coornomennst (2.11) u dopmyiny (?7), cocraBum ckobku JIn Bekropubx moseii Yy, ..., Ys

U BBIITUIIIEM T€ U3 HUX, KOTOPbI€ OTJIMYHBI OT HYJIA:

2 Y- 4
¥1.¥s] = 5 (Vap)¥a, [V1,¥5] = =y, [¥2.Y3] = —5 (Yap)Vs,

A2 — AL
Y5 Y59 Y3
Yo, Vsl = —272 v+ % v, Vi,V = Y,
Y2 Y3 A=A T A=A Y5, Yl M= A (2.22)
Y5 Y5 Y5 Y3 Yap
Y3, Y5 = Y] + 5Yo + Y3 — Y, + Ys,
[¥3, ¥5] B D Y A O VIS VT R VD W R O VI Wit D VD P

(Y, Y5] = —(Y59)Y5.
U3 (2.22) caepyer, uro cucrembl audepeHImaibHbIX yPaBHEH
YYu=You=Yu=Ysu=0, Yiu=Yiu=Ys5u=0, Yyu=Ysu=0

SIBJISIFOTCsI BIIOJIHE MHTerpupyeMbiMu (cM. paszen 2.2). O6osHaunM (e MHCTBEHHOE) DellleHue [epBoi
CHCTEMBI I OJIHO U3 JIByX HE3ABUCUMBIX PEIIEHIH BTOPOIl CHCTEMBI Yepe3 U3, elre OJ[HO PelleHne BTOPOi
crcTeMbl depe3 u2, peleHnst TpeTheil cucreMbl — depes ul, u?, ud.
CucreMsl
Ylu=You=Y5u=Yu=0, Yiu=You=Ysu=0

5 o 4 5

TaK>Ke BIIOJIHE I/IHTeI‘pI/IpyeMbI peH_IeHI/IS{ HepBOI/I CHCTEMBI ODO3HAYNIM U , BTOpPOU — U™ 1 U".

B HOBBIX KOOp,ZLI/IHaTaX {L‘ = u OHyCTI/IB ]_HTpI/IXI/I HO.HyLII/IM
5]2 = g]l = Oa gz = Q($) 15 5 = (l’)54, 53 = 55 = Oa Z.lajl = 1>2a3a ’L'2>j2 = 4—5 9.
i1 i2 1 4 2 4

U3 (2.11) u (2.21) ciesyer, 9To \j 3aBUCHT TOJTLKO OT T2,

M= A1), A = fo(a);

a Ag — TOJIBKO OT x°:
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IIPU 3TOM

= %(3f1 +2f2).

19

[TpupasusiB B KaxK 100t Kapre U KOOPIMHATHI BEKTOPOB B 00€MX YaCTsIX ypaBHeHuit (2.22), ¢ moMoIIbio
dbopmyiiet (?77) nosyaum cucremy 25 HeJIMHEHHBIX YPABHEHUH B YaCTHBIX TPOU3BOJIHBIX ¢ HEU3BECTHBIME

&
i
10
90
40
10
Fo
6o
7o
g0
90
10°
11°
12°

13°

14°
15°
16°
17°

18°
19°
20°

21°
22°
23°
24°

25°

51315 —toet — 0t =
1 s 1 3 1
513152 0;

1

10 §1 EO1E" — €205 — 056" =
1 3 1 3 1

1 3

5 0 52 ¢ figz;
5 0 53 £ro,€% = 0;
5434§1 = é' ’

4 1 ’

058" =
5 1 2
§ouE +£20n¢! - gmé 20!
2 3 2 3 2
é&§+8@8 gmé 20,62
2 3 2 3 3 2 3 2
526b£3 =:——211(§3)2;
g%él §10,6% = 0;

4 2
5&& 88&:m

—-& e
3 2

— 08" = —26% el
32 3°°3
— £3056% = =263 f1€%;
32 3773

5o ¢l 5 el rel,
§ a5§ - (f fl)zé. f2§ f f15 f2§ ;
54 ¢2 5 4162,
g 85§  fo— flg f2g ’
¢1o1¢t = ot = 0;
1 5 3 73
§484§1 — §4(94£2 — O
30 o4 3 3 ed,
§83§ " 2f1— fo3 f1§
548454 54(9454 556 54 £5fé£47
i 3 35 1 35 '3 573
§484§5 — _fé(£5)2.
54 ¢l 5prel 1
Cong' = O~ (I (e
5o ¢2 5 4162 5 0162,
§ 85§ e —f15 fzg (f2—f1 )2£ f2§
5463 5 1 ¢3.
§ 85§ - fi3 f2£ \ .
34 o4 3re4 O 3 41 o4,
g st = 2h—f§ﬁ§ 2 (o~ f2s 11§
533 ¢ = 3f1§5
5 2f2—f13

snecn f] = dfy/dx3, f5 = dfs/dxd.

3£5f2£ )
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N3 ypasuennit 6°, 2°, 11° u 12° cucremsr ¢ yueroMm HepaBeHncrsa det (53 ) # 0) nosyuum
i

048t = 0182 = 047 = D18 = D&t = 0.
1 2 2 4 4
WNuarerpupys ypasuenus 7°, 14° u 18°, naiinem

11 1 2 3 9o 1 2 3 4
C=pophle e, &= @), &= mran

ITocsie 3amenbl Koop/JimHaT

1 2 4
’ dz ’ dz ’ dzx ’
3','1 = =) 3’:2 == 5 5134: ) xk:xk7 k:3’57
M Qs Qy
HE MEHSIIOIIEH MOJIYUeHHBIX paHee Pe3y/IbTAaTOB, OIYCTHUB IITPUXH, OyIeM NMeThb
é-l _ 52 _ 1 54 _ 1
e , e
1 3 f—f" 1 (i f)P?
WNurerpupyst ypasuenus 1°, 13° u yuwursiBasi, 9ro, B cuiay 11°, {1 HE 3aBHCHT OT IepeMenHoii x?,
2
[IOJIY YUM
1
1 _ (T 2 .3
¢ = 57— (M +2D(z%, 2%)),
3 2(f2—f)
rie D — npousBosbHas (DYyHKIMS IIEPEMEHHBIX 22, 2> U BBEJEHO 0003HAUECHHE
2
Tl = .
fa—h

Boinonus npeobpasoBanne KOOPAUHAT
! /
oV =zt — /D(a:2,x3)dx2, 2=k k41,

OIYyCTUB MITPUXU, OYIEM UMETh

=
3 2(f2—f1)
WNurerpuposanue ypasuenuit 23°, 5° u 10° maer
1
3 _

£ = .
3 2(fa— fO)(f1z? +7(2?))
3aech BoaMOXKHBI JiBa ciaydast: f1 # 0 u f| = 0.
B nepsoMm ciiyuae cegaeM 3aMeHy KOODIHHAT

= fi(ad), F=db k#£3,

u BBesieM obosHadenne T = (f])~!r; Torma

3 1 ——
STahomeEr § 05 FPR

78 = /Td$3.

[Tocsie omyckanus gepThbl 00a CIydasi OMUCBIBAIOTCA (DOPMyJIaMu

Bo BTopoMm cityaae moJsioxKum

fi=ezd+ (1 —e1)c1, ¢ = const,

1
3=~ A= (2?4723 +1 -,
§ 2(fa — f1)A i @) '

rie €1 pauo 0 winm 1.
Ananornuno u3 ypasHenuii 20°, 16° u 25° mosyanm

fo = eox® + (1 —e9)co, o = const,
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1
f=—"—"r B=cgy(s'+p(@) +1-e),
5 (i —f)¥?B ( )
rie €9 pauo 0 winm 1.
U3 ypasuenns 17° caenyer 9,61 = 0. Vnrerpupys ypasuenns 21°, 3° u 8°, naiigem
3

R
3 8(fo—f1)A

riae ® — npousBoibHas DYHKIHA T2,

(2473 + A(11)? + 4@(2®)),

B HOBBIX KOOpAMHATAX

OIIyCTHUB IITPpUXU, UMEEM

1 1
1 2
=— |1+ =77 ).
§ 4(f2—f1)<2 2 1)
WNurerpuposanune ypasuennit 22°, 4° u 9° maer
1
2 3 1
= ———— (A1 +2¥(2°) — 127),
§ T ah o At ) e

e ¥ — npomnssosbiast bynkima 3. CremaeM 3aMeHy KOODMHAT
¥ =2 - /\I'(x?’)dw?’, ¥ =a2F, k42

1 OIIyCTHM IITPpUXU; TOrAQ

o 1 _9£>
g -~ 2(f2— f1) <T1 A )

Paspemras ypasuenus: 15°, 24° u 19°, naiiaem

4_ 1 5
- 2B(f1 — f2)*/? (BT + )

5 1 BBE€IEHO obo3HaYeHne

3
fi—f

e F'— npousBosibHast QYHKIUS T

Tg =
[Tocsie npeobpazoBanusi KOOPAUHAT
oV =t - /F(xB)d$5, 2 =k ok + 4,

OIIyCTUB MITPUXU, OyIeM UMETh

L —
5 2(f1 — f2)3/?
B])IHHHIGM HeHyﬂeBbIe SHaYEeHNA KOMIIOHEHT BeKTOpOB HaIU/LHeHHOFO KOCOHOprIaJII)HOFO peHepa:
1 T, 1 1
1 2 1 1 1 2
= = - 00, = - T + _T > )
S TS TR S Tamony S Mﬁ—m<2 21
1 € x1> 1 1
2 1 3 4
__ ! (nenm) st e 2.23
g 2(fa — fr) ( ! A g 2(fa— f1)A g (f1 — f2)3/? 22)
\ e 1

=T § T T
5 2Ah-RPP s (h-f)PB

u 1o dpopmysam (77), (??7) BeIYUCIMM KOMIIOHEHTBI KAHOHUYeCKUX 1-hopM B HATYpasbHOM perepe (X;):

91 = 261 (f2 — fl)Ad$3, 92 = €1 (fg — fl)(dl'Q — (ATl — 811’1)d$3),
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1 1 1 1
03 = e1(fa — f1) <dx1 — §T1dx2 - <§AT2 - ZAsz + §T161$1> dx3> ,
1
04 = ea(f1 — f2)3/2Bdz®, 05 = ea(f1 — f2)*/? (dx4 - 51@,3&&) .

Barem 1o dhopmysiam (2.4) onpejiesinM KOMIIOHEHTBI METPUKH ¢ 1 OUJINHERHO (DOPMBI i B HATYPATLHOM
penepe.

[Moscunras cumBosibl Kpucroddess HailleHHON METPUKHU ¢, MOXKHO HEIIOCPEJCTBEHHON MPOBEPKOit
yOeINThCSA B TOM, UTO TE€H30PHBIE TOJISA ¢, h U (o YIOBJIETBOPSIOT ypaBHEHUIO Jitzerxapra. UTak, J10-
Ka3aHa CJIeIYIOIIas TeopeMa.

Teopema 2.3. Ilycmv M — namumeproe mmo2o00pasue ¢ mempukol g u ceaznocmvio Jlesu-Hu-
suma V. ITycmov 0-ghopma ¢ u cummempuynas buaunetnan gopma h xapaxmepucmuru xsz = {32}
onpedeaerv, 6 M uau 6 nexomopoti obaacmu V- C M u nycmsw f1, fo — nonapro passuvwnvie xapaxmepu-
CMUYECKUE KOpHu buaunetinot opmut h—2pg xpammnocmetds coomeememseenio 3 u 2. Jlas mo2o wmobovy
h, g u @ ydosaemesopaiu ypasHernuro Jizenrapma, m.e. das mozo umobv, M 6viro h-npocmparcmeom
muna x32 = {32}, neobrodumo u docmamouro, wmobv. GUNONHAAUCS PAGEHCTEA

g=-ei(fo— f1)%q1 +ea(f1 — f2)3go,
h=(3f1+2f2)g+ei(fo— f1)° (frgr + A1) + e2(f1 — f2)° (fagz + A2) (2.24)

3
@:§f1+f2

u 6okpye kasrcdot mouku p € V. .C M cywecmeosana xanornuueckas xapma (z,U), 6 xomopot

g1, = 4Adz da® + (d2?)” + 2 <51x1 —~ f24—Af1> da?daz®+
8Aeqzt 4A? ) 2
+ 1?2 - - da®)”,
(61 (=) fo=fi (f2— f1)? (4%) 9 95
4 3B2 2 ( . )
gg‘U = 2Bdx d(IJB — m (dx ) s
213 1 24 3\ 2 2 5\ 2 3
A1’U:4Adl' dzx +4A &1x _fg—fl (dl’) s A2’U:B (dl’) s <p:§f1+f2’

2de

fi=e12®+ (1 —e)er, fo=e02® 4+ (1 —e3)co, ¢ =const, ¢y = const,
A=c (2®+ 7)) +1—e, B=¢e (2" +p(") +1-ey,

€1 U €2 npunumalom rezasucumo snavenus 0 uau 1, ey, e = +1, 7 — dynxyua 3, W — Pynryua x°.

N3 Teopembr 2.3 BhITEKAET CJEYIOIIEE YTBEPIKIEHUE.

Teopema 2.4. Bexmopnoe noae X € TM mozda u moavko mozda sasasemcs (A0KAAGHUIM) NPO-
exmushum dsudtcenuem muna {32} na namumeprom ncesdopumarosom mmozoobpasuu (M, g), xozda

svinoansemcs pasencmeo Lxg = h, 2de mempuka g u bdusunetinas gopma h onpedesenvt gopmynaa-
mu (2.24) u (2.25) (cMm. Teopemy 2.3).

2.4. H-upocrpancrsBa tuma {41}. B s1om pasjese onpeiesiorcst MeTpuke h-IpoCcTPaHCTB THUIIA
{41}, xorza Tensop h;; MMeer JBa ITTaBHLIX HAIIPABJIEHHH, OJHO M3 KOTOPBIX m3oTponHoe. M3 (2.12)
CJIEJIYIOT PABEHCTBA

1
}/Z'Al = §5Z4Y21(70’ YYZAZ = 257)5Y5(pa i = 1> s >5' (226)
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[Mosnb3ysich ypasaerusimu (2.12) u dopmysioit (?7?), cocraBum ckobku JIu BekTopHbIX nosiedi Y7, ..., Ys:

1
[Y17Y2] = 07 [Yiayé] = Oa [Yi,Y4] = —§(Y4<P)Y2>

Y:
Y1, %) = - i";liﬁ, V2, V3] =0, [¥2,Y3] = —(Yap)Ys,
50 Y5¢ 3
[Y2,Y5] = Do A1)2Y1 LW [V3,Ya] = —5 (Yap)Ys, (2.27)
Y5
Vs, Vel = —2F Yy, 5Py,
[Y3, Ys] Do — N )3 1+ Do — \)? 2+)\2_)\1 35
Ys¢ Y5 Y5 Y5 Yip
Yy, Vs = Y, Yo+ — 97y Y, Ys:
¥, Y3 (A2 — M)t o (A2 — Ap)3 2 (A2 — Ap)? 3+)\2—>\1 4+>\2—>\1 B

ocTajibHBIE CKOOKHU JIu paBHBI HYJTIO.
W3 npuBeieHHBIX BhIIe (GOPMYJI CJIe/lyeT, 9TO cucTeMbl quddepeHnna bHbIX YpaBHEHUI

YYu=You=Ysu=Ysu=0, Yiu=You=Ys5u=0, Yiu=Ysu=0

SIBJISIFOTCsI BIIOJIHE HHTErpUpyeMbIME (CM. pasjes 2.2). O6o3HaunM pelleHne nepBoii CUCTeMbI U OJTHO U3
JIBYX HE3aBUCHUMBIX DeIleHuil BTOPOH cucTeMbl depe3 u, eIie oJ[HO pelleHne BTOPOil CHCTEMbI — Jepe3
u?; mycTh pemenns Tperbeii cucremsr GymyT uZ, ud n ut, a pemenus ypasuenus Ysu = 0 —ul, v, u? un
ut. Cucrema Yiu = You = Yau = Yyu = 0 Taxske sBJISIeTCsI BIOJIHE MHTEIPHPYEMOil, ee eJIMHCTBEHHOE
petenme 0603HaMIM U°.
B HOBBIX KOOp/JIMHaTax xi/ = ui, OIIyCTUB HITPUXU, ITOJTyIUM
€ =Q@), &=Pa)y, £=¢==¢¢==¢=0
1 5 2 2 2 3 3 4

U3 (2.12) u (2.26) cieayer, 9To A; 3aBHCHT TOMBKO OT ) a Ay — TosbKO OT Z°:

)\1 = f1 (.%‘4), )\2 = f2(3§5);

IIpu 3TOM
1
Y= 5(4,}01 + f2).

Bammcas B KOOpJMHATAX BEKTOPHBIE ypaBHeHust (2.27), ¢ yaerom dbopmysbl (77) mosyunm cucremy 34
HEJTMHEHHBIX yPaBHEHUN B YACTHBIX MPOU3BOIHBIX C HEM3BECTHBIMU &

10 ot —oat - ot =0
1 3 3 1 3 1

2 o =0,
1 2
37 glong! — g — 0pe" — P0uet =0
1 3 3 1 3 1 3 1
o =0

1 3
50 e’ =0,
1 3
6°  £loet — lonet — 20p¢t — Boget — ot = —rfel
1 4 4 1 4 1 4 1 4 1 4 2
o = e
1 4 4 2
8 £ro & = 0;
1 4
90 o =0
1 4

1 1
10° 58 1_ - 5
§ 5§ 2fo— fis
11° £'9,8° =0,

1 5
120 €1oiet + 2058t — rone! — 20T — 30581 = 0;
2 3 2 3 3 2 3 2 3 2

f5€h;
1
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13° 516152 + 528252 — 518152 — 20,67 — 30,67 = 0;
2 3 2 3 2
14° g 9 53 + 526253 = o
15° 5 6151 + 528251 g8l = 0,8 — et — laue = —ac ek
16° 561§2+§282§2 58152 E20,8% — 0587 — 1046 = =281 f1€%
4 2 4 2 4 2 4 3

170 ga 53—1—526253 2£4f1§3;
18° f (91§4 +§2(92§4 = 0;
19° 5 6155 + 528255 = 0;

o 5 1 1 5 1 5 1.
07 8% =5 s f)25 fi - 2f2—f15 125
21°  £°056" = AELE

5 2 2o —
22° 5181§1+§282§1 §383§1 galgl —§28251 536351 548451 3§4f{§1;
23° 581§2+§202§2 0" — 1017 = 0,87 - 538352 548452 -3
24° 581£3+5262£3 30563 — €10163 — €20, — 538353 546453 3¢t f1e3;
3 4 4 3 4 3 4 4 4

250 g 81§4 +§282§4 §383§-4 — _3f{(§4)27

o 5 1 1 5 11 _l 1 5 ¢ 1_} 5
26 5 855 2f2;f1§ f2§ 2(f2_f1)2§ f2g 2(f f )35 f2£ ’

o 50 ¢2 5 2_ L 5 ¢ ¢2
SR R e e Rt v R )

o 5 3 5 3.
B = s
29° 5181§5+§282§5 538355 = 0;

3 5 3

o 5 1 _ 1 5 1 _l 5 1 5 1
00 Lo %fz—flg 1 2 (7 s - <f2—1f1>3g B S S

o 50 ¢2 2 5p¢62 L 5 0162,
e ff 1y - 12(f2 f)?5 By Ay

o 59 ¢3 _ 1 5p¢3 L 5 3

o 5 4 5 4,
B = flé f?ﬁ’
34° 518155+£262£5+£363£5+£464§5 ﬁg‘*flé

siech f = dfy/dx?, fi = dfs/dxd.

WNarerpupys ypaBHeHI/IH 10°, 2°, 20°, 5°, 14°, 27°, 11°, 19°, 29° u 34°, naiimem

1
1 __
e

1
3 _
TR A

e Th, To, T3 u T5 — npousBoJibHbIE (DYHKITMH yKa3aHHBIX IepeMeHHbIX. [locsie nmpeobpazoBaHus Ko-

opJauHaT

Ty (wl, x2,

T3 (1'3, $4))

2’ zt),
2

5

€ =

£ =

1

G a2
1

(fl — f2)2T5(x5)a

4 £5f2£1

/ _ / o / _ ’ / _
z! —/T1 Yazt, 22 —/T2 Yaa?, 28 —/T3 Yae?, oY =24, 2P —/T5 Lda?,
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KOTOpO€ HE MEHsET NPUBEJICHHBIX BBLIIIE PE3Y/JILTATOB, OIIYCTUB INTPUXU, ITOJIYIUM

§I:§ZZ§3: 1
1 2

1 5 _
3 (fo— V¥ § (=)
WNurerpupys ¢ yderom 3mux paBeHCTB ypaBHenusi 9°, 18°, 25° u 33°, naiinem
£ = : -
i 3(fa— f)VA(f (@) +w(zt))

25

(2.28)

Biech Tak ke, Kak B IPEJBLIYIIUX pa3/iesax, BOSMOXKHBL jBa Bapuanta: fi # 0 u f{ = 0. B nepsom

cilydae CJIeIaeM 3aMeHy KOOD/IMHAT
j'42]01($4)7 ik:$k> pF4
u nosioxkuM @ = (f])~w; B uTore
4 1 »
£ = —, & =&, p#Fi
i 3(fa-f)PE ) 1

Bo BTopoMm citydae cuesraeM 3aMeHy
=3 / wdz?.

fi=ezt + (1 —e1)c1, ¢ = const,
¢t = v
i (fa— f)V2A
rje €1 paBao 0 wian 1 (IITPUXH OILYIIEHDI ).
WNurerpuposanue ypasuenuit 1° u 20° paer

e

3 2(fa— f1)1/?

e D — HpOI/IBBOJIbHaH d)yHKHI/IH yKaBaHHI)IX HepeMeHHbIX 1 BBEIECHO O6OSHa‘IeHI/Ie
1

fa—f1

Oba ciyuast 0ObeUHSAIOT (DOPMYJIBI

A=3e (x?’ + w(x4)) +1—¢y,

(1 + D(a?, 2%, a)),

215

[Tocste 3amenbI KOOpAUHAT
1 _ .1 1 2 p _ .p
T =T -3 Ddx*, a2 =2P, p#1,

OIlyCKasl MITPUXH, MOJIyUYUM

1
=
3 2(fa— fr)?
N3 ypasuennit 3°, 12° u 26° BbIBOIUM
1
= (2% + (21)% + 24(23, ),
3 8(f2—f1)1/2( (1) ( )
riae A — npousBosnbHas GyHKIHS 0 1 T,
1
o= ———.
(fa— f1)?

B HOBBIX KOOpAMHATAX
’ ]_ /
! —xl—i//lda:?’, ol =aP, p#1,
OIIYCTUB IITPUXU, UMEEM
1

=

3 8(fa— f1)l/?
WNurerpuposanue ypasuenuit 4°, 13° u 27° maer

e
30 2(fe— f1)V?

((21)2 + 222)

(21 + F(w?’, $4)),

(2.29)

(2.30)
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3

riae F — npousBonbhas dyuxmus 2, x4, Criesas 3aMeny KOOPAMHAT

22 = 22 —/Fda: 2P = 2P, D F£ 2,

Oy/ileM UMeTh
1

E2=—""__5 2.31
3 2(fa— )2 (2:51)
B pesysibrare maTerpupoBanus ypasuenuit 8°, 17°, 24° u 32° nosryunm
1
3 4 2
=———(A¥1+ 3P —4 ,
§ 2A(f2—f1)1/2( 1 (z%) — 4e127)
rie P — npoussosbHas ¢yukims 2. B HOBBIX KoOpaHATAX
73 = 2? —/de xp/:xp, p # 3,
OIIYCTHB IITPUXHU, UMEEM
1
S (AD) —4e2?). 2.32
E 2A(f2—f1)1/2( 1~ de) (252
WNurerpupys ypasuenus: 7°, 16°, 23° u 31°, naiigem
1
2 2 4 1
=——(2A4%, 4+ A(31)" + 3Q(x") — 8e1x7),
g 8A(f2—f1)1/2( 2 (1) Q(z") 1)
riae @Q — npousBosbHas GyHKIHA 2. BLIIOJHIB 3aMeHy KOOD/MHAT
o=t /de4, o’ =af, p#2,
TTOJTY IHIM
1
2 2 1
=———— (243, + A(X1)" — 8c127). 2.33
§ A, - gy AR AR ) 25
N3 ypasuennit 6°, 15°, 22° u 30° cuemyer
1
gl = <23 + 2122 + = 21 ) ) 2.34
i 6(fa— f1)/? ( ) (239
rie
1
3= s
(f2 = f1)?
Ucronb3yst HalijleHHbIE BEKTOPHI KOCOHOPMAJIBHOI'O PeIepa ¢ KOMIOHEHTAME
1 1
=== ——77 =7,
I3 3 (R=fY 3 2(fz2- Q)2
A e
3 8(f—f)? 3 20fa— f)YY
5 1 3 8
U S S S
i 16(— )7 4 8(-f)2\(-f) A (2.35)
1 1 4
3 2
= — —cx” ),
g 2(f2 — f1)/? <f2—f1 A >

i :A(fz—f1)1/2’ 5 (fl (fi — f2)?’
A= 351(373 + w(x4)) +1—¢,

no dopmymnam (?77), (??) BeraucauM KaHOHUYECKHE 1-DOpPMBIL:

01 = (fo — f1)2Adz*, Oy = (fo— f1)'/? (dx?’ - <l 4 251x2> dx4> ,
2fa—f1

(o 2 (g2~ L _<l A 1 €1x2>$4>
03 = (f2 — f1) <d 35— i STh=h) €1 +f2—f1 dz™ ),
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1 dz? 1 da? 1 A 1 ezt 1 ez
94=(f2—f1)1/2(dx1—— - 2—(— I L . 2>dx4>,
2fa—fi 8(f2— fr) 16(fo—f1)2 2fa—fi 4(fa— f1)

05 = (f1 — f2)?da”,
u 3areM, 1o dopmysam (2.6), HaiijleM KOMIOHEHTBI METPUKK ¢ u GusmHeiHoit dhopmbr h. Henocpe-
CTBEHHON IPOBEPKOi ybejuMcsi B TOM, YTO TEH30PHBIE HOJSA ¢, h W ¢ yIOBJIETBOPSIOT YPABHEHHUIO
Diizenxapra. BBuly 3TOr0 cripaBejmBa CJeLyolas TeopeMa.

Teopema 2.5. ITycmv M — namumeproe mmoz2000pazue ¢ mempuxotl g u céaznwocmyvio Jlesu- Yu-
suma V. ITycmo 0-gopma @ u cummempuunan buaunetinas gopma h xapaxmepucmuru xq1 = {41}
onpedeaerv, 6 M uau 6 nexomopoti obaacmu V-.C M u nycmo fi, fo — pasauunvie rapaxmepucmu-
yeckue Kophu ousunetnot gopmu, h — 2¢0g kpammnocmet coomsememeenno 4 u 1. Jlaa mozo wmobw.
h, g u @ ydosaemesopaiu ypasHernuro Jizenrapma, m.e. das mozo umobv, M 6viro h-npocmparcmeom
muna x41 = {41}, neobrodumo u docmamouro, wmobv. GUNONHAAUCS PAGEHCTEA

g =91+ 92,
h = (4f1 + f2)9 + fi91 + faga + ho, (2.36)
1
w=2f1+ §f2

u 6okpye Kaxncdot mouku p € V. C M cyuecmsosanst KAHOHUYECKGA KAPMA (a;, U ), 6 Komopod
e1g1|,; = 2A(f2 — fi)dz'dzt +2(f2 — f1)da?dz’+
+2(2e1(fo — f1)2® — A)dz?dz® — (dz®)? + 221 ((fo — f1)z' — 22%)dzdz’+
1
+ 4eq ((f2 _ fl)xle _ (LE’Z)Q _ §A$1> (dl’4)2,

2.37
€292l = (fr — f2)*(dz”)?, (237

elholU = 2A(fy — f1)dz?dz + (fo — f1)(dz®)? + 2(251(]"2 — f1)a? - A)dx3dx4+
+dey ((fz - f1) <(x2)2 - %Aaﬁl> —~ Ax2> (dxt)?,

2de
fi=eaz'+ (1 —e)er, fo=p("), c1=const, A=3e(2®+w(ah)+1-e,
£1 npurumaem anavernus 0 uau 1, e, ea = £1, w — dynryus x*.
OTcro/1a BBITEKAET CJIEIYIONIEe YTBEPXKICHNUE.

Teopema 2.6. Bexmopnoe nose X € TM mozda u moavko mozda ssasemcs (AOKAALHBIM) NpPO-
exmuenom deusiceruem muna {41} na namumeprom ncesdopumarosom mrozoobpasuu (M, g), xozda
svinoansemcs pasencmeo Lxg = h, ede mempuxa g u busunetnas gopma h onpedeserwv, opmyramu
(2.36)—(2.37) (cm. Teopemy 2.5).

2.5. H-npocrpancrsa tuna {5}. Haiinem merpuku h-upocrpancrs tuna {5}. 3 (2.13) caexyror
paBeHCTBA

2
Y;')\ = 3(52'5}/5(,0, 1= 1, ce ,5. (2.38)

C nomonipio dhopmyiiet (??) cocraBum ckobku JIu BekTopubIx moseit Y1, ..., Ys:
2
Y1,Y2] =0, [¥1,Y¥3]=0, [V1,Ya]=0, [¥1,Y5]= —g(Y590)Y2,
4
Y2, ¥3] =0, [Y2,Ya] =0, [V2,¥5]=—-(Ys9)¥3, [V3,¥s] =0, (2.39)

6 8
[Ys,Y5] = —g(Y580)Y4, Yy, V5] = —g(YW)Ya

Orcro/ia BUJHO, UTO KaXKJjiash U3 YeThIpeX cucteM JuddepeHnaabHbIX YPaBHEHUT

YYu=You=Y3u=Y,u=0, Yiu=You=Y3u=0, Yiu=You=0, Yiu=0,
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SIBJISIETCsI BIIOJTHE MHTerpupyemoit (cum. passest 2.2). O603HAYMM DellleHusl IePBOil CUCTEMBbI u’. OnHO

U3 JIBYX HE3aBUCHMBIX PeIlleHnii BTOPOii CUCTEMbI BHIOEpEM PABHBIM u°, a BTopoe oboznaunm u’. Heza-

BHICHMBIE PeIlleHNs TpeTheil cucTeMbl BbioepeM B Buje v, ut, u®, a HezaBuCHMEBIE perenust moc/IeHel

cucreMbl — B Bujie u?, ud, ut, u® u obozHaunM uepes ul' KaKy0-1160 QYHKIMIO, HE 3aBUCSILYIO OT U2,
uw?, ut uud.
, 4
B mOBBIX KOOpUMHATaX ¥ = u', OIMYCTUB IITPUXU, TOIYTUM
i_ i 3 _ ¢4 _¢5 _h 5 g5
{=Q([)d, ====0==0. (2.40)
1 2 2 2 3 3 4

C yueroM 5Tux paserncts u3 (2.13) u (2.38) cremyer, uTo A 3aBUCHT TOBKO OT 2°: A = f (%), mpn 3ToM
5
$= §f ().

Bamerus, uro u3 (2.40) BBuxy yciaoBusi det (5’) # 0 cienyer £l # 0npu ¢ = 1,...,5, npupasHsieMm
J 7

B KaXKJI0# KOOpAMHATHON oKpecTHOCTH U KOOPIMHATHI BEKTOPHBIX ITOJIEH C/IeBa U CIIpaBa B ypaBHe-

Husx (2.39) u ¢ nomompio dopmyssl (7?) mosyunm cuepyorntyo cucremy 34 nuddepeHIanbHbIX

ypaBHeHI/H‘/’I C HECU3BECTHLIMU fj :
1o ot —¢o¢t @ 5 = 0;
1 2 2 1
90 §181§2:§181§2 g (9153—0
3° 588 ero et — 8@8 €058 = 0;
3 1 3 1 3 1
4° 585 — 101t — 20p¢t — 3058t — roet =0
4 1 4 1 4 1 4 1
5° 588 ¢'o&3 = ot = 0;
1 4 1 4
6° 588 é&é—é@é—é%é—&&é—é%éz—ﬁé&
1 5 1 5 1 5 1
70 é— 8152 f 5255
8° 58? 5854 ¢ro1€° = 0;
1 5
9° g 81§1 + 5202§1 Ero1e! — 20,61 — 39561 = 0
3 2 3 2 3 2
10° 8 + 20,8 — 0,6 — L0, — S0 =0
2 3 2 3 3 2 3 2 3 2
11° 8&?+8@?:m
12° €&€+8@€ Eong! = opg! - Lapel — clong! =0,
4 2 4 2 4 2
13° £&¥+€®@ 5&8 €207 — 305¢% — 104 = 0;
4 2 4 2 4 2
14° f&?+8@5—0
15° f&&+8@&—0
16° 58ﬁ-+€ag —101Et — 20pt — 305" — rongt — P0s¢t = —2f1E1 ¢
2 5 2 5 5 2 5 2 5 2 5 2 5 2 35
17° éaﬁ”+8ag2—éaﬁ”—éaﬁ?—éaﬁ?—éa¢2—éa£2:—aféé;
2 5 2 5 2 5 2 3 5
18° §8ﬁ3+5@§ 2f§é
19° 58&+€@&—0
20° £&§+8@§—0
217 €&€+8@é+é%é Eo1E! = Pope! — Eope! — faue = 0;
4 3 4 3 4 3 4 3
22° 5 8152 + 526252 536352 10162 — 20,62 — 30567 — €2046% = 0;
3 4 4 3 4 3 4 3 4 3



23°
24°
25°
26°
27°
28°
29°
30°
31°
32°
33°

34°

371eCh
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513163 + 520263 + 530363 - 6101§3
£&ﬁ+€@ﬁ @@ﬁ—o

5 3161 + 520261 + 530361 § 01§1
5 3162 + 520262 + 530362 ¢ro&?
3 5 3 5 3 5 5 3
ELo1€% 4+ 20063 + 3058 — 10,63
3 5 3 5 3 5 5 3

— 20,87 - 20567
i 73 41073

_ §-282§1 _ §383§1

_ §-282§2 _ §383§2

— 20,8 — £2058°
5 3 5 3

5131§4 + 5232§4 +E%05¢" = =367 et
35 5° 4

5 81§5 + 520265 53(9365 = 0;

5 815 +£262£ +£363£ +£464£1
5 81§2 + 520262 + 53(9362 + §4<94§2
5 81§3 + 520263 53(9363 64(9453
4 5 4 4 5

gronet + 525254 535354 1ot
4 5 4 4 5

glalﬁl 52325
§131§2 5232§2
¢loe’ - 5232§3
5 4 5 4

— Lot — opet
5 4 5 4
¢roie’ + 526255 + 536355 + 00,85 =
4 5 4 5 4 5 4 5
f=df /dad.

_4f/<§5)2;

N3 ypasuenwnit 2°, 5°, 11°, 15° u 24° cjemxyior paBeHCTBa

01E? = 0167 = 0o = 916" = Dot
2 3 3 1 1

C y4eToMm 3TOro umMeem

rme @1 =

BOJIbHbIE HEHYJIEBbLIE (byHKI_H/II/I YKa3aHHBIX II€PEMEHHDBIX. IToce HpeO6pa30BaHI/I${ KoopJauHaT

1 2
xv_/@; 2= [
Dy )

=90, &
3

1
&1 (xt, 22 23, 2, 2°), By = Po(2?,

OIYCTUB MITPUXU, TTOJIYIUM

é-l
1
N3 ypasuennit 8°, 20° u 29° ciaemxyer
01
5
WNurerpupyst ypasuenue 34°, Haiijiem
& =

5

:¢2a 53 2453’

— £4046° = 0;
4 3
_ §4a4§-1 _ §585§-1
_ §4a4§2 _ §585§2
—£00,8° — £°0:8° =
5 3 5 3
g?’@g& 54545
§3(93§2 54(94§2
o gl
— 03¢t — 1o,
5 4 5 4
= 93¢t = 0.
4
54 = Dy,

x3,x4x) 453f§l53(a: 2t 2®) by =

3
xy_/%;
D3

= 056" = 03¢ =
5 5

1

’
o= f

:§2:§3:§4:1.
2 3 4

0.

A(f'xt + n(ad))

By

dxt

3f££5
%Wﬁ
3£f£1

— £P05¢t =
5 4
€056 =
5 4
£°056° =
5 4

— 058" =
5 i

29

—4 115,
55
—4f1E2¢5;
55
—4f1E3¢P;
55
—4 1685,
55

®4(x*, 2°) — mpous-

Bosmozknbl jiBa ciayuas: f'# 0 u f/ = 0. B nepsom ciydae cienaeM 3aMeHy KOODJMHAT

° = f(2P), z* =2k,

u nonoxmm 7 = (f')~1n; Torma

& =
5

(2

4zt +7)" 3

& =¢",
5

Bo BrOopowMm ciyyae cjiiesiaeM 3aMeHy IepEMEHHOit

T = 4/77dx5.

Omnyctus 1uepty, 00beuHuM 00a ciaydast hopMyIaMu

f=ex®

+(1—-¢), c=

k5,

k#5.

const,
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1
==, A= 46(x4 + 77($5)) +1—g¢,
s A
rje € pasHo 0 mwim 1.
N3 ypasraenust 1° ciemyer 01& 1= 0; BCJIEACTBHE ITOTO IOJIYIaeM
2

gl = X($2,$3,$4,$5),

rue X — IpOM3BOJIbHAA (DYHKIUS YKA3AHHBIX IIEPEMEHHBIX. BBIIOJIHUB 3aMEHY KOODIUMHAT
/ /
z! —xl—/xde, ¥ =P, p#£1,
U OIlyCTUB IITPUXH, Hailgem
=0

2
N3 ypasuennii 2°, 3°, 9° u 10° ciemayer

NEL = Ot = 0167 = 0p&? = 0,
3 3 3 3

IIO9TOMY
gl :W(x3,x4,x5), §2 :]\/*(x37x47x5)7

e ¥ u N — npousBoJibHble (DYHKIMK YKA3AHHBIX ITepeMeHHbIX. [lociie mpeobpas3oBaHus KOOPIHHAT

2V =gl — /Wda:?’, ot = P, p#£1,

22 =2 = /Ndxg, o = P, p#£2;
OIYCTHB IITPUXH, MTOJTYIUM
=g =,
3 3
W3 ypasuennit 4°, 5°, 12°, 13°, 14°, 21°, 22° u 23° BBITEKAIOT PABEHCTBA
€' = 0ot = 938! = 0167 = Do€” = 038° = 0% = 0,8° = 056 = 0,
4 4 4 4 4 4 4 4 4
TOITOMY
¢ =D, 2%, =G %), =220,
4 4 4

rie D, G u Z — npousBoJibHble (DYHKIMK yKA3AHHBIX IIepeMeHHbIX. [IponsBe/isi 3aMeHy epeMeHHbBIX

xll—a:l—/Dda:‘l, a;p/:xp, p#£1,
$2/:x2—/Gd$4, xp/:xp, p# 2,

w?’/:x?’—/de‘l, 2P = 2P, p# 3,

¥ OIyCTHUB MITPUXU, TTOJIYIUM

§1:§2:§3:0.

4 4
VaurniBas paBeHCTBa

gt = 0p¢" = 958" =0,
5 5 5
BBITEKaOIMe u3 ypasuenuit 6°, 16° u 25°, npounrerpupyem ypasuerue 30°:
§1 _ 4W(a:5)_
5 A7

31ecs W — npousBosibHast GyHKIMs 2°. BBIIOIHIB 3aMeHy KOOD/[HMHAT

xll—x1—4/de5, xpl:a:p, p#£b5,
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nostyauM (IITPUXU OILYIIEHBbI)

=0
5

N3 ypasuenwnit 7°, 17°, 26° u 31° naiigem
1
¢ = < (1Q(%) —ex'),
5 A

rie QQ — npoussosbHas Gyukimus 2°. Iloce mpeobpasoBanis KOOPMHAT

/

2% :$2—4/Q(x5)d$5, P =axP p#£D5,

ITOJIy Y M

€2 = —extA™t.
5

C yueTrom paBeHCTB

nE} =058 =0,
5 5

BBITEKAIOINX U3 ypaBHeHuil 8° u 27°, uaTerpupoBanue ypasHeruit 18°, 32° maer
1

I (4M (25) — 2e2?),

3
5 =
5
riae M — npousBosibHas ByHKIWMS 0. 3aMeHa KOOP/MHAT
¥ = 23 —4/Mda;5, - P, p#£5,

IPUBOJUT K PABEHCTBY

€3 = —2ex?A° .
5

N3 ypasuenwnit 8° u 19° ciemyer

hEt =gt =0.
5 5
WNurerpuposanne ypapuenuit 28°, 33° maer
1
¢ = (4K (2%) = 3ea”),
5
rine K — npoussosbHasi GyHKIMS 2°. B HOBBIX KOOD/MHATAX
oV =2t - 4/K(aﬁ5)da:5, 2 = P, p#5,

OIIYCTHUB INTPUXHU, UMEEM
¢t = —3ex3A47 L
5
B uTrore HenyJjieBbie KOMIIOHEHTBI BEKTOPOB KOCOHOPMAJIBHOI'O PEIiepa MMEIOT BU/L

== =¢t=1, &=_eta™
1 2 3 4 5

€= —2ex?A7t, = _3exPATl, =471
5 5 5

31

(2.41)

[To dopmymam (??), (??) BBIUYUCIUM KOMIIOHEHTHI KAHOHMYECKUX 1-hOpM B HATYDAJBLHOM DeIepe:

0, = Adz®, 0y = dz* + 3ex3da®,
O3 = da® + 2e2?da®, 04 = dz® + ex'ds®, 65 = dat

u 3areM 1o dpopmysiam (2.8) — KOMIIOHEHTHI METPUKH ¢ u OumHeiinoit dhopmbr h. laee Henocpe-
CTBEHHON ITPOBEPKON yDexK1aeMcsi B TOM, UTO TEH30PHbBIE TOJIst ¢, h U ¢ YJIOBJIECTBOPSIOT YPABHEHUIO

Ditzenxapra. JlokazaHa ciemyoolas TeopeMa.
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Teopema 2.7. IIycmv M — namumeproe mmoz000pazue ¢ mempuxotl g u céaznwocmyvio Jlesu- Yu-
suma V. Iycmo 0-opma ¢ u cummempuunas busunelnas gopma h rapaxmepucmuru x5 = {5}
onpedeaerivi 6 M uau 6 nexomopot obaacmu V- C M u nycms f — zapaxmepucmuseckutl xopeHs
busunetinol opmor h — 20g kpamuocmu 5. Jlas mozo wmobv, h, g u @ YAoBAEMBOPAAU YPASHEHUIO
Stsenxapma, m.e. das mozo umobv, M 6v.io h-npocmparncmeom muna x5 = {5}, neobrodumo u do-
CMAMOYHO, WMOOBL BHINOAHANUCD PABEHCNEA

h=06fg+ho, o= gf (2.42)
u 6okpye Kascdott mowku p € V.C M cywecmeosana karnonuueckas xapma (x,U), 6 xomopot
eg‘U = 2Adat da® + 2dz?dxt + 6exPda?da® + (da®)? + dex’da’da®+
+ 2extdatda® + 2¢ <3$1$3 + 2(x2)2) (dx5)?, (2.43)

ehol,, = 2Ada”da® + 2da’da* + 6ex’da’da® + dex’datda® + 2¢ (Ax' + 62%2%) (da)?,

ede
f=ex®+(1—¢e)e, c=const, A= 45(1’4 + T(LL’5)) +1—¢,

e npunumaem snavernus 0 uav 1, e = £1, 7 — dynryus x°.

N3 Teopembr 2.7 BhITEKAET CJEYIOIIEE YTBEPIK/IEHUE.

Teopema 2.8. Bexmopnoe nose X € TM mozda u moavko mozda ssasemcs (AOKAALHBIM) NpPO-
exmuerom deuotcenuem muna {5} Ha namumeprom ncesdopumarosom mrozoobpasuu (M, g), xozda
svinoanaemcs pasencmeo Lxg = h (77), 2de mempuka g u buaunetinas gopma h onpedeserv, dopmy-
aamu (2.42)—(2.43) (cm. Teopemy 2.7).
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AnHOTAIUA. Vccnemyrorcst BOIPOCHI KOPPEKTHOCTH JIMHEHHBIX OOpaTHBIX 3aJad JJisl ypPaBHEHUIA
C HECKOJIBKMMHU APOOHBIME TMpOM3BOAHBIMEU |epacumoBa—KamyTo B GaHaxoBBIX ImpocTpaHcTBax. Pac-
cMoTpeHa obpaTHast KodbduUIMeHTHAsS 3a7ada Ui Pa3PEIIeHHOr0 OTHOCUTEIBHO CTapIieil JpoOHOM
[IPOU3BOIHON yPABHEHUsI, COJIEPXKAIIEr0o OrPAHMYEHHBIE OIIEPATOPHI IIPU MJIAJIIINX TPOU3BOHBIX. JloKa-
3aH KPUTEPUI KOPPEKTHOCTU TAKOM 3a7a4uu. AHajiornunas oOparHast 3aa4a JIijisl YPABHEHUs C BBIPOXK-
JEHHBIM OIIEPATOPOM IIPU CTAPIIEH TPOU3BOIHON B MPEIIOIOXKEHNN OTHOCUTEIBHOM 0-OrPaHUIEHHOCTH
apbl ONEPATOPOB IIPU JABYX CTAPIIUX MMPOU3BOIHBIX PEIYIIMPOBAHA K JIBYM 3aJadaM Ha MOJIPOCTPaH-
CTBaxX /I yPABHEHUI, PA3PEIEHHBIX OTHOCUTEHHO cTapiieit npoudBomuoii. [lomyuennse Kpurepun
KOPPEKTHOCTHU TO3BOJIMJIM UCCIEOBATH OJIMH KJIACC OOPATHBIX 3384 JIjisl YPABHEHUN C MHOTOYJIEHAMHA
OT DJUIANITUIECKOTO Ju(DEePEHIMATBHOIO 0 MPOCTPAHCTBEHHBIM OIIEPATOPA U C HECKOJIBKUMHU ITPOU3-
BomgubiMu ['epacumoBa—KamyTo mo Bpemenu.

Karouesvle crosa: npobHas mpousBogHas ['epacumoBa—KairyTo, BBIDOXK IEHHOE SBOJIIOIMOHHOE Y PaB-
HeHue, obparHast Ko3pdUIMEHTHas 33/1a9a, KOPPEKTHOCTD 3aadu.

AN INVERSE PROBLEM FOR A CLASS OF DEGENERATE EVOLUTION
MULTI-TERM EQUATIONS WITH GERASIMOV-CAPUTO DERIVATIVES

© 2022 K. V.BOYKO, V. E. FEDOROV

ABSTRACT. Issues of well-posedness of linear inverse problems for equations with several Gerasimov—
Caputo fractional derivatives in Banach spaces are investigated. The inverse coefficient problem is
considered for an equation solved with respect to the highest fractional derivative containing bounded
operators at lower order derivatives. The criterion of well-posedness of such a problem is proved. A
similar inverse problem for an equation with a degenerate operator at the highest derivative, assuming
the relative 0-boundedness of a pair of operators at two higher derivatives, is reduced to two problems
on subspaces for equations solved with respect to the highest derivative. The obtained well-posedness
criteria allowed us to investigate one class of inverse problems for equations with polynomials from an
elliptic differential operator with respect to spatial variables and with several Gerasimov—-Caputo time
derivatives.

Keywords and phrases: Gerasimov—Caputo fractional derivative, degenerate evolution equation,
inverse coefficient problem, problem well-posedness.
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resierpadubix [11], auddysnonnbix ypasaenuii [8, 13| rakoro Buja, pasindHble ypABHEHHsSI B JIOKAIb-
HO BBINYKJIBIX (HJIM IIPOCTO B GAHAXOBBIX ) IIPOCTPAHCTBAX C IIPUIOKEHUSME K YPABHEHUsIM B YaCTHBIX
npousBoHbIX [1,7,9,12,14]. B 10 Ke Bpemst o6parHble KO3(hMUIMEHTHBIE 3a/1a91 PACCMATPUBAJIICH
JUIsl DA3JIMHBIX ypaBHeHuil ¢ apobHOi npoussoaHoi (2,3, 10, 15].

B sr1o0it pabore mccienyoTcs BOMPOCHI KOPPEKTHOCTH JIMHEHHOW OOpaTHON 3a/1adu Jijisd ypPaBHEHUST
boJiee CJIO2KHOTO BHIa — C HECKOJIBKUMU JIPOOHBIMU ITPOU3BOAHbIMEU |epacumoBa—KamyTo B 6aHAXOBBIX
IIPOCTPAHCTBAX

DY Lxz(t) = zn:MjD?jx(t) +ot)u, tel0,T], (1)
j=1

rien € N\{1},0 <o < <...<ap<a,mp—1<a,<my, e NNm—1<a<m,L M ecL(X;))
(JIMHejiHBIE HENpPEpBIBHBIE OIEepaTopbl M3 OaHaxoBa HpOCTpaHCTBa X B 6AHAXOBO HPOCTPAHCTBO ),
j=12,...,n—1, M, € Cl(X;)Y) (/nuHeiiHblil 3aMKHYTBII OIEPATOP, IJIOTHO OIPEJEJICHHbIH B X,
neiicreytomuit B ), ¢ € C([0,T];C), u € Y, T > 0, ¢ HAYAJIBHBIMA YCIOBUAMU

dD0)=zex, 1=0,1,....m,—1, (P2)DO0)=zeX', I=mp,m,+1,....m—1, (2)

rie P — npoexTop B mpocTpancTse X BJI0JIb HoanpocTpancTsa Beipoxkaenus X0 (em. B m. 3) ma mos-
npocTpancTBo X1, U ¢ yc/IoBHeM IrepeoIipe iesieHnst

T

/x(t)d,u(t) =z € X, (3)

0

rje GyHKIUsS [ MMeeT orpaHudeHHyo Bapuaruio Ha orpeske [0,7], a ycioBue 3a/1a€Tcsi HHTETPAIOM
Pumana—Crunrseca. Henssecrubimu B obparnoit 3agade (1)—(3) sapmsorcst koabdupent u n GyHK-
must x: [0,7] — X.

Bo Bropom pazjiesie cchopMynnpoBata 1oy deHHasi Teopema u3 paborsl [6] 06 ojHO3HAUHOI paspe-
muMocTH npsiMoit 3aauan (1), (2) it pa3pereHHOro OTHOCUTENLHO cTapieii JTPOOHOI TPOU3BOIHOI
ypaBuenusd, korna X = ), L = [ m nosromy P = I, comep:KaIiero orpaHnydeHnble OnepaTophbl IPU MJIa]I-
mux mpou3BoHbIX. DopMysta pereHust U3 3Toil TeOpeMbl UCIIOJIb30BaHa, JIJIsI UCCICI0BaHUS 00PaTHOIT
sagaqn (1)—(3) ayist sroro ypasuenust. [losryuen kpurepuii ee KOppEKTHOCTH B TEPMUHAX OOPATHMOCTH
orepaTopa, MOCTPOCHHOIO 10 JIAHHBIM 33/Ia9H.

B pasnene 3 paccmorpena obparnasi koaddurmentaas 3aja4a (1)—(3) aisi BBIPOXKIEHHOTO 3BO-
JIOIIMOHHOTO ypaBHeHus, T.e. npu ker L # {0}. B npemnosnoxkenun (L, 0)-orpaHudeHHOCTH OliepaTopa
M, ncxojiHasi BEIPOXK/IEHHAs 3aJia9a PELyIIUPOBaHa K JIByM OOpATHBIM 3aj@daM Ha JIBYX B3AUMHO JIO-
MIOJTHSIONIUX JIPYT JIpyra HOAIPOCTPAHCTBAaX JJjisl YPAaBHEHUI, Pa3pEIIeHHBIX OTHOCUTEIBHO CTapIiei
pou3Bo/iHON. Ha ocHOBe pesysibraTa Broporo naparpada moJiyueH KpuTepuii KOppeKTHOCTH 00PaTHOM
3aJ1a491 JIJIsi BBIPOXKJIEHHOTO YPABHEHUS.

B mociiesinem paspeiie mosiydeHHbIE aOCTPAKTHBIE PE3YJIBTATHI UCIIOJIb30BAHBI IIPU UCCJ/ICIOBAHUN
KJIacca OOpaTHBIX 3811 JIJIsi YPABHEHUN ¢ MHOTOUJICHAMU OT SJUTUITUIECKOro nuddepeHIuajibHOro 1mo
[IPOCTPAHCTBEHHBIM MIEPEMEHHBIM orieparopa. [IpuBejieHbl TpUMEPBI, WIIIOCTPUPYIOIIUE [TOJTY 9€HHbIE
pPe3yJIbTATHI.

2. Obparuas 3a7a4a i ypaBHEHUs, Pa3pelIeHHOro OTHOCUTEJILHO CTapHieil ITPoOu3BO/I-
Hoii. Ilyctb m — 1 < a < m € N, D/ — o6bluHas TPOU3BOIHAA TOpAIKa m, JP = I, IpoGHbIil
unrerpas Pumana—/J/InyBusis Jtﬁ nopsaka 3 > 0 u gpobnas npoussoaHas l'epacumosa—KamyTro DfY
opsijika « > 0 ONpeJIesISTIOTCS COOTHOIIEHUSIMA COOTBETCTBEHHO

m—1

Lo = k
5ty = [ S i s(ods, Dpste) = Dy (z@) > Z(’“’@%)'
O -
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[Iycts Z — 6anaxoBo mpocTpancTBo. PaccMoTpuM 00paTHYIO 33/1a49y JjIsi YPABHEHUS C HECKOJIbKIMUI
JpOOHBIME TTpou3BOAHBIMU ['epacumoBa—KaryTo

n
0= 3" AD() + g, 1 e [0,T], ()
j=1
rien € N\ {1}, <oy <m<...<op<a,mj—1<a;<mjeN j=12....n,m—-1<a<m,
A; € L(Z) (numeiinple HempepbIBHbIE OIEPATOpbl B GaHaxoBoM mpocrpancrse Z), j = 1,2,...,n,
e C([0,T;C), u e Y, T >0, c HaYaJIbHBIMU yCJaOBUSIMEU Kormm
XD0)=5€2, 1=0,1,...,m—1, (5)

U C YCJIOBUEM II€PEOIIPE/ICTIeHHS
T

[ataut =zr € x. (©
0
rjae p— dyHKus orpanndenHoii Bapuanuu Ha orpeske [0,7]. HeussectubiMu B obpaTHOil 338~
qe (1)—(3) siBusitorcst koabdunuent v u byukuus z: [0, 7] — X.
O6osnaunm 1y ==n+ 1 npu | > my, — 1 i n; == min{j € {1,2,...,n} : I < m; — 1} B nporuBHOM
ciydae,

1 . 1
R = max{%, 1Ajllzz) 0= 1,2,...,n}, ro == (2Rn)e=an

1 ={N€C: |\ =rg, arghe€ (—m,m)}, 7 ={ NeC:arg\=m, X\€&[-rg,—00)},

v3={AeC:arg\=—m, A€ (—o0,—19]} 'y—U’yk,
— 1 ot - aj A - a—l—-1 ajflflA )\td
Z(t) = 5 AI—ZA ; A I—ZA i)eMan, t>o,
Y Jj=1 Jj=mn
nmpul=0,1,...,m —1,
1 & -
. o aj A . At
Z(t) = o ()\ I-Y A JA]> eMd\, t>0.
v j=1

Pentenmem npsimoit 3asiaam (4), (5) (¢ m3sectrbiM u € Z) HazbiBaercs dynkmus z € C™1([0,TY; Z),
g xoropoit Dz, D, JA z € C([0,T);2), j = 1,2,...,n, n BBIIOJHAIOTCsS paBeHCTBa (4) Tpu BCex
te[0,7] u (5).

Teopema 1 (cm. [6]). ITyemo A; € L(Z2), j = 1,2,...,n, ¢ € C([0,T];C), v € Z, z € Z, | =
0,1,...,m — 1. Toeda cyuecmesyem e&u%cmeemwe pewenue 3adaiu (4 ) (5), npu smom ono umeem
6ud

m—1 ¢
Zi(t)z + / Z(t — s)p(s)uds. (7)
1=0 0
Beejiem Takke 0603HAUCHS
me1 T t
=zr — / Z Zi(t)zdp(t), x = /d,u(t)/Z(t — s)p(s)ds.
=0 0 0

Pemenunem obparnoii 3amaim (4)—(6) (c nensBectHbM v € Z) Ha3biBaeTcs napa (z(t),u), e u € Z,
dbyukIms z sBisiercst pemenneM 3a1a49u (4), (5) ¢ 9TUM u, YIOBIETBOPSIOIIEE YCIOBHIO IIEPEOIIpeEIeie-
uust (6). HacTo Jy1st KpaTKOCTH perieHreM 00paTHOil 3a1a4n Oy/1eM Ha3bIBaTh TOJIBLKO COOTBETCTBYIOIIEE
ueZ.
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Basauay (4)—(6) HazoBeM KOPpEKTHOM, ecsn Jyist j0bbix 21 € Z, 1 =0,1,...,m — 1, zp € Z cyue-
cTByeT ejuHCTBeHHOe perienne (z(t),u), Jyisi KOTOPOro

m—1
hullz < c(Z ez + HzTuz),
=0

rie koucranTa C' we 3apucur or z; € Z,1=0,1,...,m—1, zp € Z.

Teopema 2. Ilycmv Aj € L(2), j = 1,2,...,n, ¢ € C([0,T];R), p: [0,7] — R — dynryus
oeparunennol sapuayuu. Tozda 3adava (4)—(6) Koppexmua 6 mom u MOALKO 68 MOM cayHae, Ko2da
X! € L(Z). Hpu smom pewerue umeem 6ud u = Y 11h.

Jlokazameavcmeo. 1o Teopeme 1 pemenne 3ajgaau Komm (4), (5) cymecrByer jyisi Jiobbix z; € Z,
1=0,1,...,m—1, u € Z u nmeer sux (7). [Toncrasus (7) B (6), moIyanM paBeHCTBO

t

/ ZZZ zl—i—/Zt—S s)dsu | du(t) = zr,
0
)

KOTOpOe uMmeeT B xu = 1, T.e. 3aja4a (4)—(6) skBuBajieHTHa 3TOMY ypaBHeHH0. [loaromy 3amada
OJIHO3HAYHO pas3pelmMa IIpu JIIOoM 1 € Z Torja W TOJbKO TOIJia, KOrJa CYIIeCTBYeT OOpaTHBII
oneparop x ! € £(Z). 3 Buna pemenus u = Y11 cleiyeT KOPPEKTHOCTL 0OPATHOM 334l B CIydae

x teL(2). O

3. Oo6patHag 3aga4a JIJis BRIPOXKIE€HHOT'O SBOJIIOIIMOHHOTO ypaBHeHud. llycrts X, ) — bana-
XOBBI IIpocTpancTBa, L(X';))) — IpoCTPaHCTBO JIMHEHHBIX HEIIPEPBIBHBIX OLEPATOPOB, JIEHCTBYIONMX U3
X BY,Cl(X;Y) — MHOXKECTBO BCeX JIMHEHBIX 3aMKHY THIX OIIEPATOPOB € 00JIACTHIO OIPEJIEJIEHNUS, TIJI0T-
Hoit B X, neficTBytomux B Y. Bynem npenonarars, yro n € N\ {1}, L, My, Ms, ..., M, € L(X;)),
ker L # {0}, M,, € CI(X;)), Dy, — obsactb OHpe,ILeJIeHI/ISI oneparopa M,, Ha KOTOpOil 3a/1aHa HOPMa,
rpaduka || - ||py, = [ - [lx + [Mpn - [|ly. OGosuamm p (M) = {p € C: (uL — M)~ € L(V; X))},
R[(M,) = (pL — My,) 'L, L;(M,) = L(uL — M)~

Oueparop M, nasbiBaercsi (L, 0)-OrpaHUYeHHBIM, €CJIH
Ja >0V € C (lu > a) = (n € p"(My,)).

B cayuae (L, o)-orpanndennoctu oneparopa M, onpeiesnmM IpOoeKTOPbI

- 2M/RL D€ LX), Q= —— /LL<Mn>duec<y>,

211
I

e I == {pu € C: |u| =7 > a} (cm. [16, c. 89, 90]). Tonokum X0 := ker P, X! = im P, J¥ := ker Q,
V! = im Q. O6o3naunm s kparkoctu Py = I — P, Qo = I — Q, 1epe3 L, (M) — cyzxenue
oneparopa L (M;) wa X" (Dyy,, == Dy, N X" npu j = n), r = 0,1, j = 1,2,...,n. [Ipu sTom
uzsectro (cm. [16, c. 90, 91]), uto LP = QL, M,,Px = QM,x nna x € Dy, My 1 € L(XYH YY), My, €
Cl(X% V%), L, € L(X";Y"), r = 0,1, CyIECTBYIOT OIepaToph Mnj(l] € LX), Lt e (YN AY).
JonosmHuTeIbHO TOTpedyeM B JAJbHEHNINX PACCy¥KJICHUIX BBIIOJIHEHNs YCJIOBUH KOMMYTUPOBAHUS

M;P=QM,;, j=12,...,n—1. (8)

Hanee 6ynem upeanosnarats Takxke, aro M, (L,0)-orpannden, T.e. Ly — HyJeBoil omeparop.
PaccvoTpuM 0OpaTHYO 3a1a9y JJIsl BBIPOXKJIEHHOIO YBOJIIOIIMOHHOIO Y PABHEHU ST

D& L (t) ZD I Mz (t) + p(t)u, te0,T), (9)

rae 0 < o1 < ag < ... <ozn<oz,mj—l <a;<myeN 7 =12...nm-1<a<m,
e e C([0, T;R), u € Y, T > 0, c HAYAJIbHBIMU YCJIOBUAMHU

dDO0)y=zex, 1=01,....m,—1, (P2)DO0)=z€X', I=mpm,+1,....,m—1, (10)
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1 yCJIOBUEM II€pEOIIpe/IeJICHUA

T
/x(t)d,u(t) =zr € X. (11)
0
Pemennenm 3ayaan (9), (10) (npu 3agansom u € )) Gyxem nassBars dyukumio z: [0, 7] — Dy, , ais
koropoit & € C™~1([0,T]; X), Pz € C™~1([0,T]; X), D{ Lz, Dy’ Mz € C([0,T]; X), j = .,n,

BBINOJIHSAIOTCs paBeHcTBa (9) mpu Beex t € [0,7] n (10).

Pemenuem 3amaun (9)—(11) (npu memssectaoMm u € )) Oynem HasbiBarh napy (z(t),u), rae u € Y,
dbyuxius x(t) spaserca pemennem 3agaqau (9), (10) npu sToM uw € ), yIOBIETBOPSIOIIEE YCIOBHIO
nepeonpesiesiernst (11). ljist KpaTKOCTH pelleHneM Takzke OyJleM Ha3bIBaTh COOTBETCTBYIOIIEE U.

Bamaua (9)—(11) HasbiBaeTcss KOPPEKTHOI, ecyu i mobbix o3 € X, [ =1,2,...,m, — 1, 1; € X1,
l=mp,mp+1,...,m—1, zp € X cymecrsyer equucrsennoe perenne (z(t), w) 3amaun (9)—(11), upu
3TOM

m—1
fully < €Y e + lorle ).
=1
rne C me saucur or ; € X, 1 =1,2,....mp— 1,z € XY, Il =my,mp +1,...,m— 1.

Eciu oneparop M,, (L,0)-orpanuuen, to 3aina4da (9)—(11) sxkBuBajieHTHa cuCTeMe JIBYyX 3aJ@d Ha
JIOTIOJTHSIONTAX JIPYT JApyTa mojanpocrpancTeax X0 u AL

ZD“JL1 M;qo(t) + o)Lyttt €[0T, (12)

v(l)(O):vl, [=0,1,...,m—1, (13)

T
[ ottt = or. (14)
0

n
D} ZDaﬂMnéMJowo P M3, €[0T, (1)
7j=1
w(0) =w, 1=0,1,...,my—1, (16)

w(t)dp(t) = wr, (17)

O\ﬂ

rie v(t) = Px(t), w(t) = Pyx(t), vy = Pxy, 1 =0,1,...,m =1, w; = Pox;, L =0,1,...,my, — 1, vp =
Pxr, wr = Pyxr, ut = Qu, u® = Qou. Ilpu 3rom yunrsisaercs, 4to B cuity yesopnit (8) M;: X7 — Y7,
r=0,1,7=1,2,...,n — 1. Takum obpasom, obe obparubie 3amaun (12)—(14) u (15)—(17) sBisitorcs
HEBBIPOXKJIEHHBIMU, & CJIeJOBATEJLHO, 110 TeopeMe 2 OHM KOPPEKTHBI TOTJAa U TOJLKO TOIJIA, KOIJIa
CYIIECTBYET X le L(X%%) u Xfl € L(X1; YY) coorsercrsenno. IIpu 5TOM pemrenns UMeIoT BHT

0 -1 1 -1
U = Xo 1/}07 U =X wla

riue
T

Tmn—l
o = wr — / Xio(t)widu(t), xo = —/
0

¢
du(t) /Xo(t - s)MTZ(l)go(s)ds,
=0 0 0

T T t
¥r = vr — / Xoa(Budu(t),  xa = / dp(t) / Xy(t — 5)Ly L o(s)ds,
0 0 0
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st >0

n—1
Xo(t) = — / <A%I+ZA“ M, §M;, 0) (Aa”lll+ > AajllM;éMj70>e)‘td)\,

j=(n—1)

upu (n—l)l:mln{je{l 2,...,n—=1}:0<m; =1}, 1=0,1,...,my — 1,

—1
Xo(t) = 5~ <A“”I+ZX’ M]()) eMd,
70

1 - 1 = 1 . 171 At
Xia(t) =5 /(Aal - ;/\%Ll Mj,l) (Aa I—jz; AL Mj,1>€ dA
7 - Y

npu ny = min{j € {1,2,...,n}: Il <m; —1},1=0,1,...,m —1,

-1
X, (t) = L <>\O‘I ZA%L 1MJ1> eMd.

2mi
1
ol J=
31ech KOHTYPBI ’yo, 'yl CTPOATCA TaK 2Ke, KaK KOHTYD 7Y JJId HEBBIPOXKJACHHOI'O CJydasl, HO C UCIIOJIb30-
BaHHUEM B Ka4dyeCTBe paJ:LI/cha o KOHCTaHTBI
1

‘ -
o0 = (2(n—1)max{2( 0y’ || M, OMJQHE(XO 3—172,...,n—1}> ,

1 _ 3 a—an
To1 = (Qnmax {%, | Ly 1Mj,1||£(X1) j=1,2,... ,n}>

COOTBETCTBCHHO.
Taxum o6pa3oM, JoKa3aHaA CJIEAYIONIAsT TEOPEMA.

Teopema 3. IIycmo L, M; € L(X;)), j=1,2,...,n—1, M,, € Cl(X;)) (L,0)-oepanuven, M;P =
QM;,j=1,2,...,n—1, ¢ € C([0,T];R). Toeda 3adcma 9)—(11) xoppexmma 6 Mmom u MOALKO 6 MOM
cayuae, Ko2da CyuLeCmeyom Xal € L(x%)Y%), Xll (Xt

u=xg "o+ x1 .

4. Ilpunaoxkenwme. IlycTb 3a1aHbl MHOTOYWIEHBI
p p
BN =) eN, QN =) diN, ¢,dieC, j=0,1,....p, k=12,...,n, ¢ #0,
i=0 =

LXY; YY), pu smom pewenue umeem 6ud

Q C R? — orpannuennas o6acTb ¢ riagkoil rpammmeit 05,

8|q|w(s) 0O
3) = Z GQ(S)as?as?.nasg‘i? aqEC (Q)7
lg|<2r
dldly(s)
B = b b C>=(09 1=1,2,...
( lw)(s) Z lq(s) 68({18352 L 833‘17 lq e ( )7 )< 7T7

lg|<r

q=(q1,q2,---,q2) € N4, |q| = q1 + ... + qq, oneparopmwrit mywox A, By, B, ..., B, peryispHO 3/IiII-
tiaen [4]. ITycrs oneparop Ay € Cl(L2(2)) ¢ 0biacTbio onpeesenus

Dy, = H?gl}(Q) ={we H"(Q): Buw(s) =0, | =1,2,...,r, s € 9N}

JiefictByeT cortacno paserctsy Aqjw = Aw. Ilpeamosnoxkum, ato A — caMOCONpPsIZKEHHDIH OllepaTop,
Torja crektp o(Aj) omeparopa Aj jeiicrBurenbHblil u uckperseiii [4]. Ilycrs, Kpome Toro, crekrp
o(A1) orpammden cupasa u He coxepxkutr HydA, {¢r : k € N} —opronopmupoBanuas B La(Q2) cu-
creMa cOOCTBEHHBIX (PYHKIMI oneparopa Aj, 3aHyMEPOBAHHBIX 110 HEBO3PACTAHHUIO COOTBETCTBYIOIINX
cobcrBenubIxX 3Hadenuit {\; : k € N} ¢ ydgerom mx KparHocTm.
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Paccmorpum obpatHyio 3aady

ol
8tl(8 0)=uv(s), 1=0,1,....m—1, se€, (18)
BiAFu(s,t) =0, k=0,1,....,p—1, 1=1,2,...,r, (s,t)€dQx][0,T], (19)
Dy P, ZD%QJ (5,) +@(t)h(s), (s,t) € Qx[0,T7, (20)

v(s, T)du(t) = vp(s), s€Q, (21)

o\ﬂ

rmen € N\{1};, 0 oy << ...<a<am,—1<a,<m, e Nm—-1<a<mEeN,
neussecruble dysknmm — v: 0 x [0,7] = Ru h: Q@ — R.
Bozbmem

X ={we H”Q): BA*w(s) =0, k=0,1,...,p—1, 1=1,2,...,r, s €I},

Y = Lo(), L= By(A) € L(X: D), M; = QY(A) € L(X: V), j = 1.2....m

IIycrs P,(A;) # 0 miast Becex k € N, Torma cymecrByer o6pariblil omepaTop L™t € L(Y;X) un 3a-
nada (18)—(21) npescrasuva B e (4)—(6), e 2 = X, A; = L7'M; € L(Z), j = 1,2,...,n
2z =u(),1=0,1,...,m—1, u = L7 h(-). [To Teopeme 2 HEOBXOIUMBIM ¥ JOCTATOUYHLIM yCIOBHEM
KOppeKTHOCTH 00paTHoii 3aiaun (18)—(21) siByisiercst ycjioBUe CyIIecTBOBaHUs TAKOro ¢ > 0, 4To 1pu
Beex k € N

T t
-1
/ / / <)\ P,(\g) — Z)\O‘JQJ )\k> P,(\)eM D arg(r)drdu(t)| > ¢, (22)
0 0 «v J=1
ITIOCKOJIBKY
1 0 T t 1
_ o At—T1
X = %; gpk///<)\ P,(A\) Z)\ QI )\k> P,(\)eM D drg(r)drdu(t),
- 0 0 v

rje (-, -) — ckajsipHoe npoussejieHne B Lo(2).

IIpumep 1. Bosemem Po(\) = A2, n =2, Q3(\) =a, Q3(\) =1+ X, d=1,Q = (0,7), r = 1,
Aw = %2;2”, Bi=1,a1=1/4,a0=4/3, a=5/2, o =1, u(t) =0 upu t € (0,7T), p umeer e UHNIHDIIH

ckauok B Touke t = T. Torma m = 3, \y = —k? npu k € N u zajaua (18)—(21) mmeer Buj
ot 0?
D} 55 (s.8) = aDMo(s, 1) + D (1 + ﬁ> v(s,t) +h(s), (s.t) € (0,7) x 0,71,
0*v 0*v
U(Oat) = ,U(Trat) Js 2.2 (O t) = @(ﬂ-at) =0, [0 T]
v(s,0) = wvo(s) ov —(s,0) = vi(s) O (s,0) = wva(s), se(0,m)
) - 0 9 8t ) at2 2 ) 77T )
v(s,T) = vrp(s), € (0,m),

a YCJIOBHE KOPPEKTHOCTHU 110CJI€ HEKOTOPBIX YIPOIIEHUI TpUMeT CJAeyIONInil BUJI:

/()\3/2 CakT AT (BTN AT s
v

Tenepb paccMOTpPUM BBIPOXKIEHHDI citydaii. [pemomoxum, aro Py(A;) = 0 npu nekoropsix k € N,
torna oneparop M, (L,0)-orpaHuten mpu ycJaoBUH, YTO MHOTOWIEHBI P i ()} He NMeIoT obIUX KopHeii
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Ha MHOkecTBe { A} (eM. [5]), mpu 9TOM IIPOEKTOPLI UMEIOT BH/

P= > (edens @= Y (on)en

Pp(\,)#0 Pp(\,)#0
Nnmeem

Pp(Ak)#0

Hauasnbasre yeaous (10) MOXKHO 3a71aTh B BUe

ol
W(S,O) =uy(s), 1=0,1,....,m,—1, s€Q,
(23)
o P, (A
57;)1)(3,0) =y(s), l=mp,m,+1,....m—1 se€qQ,
mev € X, 1=0,1,...,mp—1, 4y €Y', 1 =my,m, +1,...,m — 1. JIelicTBUTEJILHO, HOCKOIbKY
omeparop M, (L,0)-orpannden, To ker P = ker L, u yciosusi (Px)®) =z, 1 = my,my, +1,...,m — 1,
SKBUBAJIEHTHDI YCIOBUSIM (Lx)(l) =y =Lz, l=mp,m, +1,...,m—1.

Bagaua (19)—(21), (23) npeacrasuma B Buge (9)—(11) ¢ BBIOpaHHBIMU BbIIe TIpOCTpaHCTBAMH X,
Y u oneparopamu L, Mj, j =1,2,...,n, 21 =v,(-), | = 0,1,...,m, — 1, 2 = LT yi(-), | = mp, mp +
1,...,m—1, u = h(-). ITo reopeme 3 3anaua (19)—(21), (23) KOppeKTHA TOIJA U TOJLKO TOIJIA, KOTJIA
cymmecTByer Takoe ¢ > 0, aro mpu Beex k € N, mst koropeix P,(A) # 0,

T t " .
[ [ [(enon =300 moweanptndru) >« (24
0 0 41 i=1
a upu Beex k € N, st koropbix Py(A;) =0,
T t " .
I/ (chziuk)) QuO) T dp(r)drdp(t) £ 0. (25)
0 0 40 =1

[Tpy 9TOM yUIUTBIBAETCS KOHETHOCTH YUC/IA YCAOBHiT (25), cie/yiomas n3 KOHETHOKPATHOCTH CIIEKTPA
omeparopa Aj.

Ipumep 2. Hycts Py(A\) = AA+9), n =2, Qi(N) =a, Q3(N\) =1+ )\, d=1, Q= (0,7), r =1,
Aw = %2712”, Bi=1,a1=1/4,a0=4/3, a=5/2, o =1, u(t) =0 upu t € (0,T), p umeer e UHUIHDIIH
ckaqok B Touke t = T. Torma m = 3, mg = 2, \, = —k? npu k € N, P,()\3) = 0 u 3amaqa (19)—(21),
(23) umeer B

4 2 2
502 ( 0 0 1/4 4/3 0
Dt/ (@ + 9@> v(s,t) = aDt/ v(s,t) + Dt/ <1 + @> v(s,t) + h(s), (s,t) € (0,m)x[0,T],

P00

v(0,t) = v(m,t) = —(m,t) =0, te]l0,T],

Ov 9% [0t H?
v(s,0) = vo(s), E(S,O) = v1(s), 2 <@ —i—Q@) v(s,0) =wva(s), se€(0,7),

v(s,T) =wvp(s), se€(0,m),

rie vg,v1,vr € X, vy € YL
Heobxomnmbie u gocrarodnsie ycaoust (24), (25) ee paspelmMocT ecTh

/((kA —9kHNZ —aX T3 — (1 — A TR — 9k (M — AETAN = ¢, ke N\ {31,

’Yl
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AHHOTALMSA. PaccmaTpuBaioTcsi HOBble KOHCTPYKTHBHBIE (DOPMBI M3BECTHBIX YCJIOBUI ONTHMAJIBHO-
CTH yIPABJIEHUs B YIIPABJISIEMBIX CHCTEMaX C OIPAHUYEHUSIMEU B (POpPMe 331a9 O HEIOABUKHON TOUKE
B IIPOCTpaHCTBe ynpasiieHuii. IlocrpoenHble OpMBI yCIOBUN ONTUMAJIBHOCTH IIO3BOJIAIOT IIPUMEHUTH
TEOPUIO U METOJbI HEIOJBHMXKHBIX TOUEK JIsI pa3pabOTKH HOBBIX MTEPAIMOHHBLIX AJrOPUTMOB ITOHCKA
9KCTPEMaJIbHBIX yIIPpaBJICHUNM B PaCCMaTPUBAEMOM KJIacCe 33134 OITUMAJIbHOIO YIIPABJICHUA C OTDaHH-
IeHUIMHU.

Karouesvle cnosa: yrpasiseMasi CHCTEMA C OTPDAHMYEHUSIMI, TPUHIUI MAKCUMYMa, OIIEPATOP yIIPaB-
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OPERATOR FORMS AND METHODS OF THE MAXIMUM PRINCIPLE
IN OPTIMAL CONTROL PROBLEMS WITH CONSTRAINTS

© 2022 A. S. BULDAEV, V. A. DUMNOV

ABSTRACT. New constructive forms of well-known optimality conditions for constrained controlled
systems in the form of fixed point problems in the control space are considered. Optimality conditions
proposed allows one to apply the theory and methods of fixed points to develop new iterative algorithms
for finding extremal controls in the class of constrained optimal control problems.

Keywords and phrases: controlled system with constraints, maximum principle, control operator,
fixed point problem, iterative algorithm.
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1. Bsenenwue. l3BecTHble HEOOXOMUMbBIE YCJIOBUS ONTUMAJBHOCTU yIPaBJeHUs B (hOpMe ITPUHITUIIA
MaKCUMYyMa, B 33Jla9aX ONTUMAJIbHOTO YIIPABJIEHUs ¢ OPPAHUIEHUSIMU (DOPMYJIMPYIOTCST HA OCHOBE TIepe-
X078 K BCIIOMOTATEILHBIM 3a/adaM 0e3 orpaHundeHuil ¢ dpyukiumonanamu Jlarpamxka. [Ipu srom monck
9KCTPEMAJIBHBIX, TO €CTh YOBJIETBOPSIONIUX HEOOXOJUMBIM YCJIOBUSIM ONTUMAJIBLHOCTH, YVIIPABJICHUIA,
CYIIECTBEHHO OCJIOZKHSIETCSI BOITPOCOM TIOJ00Pa COOTBETCTBYONUX MHOXKHUTe el Jlarpanxka. Kinaccute-
CKHUI T0JIX0JT B 3a/1a4aX C OIPAHUYEHUSIMU, OCHOBAHHBII Ha PEIeHUM KPAeBOIl 3a/ia4y IPUHITUIIA MaK-
CHMYyMa, B IIPOCTPAHCTBE COCTOSTHUM, UMEET TeOPEeTUIEeCKOEe 3HAYEHNE U PEJIKO IIPUMEHSIETC B pacdeTax
NPUKJIATHBIX 3387249, OCHOBHOM HOJIXOJ COCTOUT B TIOCTPOEHUH PEJIAKCAITMOHHBIX [TOC/IEI0BATEIbHOCTEIH
yIpaBjeHuil Ha 0a3e KOHCTPYHUPYEMBIX YCJIOBUI YIIYUINEHUs YIIPABJIEHUsI, CXOISIINXCH MPU OIPejie-
JIEHHBIX YCJIOBUSX K 9KCTPEMAJIbHBIM yIpPaBJIeHUAM. B 9acTHOCTH, MUPOKYIO U3BECTHOCTH TOJIY TN
IpaJInEHTHBIE METOJbl U uX Mojudukanuu |3, 4], sABISOMUecs JOKAJbLHBIMI METOIAMU YTy YIIEHUsT
VIIpaBJIEHUS.
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HejtokabHble METOIBI YJIYUIIEHUsT YIPABIEHUS B 3aJ@9aX ONTUMAJBHOIO YIIPABJIEHUS B ITOCJIEI-
HUE JIECATHJIETHS] AKTUBHO PA3BUBAJIUCH B UPKYTCKOHN IKOJIE METOMOB ONTHMUSBAIUU W OITUMAILHOTO
ylpasJieHus 1101 pykoBojcrsoM npodeccopos B. U. T'ypmana u B. A Cpouxo [5,7], a rakxke B Mockse
1o/ pykoBojicrBoM tnpocdeccopa B. @. Kporosa [11].

B [1,2,9,10] 6b11m pazpaboTaHbl HOBbIE METOJIbI HEJIOKAJIBHOIO YJIydIIeHHs] yIIPABICHUsI HA OCHOBE
[IpEeJICTABJIEHNsT YCJIOBHIl YJIydIlIeHNsT yIpaBieHns B popMe 3aJ1ad O HEITOIBUKHON TOUYKe OIEepaToOpOB
VIpaBJIEHUsT B IMPOCTPAHCTBE YIIPABJIEHUN B Pa3/JUIHBIX KJaccax 3a7ad ONTHMAJbLHOTO YIIPAaBJIEHUS,
B [1] — B KJIaCCE TTOJIMHOMUAJILHBIX 110 COCTOSTHUIO 33184, B 2] — B KJ1acce 3a/1a4 CO CMEIIaHHBIMU yTIPaB-
asonmMu GyHKIUAME U napamerpamu, B |9, 10] —B kiaccax 3aja4 ¢ OrpaHMYeHUsIMU, B TOM YHUCIIe
¢ HePUKCHPOBAHHBIM BPEMEHEM. DTH MOIXOAbI HEMOABUKHBIX TOYEK B IPOCTPAHCTBE YIIPABJIEHUN OC-
HOBBIBAIOTCSI HA MMOCTPOEHUN HECTAHIAPTHBIX (hOPMYJI IpUpalleHnst (pyHKIIMOHAIOB 3a/a9l, He COJlep-
JKAIUX OCTATOYHBIX UJIEHOB PA3JIOYKEHUI, U SIBJISIOTCS PA3BUTHEM ITOJIX0/a HEJOKAJIBHOIO YJIydIIeHMUsI
YIPAaBJIEHUsI B IIPOCTPAHCTBE COCTOSIHUI, IEePBOHAYAJILHO Pa3pabOTAHHOIO B JUHEHHLIX U JIMHEHHO-
KBAJ[PATUIHBIX 10 COCTOSTHUIO 3ajla4aX ONTHUMAJBLHOIO ylpaB/ieHus 6e3 orpanudenuii |7).

B nacrosiueii pabore paccMaTpPUBAECTCH HOBBIM MOAX0M K IOUCKY SKCTPEMAJILHBLIX yIIPABJICHN B 3a-
Jlavax ¢ OrpaHUIeHUsIMU, KOTOPLI OCHOBBLIBAETCS Ha, IIPEICTABICHIN HEOOXOMUMBIX yYCJIOBUM OLNTHMA/Ib-
moctd B popMe 3a1a4 O HENOABUKHON TOUKE OIEPATOPOB YIIPABIEHUS B IPOCTPAHCTBE YIIPaBJICHUI
B OIMYME OT M3BECTHON KpaeBoil 3aJaduy IPUHIMIA MAKCHUMyMa B IIPOCTPAHCTBE (PA30BLIX U COIPS-
JKEHHBIX cocTostHmii. IIpenaraeMplii IoAX0M HEIOABUYKHBIX TOUYEK IaeT BO3MOXKHOCTD IIPUMEHUTDL U MO-
IUUIIPOBATL XOPOILIO PA3BUTLIE METOMALI HEIIOABUKHBLIX TOUEK IJIs PELIeHUs CUCTEM HeOOXOIUMDIX
YCJIOBUH ONTHMAJLHOCTU B 3aJa4aX ¢ orpanndenusaMu. IIpemiaraeMble (popMbl U METOIALI IIPUHIINAIIA
MAaKCHMYyMa, SBJISIOTCS PACIHIMPEHHEM M 0DODIIEHHEM PACCMOTPEHHBIX MOJesell U MEeTOIOB IIPUHIIMIA
MakCHUMyMa B 3ajiadax 6e3 orpanudenwuii [8|.

2. Ba,uaqa C OorpaHNvYeHusAMMU. PaCCManI/IBaeTCH KJIaCcC 3a/ia49 OIITUMaJIbHOT'O YIIPpAaBJICHUA C OI'Pa-
HUYICHUAMU, IPUBO/UMbBIX K CJACAYIOIIEMY KaHOHUYIECCKOMY BHUJLY:

i(t) = f(z(t),ut),t), x(to) =2, (1)
u(t) elU, teTl= [to,tl],
Bo(u) = eola(t)) + [ Fola(t),u(t),t) — inf, )
T
Oy (u) = @1 (z(t1)) =0, (3)
B KoTopoit x(t) = (z1(t),...,zn(t))) — BexTop cocrostaus, u(t) = (ui(t),. .., un(t)) — BeKTOp yupaBs-

romux Gyakmmit, U C R™ — 3amkHyTOE BBITyKJI0€ MHOXKecTBO. VHTepBasn T’ dpukcuposan. B kagecrse
JIOCTYIIHBIX YIPABIAOMNX (PYHKIHH pacCMaTPUBAECTCS MHOXKECTBO V KyCOYHO-HEIPEepBLIBHBIX Ha 1
dbyukumit co 3unadennsvu B muoxecrse U @ V = {v € PC(T) : v(t) € U, t € T}. Oyukunn po(z),
©1(z) nenpepbisro uddepentupyemsr Ha R™, byukuun Fo(x, u,t), f(x,u,t) u ux yacTHble IPOU3BO/I-
HbIE 110 T, 4 HEIIPEPBIBHBI 110 COBOKYIHOCTH apryMeHToB Ha MHOXKecTBe R™ X U X T'. ®yukust f(z, u,t)
yrosjerBopsier ycaosuio Jlummuna mo x 8 R® X U X T ¢ koucranroit L > 0:

Hf(x,u,t) - f(y7u7t)H < L”.’L‘ - y”
K Buxy (1)—(3) crangaprabivu criocobamu mrpadoBaHust 38 HapyIlleHHe OrpaHUYeHUH MOTYT ObITh
CBEJIEHBbI MHOT'HE 33291 OIMITUMAJIBLHOIO YIIPABIEHUs ¢ (pa30BBIMU ¥ TEPMUHAJILHBIMEI OI'DAHUICHUSIMU.
HoctymHoe yripaiienne u € V Ha3bIBAETCS JTOIYCTUMbBIM, €CJIA BBITIOIHAETCs (DYHKIMOHAILHOE OTPa-
Hudenue (3). MHOXKeCTBO JIOIyCTUMBIX yIpaBJIeHuii 0603HAUNM

D={veV:®(v)=epi(z(t1)) =0}
PaccvoTrpuM BeriomoraresibHYIO 3324y 0e3 orpaHudeHnii Ha OCHOBe (dyHKIMOHa a Jlarpanxka:
#(t) = f(x(t),ult),t), x(to) = a*, (4)
u(t) e U, teT =]ty,ti],
LM ) = M®o(u) + M Py (u) — inf, A= (o, M) € R?, A #0. (5)
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Oyuknust [lonTpsiruaa ¢ compsizkennoit mepementoit ¢ € R™ u cranmapTHasl CONPs?KEHHAsT CHCTEMA
B 3ajade Jlarpamxka (4)—(5) umeror Buj

H)\(wa Z,Uu, t) = <1/}’ f(xa u, t)> - )‘OFO(‘Ta u, t)a
b(t) = —HR(V(t),2(t),u(t),t), teT, (6)
b(t) = —pp(x(tr)),  ¢™@) = dowo(x) + Migr(2).

Hust nocrymnnoro ynpasienuss v € V' obosnaunm depes z(t,v), t € T, pemenue cucrembt (1) mpu
u(t) = v(t), a wepes Y (t,v), t € T, — pelenne craniapTHOH CONpszKeHHOi cucreMbl (6) mpu x(t) =
x(t,v) mu(t) = v(t).

13BecTHOE HEOOXOIMMOE YCJIOBUE ONTHMAIBLHOCTU (IIPUHIMUII MAKCUMYMA) JIJIst JOIyCTUMOTO YIIPaB-
aenuss v € VB 3agade (1)—(3) npu Hekoropom A # 0 B BBEJICHHBIX ODO3HAUEHUSIX 3alUCHIBACTCS

B BUJIE:

v(t) = argmgg](H)‘(zb)‘(t,v),x(t,v),w,t), teT. (7)

B kauecrBe cJie/ICTBYs OTCIO/A CJIEJyeT U3BECTHOE ocjiabjieHHoe Heobxoaumoe yeaosue (auddepen-
[UAJIbHBIN TIPUHIUI MAKCUMYMa), KOTOPOEe B IPOEKIMOHHON (hOpMe IIPEJICTAB/ISIETCST B BUJIE:

v(t) = Py(v(t) + aH) (Nt v), 2(t,0),0(t),t), teT, a>0. (8)

31ech BBOJUTCH obo3Hadenue Py Jiis oneparopa IpoeKTUpoBanus Ha Muoxkecrso U C R™ B eBkiu10-
BO# HOpMe.

Ormerum, uTo ycsioBue (8) JOCTATOUHO NPOBEPUTH XOTs Obl st ojqHoro « > 0. B smueiinoit mo
yupasisiennto 3ajade (1)—(3) (byuxkuun f(z,u,t), Fo(x,u,t) auneitasl mo aprymenty u) yeaosust (7)
u (8) SIBJISIFOTCSI SKBUBAJIEHTHBIM.

Ucnonw3yst orobparkenue

u* (¢, x,t) = argmal)]{H)‘(w,x,w,t), Y eR" zeR" teTl,
we

ycsioBue (7) MOKeT ObITh IIPEJICTABIEHO B CJIE/YIONIEM BUJIE:
v(t) = u* (Pt v), 2(t,v),t), teT.
BBogast oTobpaxkerune st o > 0
w*(, x,w,t) = Py(u+ oH)p, z,w,t), Y eR” zeR" wel teT,
ycsioBue (8) MOXKHO 3anmcarb B hopme
v(t) = w* (Wt v), z(t,v),v(t),t), teT, a>0.

Bripoxkennsrit ciydait (Ag = 0) HeOOXOIUMBIX yCIOBHII ONTHMAIbHOCTH B KOHKDETHBIX 3a/1adax
ONTHMAJIBHOIO YIPABJICHHs], KaK IPABUJIO, MCCJC/YETC AHAJUTHIECKH C yUeTOM OorpaHutdeHus (3).
B peryusipaom cirydae (A9 = 1) j1st MOMCKa SKCTPEMAIbHBIX yIIPABICHNI K yKA3aHHBIM HEOOXOIMBIM
YCJIOBUSIM ONTHMAJIBHOCTH HPUCOEINHSIETCS YCIOBUE OrpaHuYIeHust (3), U IOJIyIeHHbIE CHCTEMBI ypaB-
nenwnii (3), (7) u (3), (8) orHOCHTE/IbLHO NApBI Hem3BecTHLIX (v, A1) € V X R pemarorcs ducieHHbIME
METO/IAMH.

B nannoit pabore st perysisipHOTO CJrydasl IIpeJIaraeTcst HOBBIN IOJIXO0/] JIJIsl TOUCKA SKCTPEMaJlb-
HBIX YIPABJICHHUI Ha OCHOBE KOHCTPYMPYEMbIX YCJIOBHIl IPUHIMIIA MAKCHMyMa B (DOPME OIEPATOPHBIX
3aJla4 O HEIOJ(BUKHOI TOUKe.

3. Omneparopsble dopMbI npuHIMDa Makcumyma. OupegennM orobparxkenne X € IIOMOIIBIO
COOTHOIITEHUST
X(wv)y=z, veV, z(t)==xz(tv), teT.
Bropoe orobparkenne ¥ CKOHCTpyHUpyeM aHAJIOTHIHBIM 0OPa30M:
T)=1v¢, veV, ¢Pi)=y t,v), teT.
Tperne oTobpaxkenue V* moctpouM B BUE

V*(ﬂ),x) = U*a Y e C(T)a T € C(T)a
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v*(t) = ut(Y(t), x(t),t) = arg{??%HA(w(t)@(t)’w’t)’ telT,

riae C(T) — npocrpancTBo HenpepbiBHbIX Ha 1 dyHKmit. 31ech 3aBucuMoctb orobpaxkenuss W, V*
U JIPYT'UX BBOJUMBIX Jajiee OTOOparXKEeHU OT MHOXKUTEJIs1 JlarpaH:ka siBHO He YKa3bIBAeTCsi, YTODBI HE
3arpOMOXKJIATh BBOJUMBIE O0O3HAUEHMSI.

B pesysbrate yenosue (7) MOXKHO IPEJICTABUTE KaK OllepaTOPHOE ypaBHEHHUEe B (hopMe 3a/1a4u O HEllo-
JBUXKHOI TOYKE B IIPOCTPAHCTBE yIIPaBJICHUNA:

v=V*(T(), X)) =G (v), veV. 9)

[Tocrpoum HOBbIE OlEpATOPHBbIE YPABHEHUsI, SKBUBAJICHTHbIE YCI0BUIO (7).
Beenem orobpaxkenune X* ciemyromum 06pa3zom:

X*(W) =z, ¢veC(T), zeC(T),
rie x(t), t € T, aBysiercst pereHneM crienuanbHoii 3agaqu Komn
(t) = fla(t),w ((t),2(t),0), 1), x(to) = 2°.
PaccmoTpum onepaToproe ypaBHeHHE
v=V*¥(v), X" (¥T(v))) =G5(v), veW (10)
[Toctpoum criemyroree oTobparkeHue:
U (x) =4, zeC(T), eC(T),
B KOTOpOM 1)(t), t € T siBIsIeTCs PellleHreM CIielaIbHOl conpsizkeHHoi 3aaun Korm
D) = —HR (1) (), u" (D (1), 2(1),),1), (1) = —p(a(tr)).
PaccmoTpum oneparoproe ypaBHeHHE
v=V*(T"(X(()), X)) =G5v), vel. (11)

B coorBercrBun ¢ paboroii (8], oneparopubie ypasuenus (9)—(11) B paccmaTpuBaemoii perysisipHoOi
sagade Jlarpanxka (4), (5) 6e3 orpaHnYeHUil sIBJISIOTCS SKBUBAJEHTHBIME HA MHOYKECTBE JIOCTYITHBIX
yupasjenuii. TakuM o6paszoM, mojydaeM CJIeAyIoIee yTBEP:K IeHue.

Teopema 1. Ypasuenusa (9)—(11) asastomes oK6USAAEHMHOLMU YCAOBUIO NPUHUUNG MAKCUMY-
ma (7).

YeqoBue uddepeHnuaabpHOro IpUHIKMIA MaKCUMyMa B IMPOEKIMOHHOI (dopme (8) MOXKHO Takzke
IIPEJICTAaBUTh B BUJIE SKBUBAJIEHTHBIX OIIEPATOPHBIX ypPaBHEHUN HA MHOXKECTBE JIOCTYITHBIX yIIPABJIECHUII.
Bseniem Bcomorarenbubiit oreparop V', a > 0 cooTHOIIEHNEM

Ve, z,0) =0, »elC(T), ze€C(T), vev,
v (t) = W (Y(t), x(t), v(t), 1) = Pu(v(t) + aHy (1), x(t),0(t),t)), teT.
Ompenemum orrepatop X, oo > 0:
X(,v)=2% Yel(T), veV, z%t)=z%{t,v), teT.
rie x%(t, ¥, v), t € T — permenue 3amaun Korm:
a(t) = f(x(t), w* (Y1), 2(t),0(t),1), 1), @(to) = 2°.
ITocTpoum omeparop ¥, o > O:
Uz, 0) =y, ze€C(T), veV, ¢*t) =yt x,v),
e Y*(t,x,v), t € T — pemienne coupsizkennoii 3amaqu Kormm:
D) = —Hp ((t), (t), w ($(t), 2(t), v(t),1),1),  b(t1) = =@ (x(tr))-
PaccMoTpuM TpH ONEpaTOpHBIX ypPaBHEHUSI:
v=V*T¥(v),X(v),v) =G} (v), veV, a>0, (12)
v=V*TU(v), XV (v),v),v) =G5(v), veV, a>0, (13)
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v=V¥YVTYX(v),v),X(v),v) =G§(v), veV, a>0. (14)

Anajiornaso, B cOOTBeTCTBUM ¢ PabOTOIl [8], 9TH ypaBHEHUSI SBJISIIOTCS SKBUBAJCHTHBIMU B PErYJIsip-
HO#T 3ajade JlarpaHka Ha MHOXKECTBE JOCTYIHBIX yiipaBjeHuil. Takum obpa3oM, nMeeT MecTo CJIeiy-
IoIee yTBEPKJICHUE.

Teopema 2. Vpasuenusa (12)—(14) asamomcea oKeusarenmuomMy Yycaosuo Juddepenyuantriozo
npunyuna makcumyma (8).

4. OmneparopHble METOAbI MPUHIUIA MaKCUMyMa. JIJIs IMCJIEHHOrO pEeIeHnst 3a/Ia9l O HEINo-
JBIKHOIT Touke oneparopa G: Vi — Vg, aeficrsyiomero Ha MHOKeCTBe VE B OJHOM HOPMUPOBAHHOM
upocrpancrse E ¢ Hopmoit || - ||z,

v=_G{), veVg,

MOXKHO IPUMEHATH METOJ| IPOCTOH mreparyu ¢ uHjekcoM k > 0, nmetonmii GopMy HTEpaIiOHHOTO
nporecca:
" = G(F), 0 e V.

CXoMMOCTB Iporiecca IPOCTON UTEPAIU B IIOJTHOM HOPMUPOBAHHOM IIPOCTPAHCTBE MOYKHO aHAJIH-
3MPOBATH C HOMOIIBIO N3BECTHOIO IPUHIAIA CKIMAIONUX 0TOOpazkeHuit [6].

Kaxoe omneparoproe ypasrenne n3 coorHomiennii (9)—(14), gomosHeHHOE yCI0BHEM OIpaHMve-
HUsL (3), MOYKHO PACCMaTpPHBATh KaK CICIHAJBHYIO 3a/1ady O HEIOJBUKHOII TOUKE HA MHOXKECTBE J10-
CTYIIHBIX YIPABJICHUI C JIOMOJHATEIBLHBIM AIre0OpanvecKiM YPaBHEHHEM CJIE/LyIOIIEro BH/IA:

v=G{), vey, (15)
@4 (v) = p1(z(t1,v)) =0. (16)
Hoist perenust 3a7a4an (15), (16) npejaraercst HTepanoHHbI nporece ¢ uHjaekcom k > 0:
L = Gk), eV, (17)
1 (1) = i (a(tr, o)) = 0. (18)
Takum 06pa3oM, B Pery/sipHOil 3ajade ONTHMAJbHOrO yupasieHusi (A\g = 1) Ha KaxkJjo#l urepa-

MU TIPEJIAracMOoro IIPOIECCa PEIIaeTcsl HesIBHO 3ajiaHHoe ypasHenue (18) oTHOCHTENBHO CKAISIPHOTO
muozxuresis Jlarpamzka A\; € R. Ilpenosaraercs, 9ro Takoe peleHne cymecrTByer. B pesyibrare, ure-
panmonnsle npubsmrkenns uporecca (17), (18), naunuas ¢ unjekca k = 1, npuHa/Ie’KaT MHOXKECTBY
JIOTYCTUMBIX yTipasjienuit. [Ipu sToM Hagambioe npubmkenne nporecca v° € V pu k = 0 MOKeT BbI-
OUpaThCs HEJOMYCTHMBIM. YKa3aHHBIE CBOHCTBA [IPE/JIAraeMOro NTEPAIMOHHOIO MPOIECca SBJIAIOTCS
BayKHBIMU JIJIsI IIPAKTUIECKO} Peasin3alii MONCKa SKCTPEeMaJbHBIX yIpas/ieHuit. B wacraocrn, nrepa-
1oHHbI 1poriecc (17), (18) MOXKHO HCHOIB30BATH IS IIONCKA IPUEMJIIEMBIX Ha IPAKTHKE JIOIYCTUMBIX
YIPaBJICHUIT JIJIsT JIOCTHKEHNST 38/ ITAHHBIX 3HAUYCHN{T KPUTEPHsI OHTHMAJIbHOCTH.

B coorsercrsun ¢ |8] B kauecTBe mpumepos mpeiaraemoro suja (17), (18), Beiuimem nrepannoHHbie
IPOIIECCHI JIJIsT PEIIeHNsT COOTBETCTBYIONINX 3a/[ad O HENOJBMXKHOIl TOUKe Ha OCHOBe ypasHenwuil (13)
u (14).

st periennst 3a/1a4n 0 HEIIOABUKHO TOUKE

v=VT¥(v), XYV (v),v),v) =G5(v), veV, a>0,
D1 (v) = @1 (x(t1,v)) =0,
HpUMeHsIeTcs UTePaIMOHHbII TPoIece
= V() XA (W(0F),0F),0") = G5 (), eV, a>0, teT, (19)
O1(oM) = i (a(tr, o)) = 0. (20)
Jl1s1 perenus 3aJa4u 0 HENOJIBUKHON TOYKe
v=V¥U*X((v),v),X(v),v) =G§v), veV, a>0,
D1 (v) = p1(x(t1,v)) =0,
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MIPUMEHSIETCST UTEPAIMOHHBIN IIPOIIecc:
VP = VOO X (0F), 0F), X (0F),0F) = GS(F), eV, a>0, teT 21
) ) ) 3 ) 9 9 9
@1(vk+1) = ¢ (w(tl,vk+1)) =0. (22)

JLJ1s1 OIleHKN BBIYUCIUTEIbHON 3 (DEeKTUBHOCTH YKAa3aHHBIX UTEPAIIMOHHBIX IIPOIECCOB BaXKHO OTMe-
TUTB, 9TO TPYJOEMKOCTh perenus ypasnenuii (19) u (21) ornocuresnbno yupasienns viT(t), t € T
coctapiisgeT JBe 3agadu Ko 1jist pa30BbIX U CONPSI?KEHHBIX TePEeMEHHBIX.

HeidicrBuresibHo, Ha k-it urepanuu upu k > 0 nporecca (19) mocse BbIYUCIEHUs] DEIIeHUsT 3a/a491
Kommu 9 (t,v*), t € T wmaxomurcs pemenne x(t), t € T crnemmanbuoi 3asaun Komm s dasosoit
CUCTEMBI:

(t) = fla(t), w (@, 0°), 2(t), 0" (1),1), 1), a(to) = 2°.

?)aTeM CTPOUTCA BBIXO/IHOE YIIpaBJICHUE 110 IIPABUJIY:
VPTL() = w(Y(t, 0F), 2 (t), 05 (t), 1), teT.
[Tpu aTOM, IO TOCTPOEHUIO, BBHIOJIHSIETCA COOTHOIIIEHUE:
x(t) = z(t, o), teT.

B cuity sroro paBeHcrBa ureparmonnsiii nporecce (19), (20) B noroueuHoii hopme MOXKHO 3alHcaTh
B CJIEAYIOIEM HEABHOM BHJIE:

VL) = w® (p(t, 0F), 2t 0" ), 00 (), 1), e T,
Oy (V") = @y (x(ty, 0" 1)) = 0.

Awnayiornuno, Ha k-it urepanuu nporecca (21) mocse Boraucienust x(t, oP ), t € T HAXOIUTCSI PeIIeHne
Y(t), t € T cnenuanbhoil 3a1aun Kormm j1j1st CONpPSIZKEHHON CUCTEMBI:

¢(t) = _Hx(w(t)7 x(t7 vk)a w (w(t)’ Jf(t, Uk)7 vk (t)7 t)7 t)7 w(tl) = Pz (.Z'(tl, vk))
?)aTelVI CTPOUTCA BBIXO/IHOE YIIpaBJICHUE 110 IIPABUJIY:
V() = w (1), 2(t,00), 0" (1), 1), teT.

Ormernm, 9To B JinHeiiHON 1m0 coctosinmio 3anade (1)—(3) (byukmun f(z,u,t), Fo(z,u,t), po(x),
©1(x) MMHEHHBI 0 IepeMeHHON T) pelreHue crenuaibHoil 3anaun Komm 1(t), ¢t € T yuosierBopsier
COOTHOIIECHUIO:

k+1
Y(t) =Pt 0", tel.
CiesioBaTesIbHO, B 9TOM JIMHEHOM 110 COCTOSIHUIO ciiydae mporecc (21), (22) MoKHO 3ammcarb B Clie-
JyIolleM HesBHOM IIOTOYEYHOM BHUJIE:

VFTL(E) = w (W (t, oY), w(t,08), 0 (1),1), teT,
Dy (V) = gy (a(tr, ")) = 0.

Tak»Ke OTMETHM, YTO TOJILKO Ha HavaJsbHON nrepanuu npomecca (19) npu k = 0 upu BbrUnCIeHHN
pemenns 1 (t,v°), t € T TpebyeTcss pemuTh JOMOTHATEIBHYIO 3aady Kormm st momydenns x(t, v0),
teT.

Ye1oBust CXOMMOCTH HTepaIloHHbIX mporeccos (19), (20) u (21), (22) npu 10CTATOYHO MAJIBIX Ia-
paMeTpax MpoeKTHpoBaHUs « > 0 MOXKHO OOGOCHOBATH B IIOJHOM IIPOCTPAHCTBE HEIPEPLIBHBIX HJIH
M3MEPUMBIX (QYHKIHUI aHaJ0ornIHo pabore [1| Ha ocHOBe onpe/ieeHust TpeOOBAHMI, 00ECIICINBAIOIINX
M3BECTHOE CBOMCTBO «CXKUMAHHsI» JIJIsi OlIepATOPa MPABOil 9aCTH COOTBETCTBYIONINX 3a/1a O HEIIO/[BIK-
HOI TOYKe.

B 1ocTpOEHHBIX IIPOEKIMOHHBIX METOJaX HEIOJBUKHBIX TOYEK, B OTJIMYIHE OT CTAHJAPTHOIO METO-
Jla TIPOEKINY I'PAJIIEHTa, TapaMeTp IpoeKTupoBanus « > 0 GUKCHpyeTcss B UTEPAIOHHOM IPOIECCe
HOC/IEe/IOBATEIBHBIX IPUOJIMZKEHHI yIpaBieHns. Takum o6pasoM, Ha KaXKJ0if HTeparuy mpe/yiarae-
MBIX METOJIOB PeJIaKCaIlHsl 10 IesIeBOMY (DyHKIMOHATY He rapanTupyercs. CBOHCTBO peslakcaru KOM-
HEHCUPYETCsT HEJIOKATIBHOCTBIO [OC/IE/I0BATEIBHBIX IIPHOJIMZKEHAN YIIPABIICHNST; OTCYTCTBUEM OIE€PAIIN
BapbUPOBAHNST YIPABJICHUSI B OKPECTHOCTH TEKYIIEIO HPUOJIMKEHHs JIsi 0OECIEeYeHNsT YTy dIIeHnsT
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yIpaBJIeHUsI, XapaKTEPHOU JJisl TPaJIMEHTHBIX METOJIOB; BO3MOXKHOCTBHIO IIOJIyUEHHsST SKCTPEMaJIbHBIX
VIIPaBJIEHUI TIPU JIOCTATOTHO MAJIBIX ITapaMeTpax IMPOEKTUPOBaHUsI, 00ECIIEINBAIONINX TPUHIIAIIHA/ b
HYIO CXOJIMMOCTb UTEPAIMOHHBIX IIPOIECCOB.

B zajiagax ¢ orpaHnYeHUsIME [IPE/JIaraeMble METObI HEITOIBUKHBIX TOYEK JIJIsT TIONCKA SKCTPEMATIb-
HBIX YIIPAaBJIEHUN 00€CIIeInBaIOT YI0BIETBOPEHNE OrPAHNIEHN 38/1a91 HA KaXKJI0M NTepaIlnu IOC/Ie10-
BaTeJIbHBIX IPUOJIMZKEHUH yIIpaB/IeHUs 38 CIeT BBIOOpa MHOKUTEJIsT JlarpaHka. DTo [TO3BOJISIET PEINTh
IPUHITNIIAAIBHYIO TpobjieMy BbIOOpa MHOXkuTesel Jlarpam:ka B 3a/1adax ¢ OrpaHUIEHUSIMUA U Cy3UTh
Pa3MEepHOCTb IPOCTPAHCTBA IIOUCKA SKCTPEMAJIbHBIX YIIPABJICHUAN B 3a/1a9aX ¢ OTPAHUYEHUAMHA J10 IIPO-
CTPAHCTBA JIONYCTUMBbIX YIIPDABJIEHUN.

5. 3akmaodyenwme. B paccmarpuBaeMoMm Kjacce 3aad ONTHMAJILHOIO YIIPABJIEHUS C OrPAHMICHUSIMI
[IPEJIIO’KEHBI HOBBIE OIlepPaTOpHbIE (POPMBI MPUHITUIIA MAKCUMYMa B BUJE 33189 O HEIOIBHKHOI TOY-
Ke B IPOCTPAHCTBE yIPABJIEHUIl, KOTOPbIE MO3BOJISIOT 3(PDEKTUBHO NMPUMEHUTb U MOAU(MUITPOBATD
U3BECTHBIN allllapaT TEOPUM M METOJIOB HENOJIBMKHBIX TOYEK JIjIsi KOHCTPYUPOBAHUS UTEPAIMOHHBIX
aJITOPUTMOB IIOUCKa SKCTPEMAaJIbHBIX YIIPABJIEHUIA.

Paszpaboranubie uTepanoHHbIe ONEPATOPHBIE METO/IbI ITOUCKA IKCTPEMAJIBHBIX YIIPABICHUN Xapak-
TEPU3yITCs CBOMCTBAMU HEJIOKAJILHOCTH U JIOITYCTUMOCTH [TOCJIEIOBATE/IbHBIX TPUOJIMKEHWH yIIpaBJie-
HUS; OTCYTCTBUEM TPYJIOEMKON IIPOIE/LyPhl UI'OJIBYATOr0 UM BBIIIYKJIOI'O BapbUPOBAHUS YIIPABJIEHUS
B MaJioifl OKPECTHOCTH PACCMATPUBAEMOIrO HPUOJINKEHUS, XapaKTEPHOU JIjisi I'PAIMEHTHBIX METOJIOB;
HaJITYUEM B IIPOEKIIMOHHBIX METOJaX OJHOI'O OCHOBHOI'O HACTPOEYHOI'O IIPOEKITMOHHOI'O IapaMeTpa,
PEryJIupyIONIero CXoJIMMOCTb UTEPAIIMOHHOTO IPOIIECCA.

VkazaHHbBIE CBOIICTBA ITPEJIaraeMoro IoIXo/1a MONCKA SKCTPEMATBHBIX YIIPABICHUN ABJISIOTCA BaXK-
HBIMU (PAKTOPAMU JJIsT TOBBIIIeHUs 3(DMEKTUBHOCTH YACIAEHHOTO PEIIEHNST 38/1a1 OINITHMAJILHOTO yIIPaB-
JICHUS ¢ OI'DAHUYEHUSIMU.
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AHHOTALIUA. B craTbe paccMoTpeHa crucTeMa «peakiusi-1uddy3usi» ¢ HEJTUHEHHOCTSIMU OOIIETO BUIA
B CIyYasX [MIIMHIPUYIECKON n ceprudeckoit cummMerpuu. s yKa3aHHON CHCTEMBI TOCTPOEHO perre-
Hue Tuma Aud@Py3MOHHBIX BOJH, UMEIONINX KOHEYHYIO CKOPOCTh PACIPOCTPAHEHUS IO HYJIEBOMY (DOHY.
Pemmenne npencrasieno B Buje psinoB Teilyiopa ¢ peKyppeHTHO OIPee/sieMbIMU KO DUIIMEHTAMMU.
CxoauMOCTh JOKa3aHa METOJIOM MayKOPaHT C UCIoJib3oBaHueM Teopembl Kommr—KoBasieBckoii. Mccite-
JIOBaHUE JIONOJTHEHO YMCJIEHHBIMU PACUYeTaMU, BBIIIOJTHEHHBIMU Ha, OCHOBE Pa3JIOyKEHUN 110 PAIMaAIbHBIM
6a3ucHbIM GyHKIUAM. CTAThsl TPOIOJIKAET IIUKJI paboT aBTOPOB, ITOCBSIIEHHBIX TOCTPOSHUIO U UCCJIE-
JIOBAHUIO PEIEHUI TUIA BOJIH B KJIACCE aHAJTUTUIECKUX (DYHKITHIA.

Karouesvle caosa: cucreMa «peaknud-auddysusds, muddy3noHHasT BOJIHA, CTEIIEHHON Dsif, METOT
MarKOPaHT, paJuajbHble 6a3ucHble DYHKINN, BEIYUCINTEbHBIA SKCIIEPUMEHT.

CONSTRUCTION OF SOLUTIONS TO A DEGENERATE
REACTION-DIFFUSION SYSTEM WITH A GENERAL NONLINEARITY
IN THE CASES OF CYLINDRICAL AND SPHERICAL SYMMETRY

© 2022 A. L. KAZAKOV, P. A. KUZNETSOV, L. F. SPEVAK

ABSTRACT. We consider a reaction-diffusion system with a general nonlinearity with cylindrical or
spherical symmetry. For this system, we find a solution of the diffusion-wave type propagating over a
zero background with a finite velocity. The solution is constructed as a Taylor series with recurrent
coefficients whose convergence is proved by the majorant method and the Cauchy—Kovalevskaya
theorem. The research is supplemented by numerical calculations based on the expansion in radial
basis functions. This paper continues a series of our publications devoted to the study of wave-type
solutions in the class of analytical functions.

Keywords and phrases: reaction-diffusion system, diffusion wave, power series, majorant method,
radial basis functions, computational experiment.
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1. Bsenenwme. B crarbe paccmarpuBaeTcs cucTeMa HEJIUHEHHBIX MapabOIUIeCKuX YPaBHEHHIT BTO-
POT'O TOPSIJIKA CJIELYIONIEr0o BUJIA:

Ty = [®(T)Ty). + (T, S),
Si = [¥(8)S:]e + A(S, T). (1)

Baeck t, x — HezaBucuMmble niepementbie; T'(t, z) u S(t, z) —uckombie byukuu; ©(T'), ¥(S), I'(T,S),
A(S,T) — m3BecrHble pocrarouno riuajaxue dyunknnu, npudem 1'(0,0) = A(0,0) = 0.

Cucremsr Bujia (1) BCIIOIB3YIOTCS JIJIs ONUCAHMS TelJioMaccolieperoca [21], a rakzxke anddy3noHHbIX
U peakInoHHO- i dy3HoHHbIX nporeccos [8,10]. Ypasuenusi, cocrasisomue cucremy (1), HCIonb3y-
I0TCsI TaKyKe IPU OMMCAHUHM MEXaHH3MOB JIyUHCTON TemIonpoBogHocTu |1, duibrpanmm Kujgkocreit
u razos [13,22|, nonymnsimuonnoii qunamuku [9,20] u ap.

Ormernm, uro npu $(0) = ¥(0) = 0 napabommdecknii Tun ypasrenuii (1) Beipoxkpaercs. Takoe
BBIPOXKJICHNE, B YaCTHOCTH, HAOIIIOACTCS B CJIydae CTENeHHBIX (DyHKIMIT

O(T)=T°, W(S)=5° 0,6>0—const. (2)

Cucrembl (1) €O CTelleHHBIME HEJMHEHHOCTSME (2) NPUMEHSIIOTCSI B XUMUYECKOH KUHETUKE JIJIsl OllV-
caHUsl TIPOIeccoB «peakiusi-iuddysusy [14, 19|, onu ymobHBI TeM, U4TO JAI0T XOpoIlee HPUOINKEHIe
K PEaJIbHOCTH MPHU CPABHUTEIHHON ITPOCTOTE MCCJICIOBAHMUS.

Uurepecusiit Kiace perrennit cucreMsl (1) cocrasisior nuddysnonube (DuiIbTpannoHubie, Terl-
JIOBBIE) BOJIHBI, PACIIPOCTPAHSIONIMECS 110 HyJieBoMy (DOHY ¢ KOHEYHOH CKOpOCThIO. B ciryuae oiHOrO
YPaBHEHMS TaKue BOJIHBI IPEJICTABIISIOT COOON TPUBUAILHOE U HETPUBUAJILHOE PEIIeHUs, HEIIPEPhIBHO
COCTBIKOBAHHbIE Ha HEKOTOPOH KpuBoii i nosepxHoctu (dbpout BosHb). Cpen paboT, HOCBSIIEHHBIX
[OCTPOEHHIO U MCCJIEJOBAHUIO TAKUX DEIeHui MOXKHO oTMeTuTh MoHorpadun §1. B. 3enbposuua [1]
u A. A. Camapckoro [6]. Oco6o BbLIeINM UCCIeI0BaHtsl, IPOBOAUMbIe B HayuHOl 1Koae A. @. Cujo-
poBa |7], B KOTOPBIX, B YACTHOCTH, MPEJJIOZKEHBI TIOCTAHOBKM KPAEBbIX 3aJ1ad, IPEeNOJAralonnX HHU-
[UUPOBAHKE BOJIHBI 110 M3BECTHOMY 3apaHee KOMIOHEHTY (Hampumep, GpoHTY), & TaK¥kKe aJrOPUTMBbI
[OCTPOEHUsI PeIleHnii ITux 3aja4 B BUJe crenuaibbix [11] u xapakrepucrudeckux psijos [12] u map.
UccrneoBanus pa3permmMocTy OJI00HBIX 0JTHOMEPHBIX U HEOIHOMEPHBIX 33181 TaKKe IIPOBOJIMJINCH aB-
TOpaMHU, TIPU 9TOM PACCMATPUBAJINCH KaK OTJIe/bHble ypaBHenus |3,17], Tak u cucremsr [4,16]. B psje
paboT aBTOPOB TaKKe MPEJJIOKEHbI aJIFOPUTMbI [TOCTPOEHHsI YUCJICHHBIX pelleHuii ypasuennii [17, 18]
u cucreM [4,5] Ha ocHOBe MeTO/a IrpaHnYHbIX djeMeHToB (MI'D) n pasnoxenuii mo pajuajbHbIM Oa-
sucHbiM pyukiusam (PBO).

B pasBurme pe3ysbraros, MOJIyUYEeHHBIX aBTOpaMu panee |4, 5], B HacTosiell craThbe n3ydeHa 3aja4a
¢ 3aJ]aHHBIM (DPOHTOM JIJIst OOOOIIIEHHON CHCTEMBI «peakIus-Iuddy3us» B CIyUadX TUITHIPUIECKOIN
u chepuveckoit cummerpun [15]. Tokazana reopeMa CyIIeCTBOBAHHs €€ AHAJUTUIECKOIO DEIICHHUS.
[Tocennee nmocTpoero B Bujie psifioB Teitjiopa 1O CTEeHsIM TPOCTPAHCTBEHHBIX MepeMeHHbIX. [Ipej-
JIO2KEH TIOIIATOBBII aJIFOPUTM TIOCTPOEHUS YUCJIEHHOTO PEIIeHUsi HA 33JI[AaHHOM ITPOMEXKYTKE BPEMEHH,
OCHOBaHHBI Ha pazjioxkeHuu 110 PB®. BeiosiHeH BBIMUC/IUTENIBHBIN IKCIIEPUMEHT.

2. TITocramoBka 3agaumn. Cucremy (1) B cirydae mpocTefInX IPOCTPAHCTBEHHBIX CHMMETPHI MOXK-
Ho npuBectu (cM. [4]) K BUIY

Huux + F(u,v),
R 3)
vy = Vg + Q)02 + Zvvy + G(v,u),

x

Up = Uty + Pu)ul +

3nech u, v —uckomble pyHknun; P, Q, F', G — u3BecTHbIE JIOCTATOYHO IIaJKue (PYHKIMH, TAKHE, ITO
P(0),Q(0) > 0wu F(0,0) = G(0,0) = 0; ;x — nmapameTp, KOTOPbIii IIPUHUMAET 3HaUeHus: 1, 2 B cirydasix
UIHHIPUIECKON 1 cheprudecKoil CHMMeTpUn COOTBETCTBEHHO. [lmockocummMerpuynbiit cirydail u = 0
ObLI PaCCMOTPEH paHee B crarbe [4].

Cucremy (3) GyJeM paccMaTpuBaTh BKYIE C KDAEBBIM yCIOBHEM

’LL(t, $)|:z::a(t) = U(ta $)|:z::a(t) =0, (4)

npe/osiarasi, 9To (poHT BOJIHBL & = a(t) 3aJaH JOCTaTOYHO MiaIKoi dyuknuei a(t), npudem a(0) > 0,

a'(0) % 0.
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Bynem crponts perenne 3aiaun (3), (4) B Buje XxapakTepucTudeckux psios. st yrobersa mocrpo-
eHHSI CJIesIaeM 3aMeHy [epeMeHHOl 2z = x —a(t), mociie KOTOPOit XapaKTePUCTUIECKHE PsIbI CTAHOBSATCS
psiiamu Teitopa. 3agaqa (3), (4) npumer Buj

Up — @' Uy = Uy + P(u)ui + uu, + F(u,v),
z+a (5)

v — a'v, = vu,, + Qv)v? + . K —0U; + G(v,u),
u(t, z)|2=0 = v(t, 2)|2=0 = 0. (6)

CupaBe iyiiBa, CJIeIyONIAs TeopeMa.

Teopema 1. ITyemw P(u), Q(v), F(u,v), G(v,u), a(t) — dynkyuu, anarumuveckue npu u = 0,

v=20u=wv=0t=0 coomeemecmeenno. Ilycmov makstce 6uNOAHACTCA 00HO U3 CACOYIOUUT
Yycaoeul:
u,(t,0),v,(t,0) Z 0, (7)
u,(t,0),v,(t,0) = 0. (8)
Tozda

(1) 3adaua (5), (6), (7) umeem eduncmeennoe anarsumuseckoe peuienue (HEMPUBUANLHOE);
(ii) 3adawa (5), (6), (8) umeem eduncmeennoe anarumuueckoe pewenue (MPUSUAALHOE).

OTI\JeTI/IM, 9TO YIOMSAHYTBIE B TE€OPEME HETPUBUAJIBLHOE U TPUBUAJIBLHOE PEHICHUA COCINHAIOTCA Ha
dponte z = 0 u obpazyior nudPY3MOHHYIO BOJIHY.

Jloka3aTeIbCTBO TEOPEMBI IEUTCS Ha JBA ITATA: TOCTPOeHNe (DOPMAIIBHBIX PSIIOB U TOKA3ATETHCTBO
X CXOIUMOCTH.

3. TIlocrpoenue pemrenusi. Ha nepsom srane crpourcst perierue 3aigadn (5), (6) B BUje psijioB
Teitmopa

ad 2" o™
u(t, z) = Zun(t)ma Uy (t) = 2 =
n=0 z=

> 2" o"v ©)
'U(t, Z) = ;vn(t)ﬁ; vn(t) = % z:O’

K03 PUIMEHTHI KOTOPBIX OMPE/IEISIOTC TI0 PEKYPPEHTHOM MPOIeIype.
U3 kpaesoro yciosus (6) cieyer ToxKIeCcTBO Uug, vg = 0. Y1obb! onpeaennts KoadbdunuenTsr i (t)
u v1(t), nosoxKuUM B KaxkjioM ypasHenuu cucrembl (5) z = 0. [Tosyuennast cucrema

—d'uy = P(0)u?, —d'vi =Q(0)v?

UMeeT YeThIpe PEIIeHHUsl, TOJIbKO JiBa M3 KOTOPbIX nojnaiaror 1oy yeaosus (7), (8). KonkperHo, sro
perenus

u; =0, v1 =0,
a’ a’ (10)
uy = — ) U1 = — .
P(0) Q(0)
[TpuMeHnB K KayKJI0My ypaBHEHUIO cucTeMbl (5) omeparop
an
92|,y

HOquI/IM paBeHCTBa
n n k
1 _ Ck CkP Cl
Uy — QUpy1 = nUkUn+2—k + ntn—k EUI+1Uk+1—1T

k=0 k=0 =0

& 1)k — k) &
+ u E Cs( )an—i-g—k ) E C;iulukJrl,l + F,, (1la)
k=0 =0
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n n k
/ / _ Ck Ck Cl
U, — @' Upt1 = ' UkUnt2—k + ' Qn—k EUI+1Vk+1—1+
k=0 k=0 1=0

k — k) k
+ Z or = an+1 —— > Clowgp1-1+ Gp, (11b)
=0

B KOTOPBIX MCIIOJIB3OBaHBI 0003HAYECHIST

o kP (u) 0" kQ(v) O"F (u,v) "G (v,u)
Pok=—F07% k= F=2—"-"" G, =2=5ww
n—k Dok ZZO) Qn k Dok ZZO) n 9 ZZO) n 9n o
[Monoxkue n =1 B (11), mosyunm dbopmysibt
1 / 2 M 2
- SN e By o ) ,
42 a’ +uy + 2Pyug (ul 1 aul ! (12)
1 / 2 B2
_ _ _HEe2_ g ) ,
= T o T 2000 (711 Q1v7 LU 1

13 KOTOPBIX ITPU U3BECTHBIX U1, VU2 OJHO3HAYHO OIIPEJIETISIIOTCI U2, V2.
Ananornano, nosoxkus n = 2 B (11), noayaum dopmyisl koaddurmentos ug u vs. Cremyst Takomy
AJICOPUTMY, BbIBeJIeM O0Iy10 hopMyIy st n = 3:

-1
1 / g k K l
U = w, — Cluptpro—p — P C U1 Uy 11—
= T T | > Chuet o;
k ( “F(n —k)! - !
— ZC Pn k ZCk’LLl+1’LLk+1 1 — ,U,ZC anJrl % chuluk+1_l - Fn:|, (13&)
=1
1 n n—1
_ / k [
Un+1 = (I/ + nuy + 2Q0’Ul |:,Un - chvkvn+2—k - QO Z Cnvl-i-lvn-i-l—l_

k (n—k)! k
- Z CEQn_r, Z Clups V411 — MZ Ck a”+1 : k) Z Clopvgyr1_g — Gn} . (13b)
=1

Takum 06pa30M, Koad)(bHL(HeHTbI psizios (9) onpegessitorest corsacHo (opmysiam ug, vg = 0, (10), (12),

(13).
Hecnoxxuo nokaszars, aro Bei6op ui,v; = 0 (em. (10)) maer Ham TpuBHajibHOE perienne 3aaadn (5),
(6), (8). ITpu BeGOpPE u1 = —a’/P(0), v1 = —a’/Q(0) MBI MOXKeM IOBOPUTD JIMIIB O TOM, YTO €CJIM AHA-

maurnaeckoe pemtenne 3agadu (5), (6), (7) cyiecrByer, To OHO HETPUBHUAIBHO U €[MHCTBEHHO. [j1st 3a-
BePIIeHNUs] JI0KA3aTeJILCTBA TeOPEMbl HaM OCTAJIOCh JIOKA3aTh CXOAUMOCTDb (DOPMAIbHBIX PsijioB (9).

4. Tloctpoenume MaxkopaHTHOI 3amadn. CxomuMocTh OyJeM JOKA3bIBATH METOJIOM MAarKOPAHT.
[Tepes mocTpoenneM MazkopaHTHOH 3aiaun ciesnaeM B (5), (6) 3ameny

u(t,z) =uiz + Z2U(t, z), v(t,z) =viz+ ZZV(t, z), (14)

KOTOpasl IPEJICTABJISIET CODOI YaCTHUHOE Pas3jIoyKeHe NCKOMbIX yHKImil B psijipl Teitsopa (9). Ipu ra-
KOIT 3aMeHe OTIa/aeT HeOOXOMMOCTh PACCMATPUBATE KpaeBoe ycaoBue (6), Tak KaK OHO BBITOJIHSIETCS
aBroMaTudecku. [locjie mpuBenenust MoIOOHBIX U JIEJIEHUS HA 2, 3aaTy (5), (6) MOXKHO CBECTHU K CH-
cremMe

2U (1 + Py) + (4 + Py)zU, + 2°U., =
= fo(t) + Zfl(t7 U? Ut’ V) + Z2f2(t’ Ua VY, UZ) + Z3f3(t7 2, Ua Vva UZ? UZZ)’ (15&)

V(1+ Qo)+ (4+Qo)zVs + 2%V, =
= go(t) + 21 (t, V, Vi, U) + 2292(t, V.U, V2) + 23g3(t, 2, V, U, V3, V3,), (15b)
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B KOTOPO# f5, g;, © = 0,1,2,3 —u3BecTHbIe aHaUTHIECKHEe (DPYHKIUMA CBOUX II€pEMEHHBbIX. BoJjee 1mo-
JIpo6HO BBIBOJL cucTeMbl (15) mpejcrasien B crarbe [4].
Pemtenus ypaBuenuit MOXKHO IIPeJICTaBUTHL B BuJie PsjioB Teitiopa

N ) )
no_o n (16
V(t,z):ZVn(t)%, V":(n;f;ﬁ'

n=0
Taxk kak Bce 5TM KO3 PUIMEHTHI, a TakXKe GyHKIUA f;, g;, ¢ = 0,1,2,3, aHAJIUTUIHBI, TO JJIsT HUX
MO2KHO TTOCTPOUTH MarKOPaHThI. [Ipy BBITIOJIHEHNE MaXKOPAHTHBIX OIEHOK

Uo(t), Vo(t) < Wo(t);  Ui(t), Va(t) < Wa(t);
[@UULV), (VL U) < b6 W, W, W) fa(t, UV, U ), g2 (8, UV, UL ) < ha(t, W, W, W),
f3(t,2,U,V,U,,U..),93(t,2,U, V,U,,U..) < ha(t,z, W, W, W,, W)
pellleHne 33/aun

ohy(t, W, Wy, W
= 1(’ (9,’2 L )+h2(taWI/VaWz)+Zh3(taZaWI/VaWz>sz)a (17)

W(t,2)|z=0 = Wo(t), W-:(t, 2)l==0 = Wi(t) (18)

WZZ

Mazkopupyer perenue 3aja49u (15), B 4eM MOXKHO yOeuThCsl, IIOCTPOMB ero B Buje psiyia Teitiopa
oo Zn
Wi(t,z)=>_ W)~
n=0

Orcrona ciemyer, uro 3a1a4a (17), (18) 6yaer mazkopanTroit mis (15). Ceogs (17), (18) k 3azate Tu-
na Kosasiesckoii, npoguddepennupyem ypasaenne (17) 1o z, paspernm ero orHocuTeabuo W, u jio-
6aBuM Tperbe kpaesoe ycsosue W, (t,0) = Wa(t). IIpu srom, 9T00BI HE BO3HUKJIO ITy TAHUILB, 10 KAKON
UMEHHO TIepeMeHHoil uier auddepennupoanue, ucnoyib3dyem obosnadenue hy = hs(t, y1, Y2, Y3, Y4, Ys)-
Bagaqa (17), (18) npumer Bu

1 0?hy  Ohs Ohs Oh3 Ohs Ohs
W,se = —+h — —W, —W, —W.. ], 19
1—2’% <622 T T 3+26y1+28y2 +Z3y3 +Zay4 > (19)
W(t, Z)|z:0 = Wo(t), Wz(t, Z)‘ZZO = Wl(t), sz(t, Z)‘ZZO = Wg(t). (20)

Tenepb Mbl umeeM 3agiady (19), (20) tuna KopasieBckoil ¢ aHAJINTHYECKUME BXOJHBIMU JIAHHBIMU.
ITo Teopeme Komu—Kosasesckoii mosydaem, uro psizpl (16) 1 (9) nuMmeror HeHyIIeBO# painyc CXOAUMO-
cru. Teopema mokazaHa.

5. ITocrpoeHme umcisieHHOroO perteHusi. [locrpoentoe perenne 3aauu (3), (4) siBisieTcs JTOKaIb-
HBIM, IIPHYEM OIEHUTb PAJIYC CXOJAUMOCTH DPsijIoB (T.e. 0BJIACTh CYIIECTBOBAHUSI PEIleHHsI) B OOIIeM
cIydae HEBO3MOXKHO. B CBsI3U C 9TUM SIBJISIETCS aKTYaJIbHON 3aJ1ada ITOCTPOEHUs MPUOJIMXKEHHBIX Pe-
mieHnit Ha 3ajaHHOM IpoMekyTKe BpeMmenu ¢ € [0, T]. IIpu sroM Jyisi TeCTUPOBAHUSI [IOCJEIHUX MOTYT
6I)ITI) HCIIOJIB30BAaHbI OTPE3KU PAIOB, JIJId KOTOPBIX ITOKa3aHa YUCJIeHHasd CXOANMOCTD.

B npousBosibHbIi MoMeHT Bpemenn ¢ > 0 3azada (3), (4) MoxkeT ObITH IIpeJICTaBIEHA B BUJIE 339K
Ko jutst cucrembr nByx ypasuennii [lyaccona

Upy = 1 {ut - P(u)ui — Huum — F(u,v)] ,
710 ;’f (21)
_ = _ 2 g _
Vgx = ’U [Ut Q(u)um + $,UUZB G(’LL,’U)} >
al(t al(t
u‘x:a(t) - v‘x:a(t) =0, u:v‘x:a(t) = _P((O))7 U:c|:c:a(t) = _QEO)) : (22)

YeoBust J71st IPON3BOAHBIX B (22) ciaeayior u3 (10).
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Pazo6rem orpesok [0, 7] na maru pasmepom h. Perenne 3agaqu (3), (4) na mare t = t;, = kh Gyuem
HNCKaTb B BUJIE

u(ty,x) = U(z) + Up(x), v(ty, ) = V(x) + Vp(x), (23)
rne (Up(z),Vp(z)) — gactHoe pemenme cucremsl (21) B mMoment spemenu t = tg, a (U(x),V(z)) —
perienne cie/Lyoneit 3a1aqn Korm Jij1st 07{HOPOTHON CHCTEMBI:

Uu'=0, v"=0,
a,(tk) /

U|$:L = _UP(L)a U/|:B:L = P(O) p(L)7 (24)
_ ! _ a/(tk) /
Vle=r = =Vp(L), V'|e=r = 000) — V(L)

Baecw L = a(ty), pemenne (23) crpourcs na orpeske = € [0, L]. Ilpu HaiijileHHOM YaCTHOM peIleHuu
(Up(x), Vp(x)) pemtenne 3amaun (24) B Bume ABYX JMHEHHBIX QYHKIMIT OIPEIEISIETCS OIHOZHAYHO.

Caenyst nogxosy, npejyioxkeHnomy B |5, Boibepem nekoropyio cucremy PB® fi(z) = fi(|z — x4)),
i=1,...,m, e x1, 22, ..., Ty — TOUKH KOJUIOKAIUH, jexKarue Ha orpe3ke [0, L]. s kaxnoit byHK-
mn f;(x) cymecrByer Taxas dyHKIMA U;, uTo f; = 0%1;/0x%. Onpeenars 4acTHOE perrenue Oyiem
UTEPAIMOHHO, TP HYJIEBbIX HAYAJIBHBIX MPUOJINKEHIAX (UZ(, ) = =0, V(O) 0). Ha (n + 1)-ii ureparun
npaBble YacTu ypasHenuii (21) juist n-it urepanuu passioxum o cucreme PB®

1 n 1 n n n “ n+1
- [ug = L - P, o ))} _ Z:O%( ) p (),

) ' S (25)
= L m)y2 (n) (M| — (n+1) ¢

o [ = 2R - G o) = 35 o),

i=1
riue

() _ 7)o pr(n)  7r(n) a'(tr) | rr(ny (n)
u™ =y 4y, ym = F UML) 2 — UML),

P(O) p p
My oy oy~ (T ey g v
v\ = + V", = — Q(O)+p (L) )z —V,"(L).

Bammcas paBeHcTBa (25) BO BCeX TOYKAX KOJUIOKAIMH, TIOJIyYUM JIBE CHCTEMbI JIMHEHHBIX ajrebpan-
. n+1 n+1 .
9eCKUX YpaBHEHUi [jisT KO3(DDUINEHTOB 042( ), ﬂz( ), i =1,..

oupesiesisit (n + 1)-10 UTepaIyio YacTHOrO PeIleHust

.,m. Haiinenuore xo3ddurimenTs

m

Ul()n+1)($) _ Zagnﬂ)m(x)’ n+1 Zﬁz(nJrl
i=1

Wreparmonnbiii Tporece OCTaHABIMBACTCA TOT/IA, KOTIA BBITIOJHEHBI CJIEIYIOIINE YCIOBUSI:

o gt - w)
Uy Y] ’ VY]

<k,

rae € > 0—3agannas Trognocts. Torna B KadecTBe pertennst 3anaqdu (3), (4) B MOMeHT ¢ = ), npuHH-
marorcst bymximn u(ty, 2) = u (z), v(ty, z) = v (2), HenpepbiBEBIe TO .

6. IIpumepsi. B kauecrse nepBoro npmmepa paccMoTpuM 3a1ady (3), (4) ¢ MuINHIPUYIECKOH cuM-
merpueit (4 = 1) npu P(u) = o/(o +u), Q(v) = §/(6 + v), tie o, 6 — NOJIOKUTEIbHBIE KOHCTAHTHI,
F(u,v) = v3, G(u,v) = u, a(t) = R + ct. Jaunwiit sux bynxmmit P(u) 1 Q(v) cooTBeTcTByeT mokasa-
resibHbIM QyHKIwaAM O(T') u U(S).

[TpnbmzkenHble penteHusi ObLIN ITOCTPOEHBI IPH CJIC/YIONINX 3HAUYCHUSAX apaMeTpoB: 0 = 3, § = 1,
R =1, c=1. B rabu. 1 npusesiennl 3HaueHnst KCKOMbIX (GyHKiumil npu ¢t = 1 B rouke x = a(0) = 1, rue
HaOJII0/1aeTCs HAanbOoUIbIIIee PA3JIndue PEIIeHHi, YTO COOTBETCTBYET BHJLY 38/ JAHHOIO IPAHUIHOIO YCJIO-
Busi. CpaBHeHne 3Ha4YeHNT DYHKIMI ¥ 1 v, TTOJIY YCHHBIX C UCIOJIL30BAHNEM OTPE3KOB DsIJIOB PA3JIMIHBIX
crenereit N, u PB®-pentennii npu pasinaHblX pasMepax Iiara 10 BPEMEHH h M KOJMYeCTBaX TOYEK
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Tabmuma 1. CpaBHeHNe YUCEHHBIX PEIIeHN ¢ OTpe3KaMu psijioB, mu = 1.

Pemenue u(l,1) | v(1,1)
Psan, N = 3 1,26119 | 1,09144
Pan, N =5 1,21205 | 1,11159
Pan, N = 10 1,21444 | 1,11594
Pax, N = 15 1,21445 | 1,11600

Yucnennoe, h = 0,1, m =17 | 1,19674 | 1,10956
Yucnennoe, h = 0,1, m =33 | 1,19846 | 1,11039
Yucnennoe, h = 0,05, m = 17 | 1,20294 | 1,11186
Yucnennoe, h = 0,05, m = 33 | 1,20499 | 1,11290
Yucrennoe, h = 0,025, m = 17 | 1,20665 | 1,11306
Yucrennoe, h = 0,025, m = 33 | 1,20884 | 1,11420
Yucmennoe, h = 0,01, m =17 | 1,20902 | 1,11374
Yucmennoe, h = 0,01, m = 33 | 1,21141 | 1,11497

Tabiuna 2. CpaBHeHNE YHUCJIEHHBIX PEIIEHU C OTPE3KAMU PAJIOB, M = 2.

Permmenne u(1,1) | v(1,1)
Psis, N =3 1,46142 | 1,32407
Pan, N =5 1,45943 | 1,40775
Psx, N = 10 1,45801 | 1,43331
Psx, N = 15 1,45853 | 1,43403

Yucnennoe, h = 0,1, m = 17 | 1,42469 | 1,39890
Yucnennoe, h = 0,1, m =33 | 1,42767 | 1,40117
Yucnennoe, h = 0,05, m = 17 | 1,43692 | 1,41214
Yucnennoe, h = 0,05, m = 33 | 1,44046 | 1,41505
Yucsiennoe, h = 0,025, m = 17 | 1,44417 | 1,41999
Yucrennoe, h = 0,025, m = 33 | 1,44793 | 1,42317
Yucmennoe, h = 0,01, m = 17 | 1,44843 | 1,42503
Yucmennoe, h = 0,01, m = 33 | 1,45291 | 1,42853

KOJIJIOKAIINH 1M, IPUBOJUT K CJIELYIOMNM BbIBojiaM. Ha paccMorpeHHOM nHTEpBaJsie BpeMeHn HabJIio/1a-
€TCsl IUCJICHHAsT CXOJMMOCTD DsIJIOB, 9TO IHI03BOJISIET HCIIOJIB30BATh UX JIJIsi BEPUMUKAIMN IHUCJICHHBIX
pertrennii. YucIeHHbIE PEIIEHNs CXO/IATC K AHATUTHIECKOMY OTHOCHTEJIBHO IIara o BPEMEHU H IHCIIa
TOYEK KOJIJIOKAINH, YITO CBUJETEJIBCTBYET O KOPPEKTHOCTH IIPE/IOZKEHHOIO UHCJICHHOIO aJIlOPUTMA,
OCHOBAHHOTO Ha paziyiokenun 1o PBO.

Anajiornusble pacdeTsl ObLIN IPOBeIeHBI JTst 3a1a49u (3), (4) co cdepudeckoit cummerpueii (p = 2)
JUTst aHasJornaHbiX GyHKImit P, Q, R, G, a u Tex ke 3HAYEeHMSX 9YHCIOBBIX IapaMeTpoB. PesyibrarTs
PEIIeHNsT, IPUBE/ICHHBIE B TabJl. 2, MOTBEPXKIAIOT 3aKJIIOUCHNUS, C/IeJIaHHbIe JIJIs IEPBOrO IPUMEPA.

TakumM 06pa3oM, YUCAEHHBIH AIrOPUTM, HCIIOJIB3YOIINil pajuaabable 6a3ucHble (OYHKIMH, T03BOJIsI-
€T C XOPOIIEeil TOYHOCTBIO CTPOUTD NPHUO/IMKEHHBIE PEIICHNsT PACCMOTPEHHOI 3a,/1a41.
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7. 3akmodenwue. [logsojisa uTor, OTMETHM, YTO TJIABHBIM PE3YJIbTATOM IIPOBEIEHHOTO NCCJIEI0BAHUS
SIBJISIETCSI TO, 9TO aBTOPAM YJIAJI0Ch 0DODINUTD PE3y/IbTaThl, MOJIyICHHbIE paHee B IJIOCKOCUMMETPHI-
HOM ciydae [4], Ha ciaydan uIMHAPUIecKoi u cdepudeckoii cummerpun. JokaszaHa HOBasi TeopeMa
CYIIIECTBOBAHUS PeIIeHul, UMeomuX TUI Ju(dOy3UOHHON BOJIHBI, JIJIsT HEJIMHEIHOM BBIPOXK IAIOIIEHiCs
mapaboTMIECKONl CHCTEMBI JOCTATOYHO 00Iero Buma. 1Ipeioxken moMaroBeiii aJropuT™M HOCTPOCHUS
9HUCJIEHHOTO PeIleHnsl, OCHOBAHHBIN Ha PA3JIOXKEHUH 10 PAIUAJILHBIM OA3MCHBIM (DYHKIIUAM, I Te-
CTUPOBAHUS KOTOPOTO MCIIOJb30BAHBI OTPE3KU IMOCTPOEHHDBIX CXOMAMNXCA PsAI0B. TeM camMbIM ycoBep-
MMIEHCTBOBAH MaTEeMaTUYECKUN W aJITOPATMHUYCCKUN MHCTPYMEHTAPUI HUCCJIEOBAHUA HEJIUHEHHBIX BbI-
POXKIAIOMIMXCS 3389 MATEMATUIECKON (DU3UKU, KOTOPbIE MMEIOT MHOT'OYHUCJIEHHBIE COJIePyKATEeIbHBIE
IPUJIOXKCHUS].

JlaspHeiinre ucc/ieI0BaHus B JAHHOM HAIIPABJIEHHH MOI'YT OBITH OCBSIIEHBI IIOCTPOEHUIO TOYHBIX
periennii [2] 3agaqau (3), (4), KoTOpble sIBJSIIOTCsI 60Jiee THOKUM HHCTPYMEHTOM JiJisl TeCTUPOBAHMUSI
YUCJICHHDLIX aJITOPUTMOB, Y€M OTPE3KHU PALIOB, & TAKXKE II03BOJAIOT OIMUCATL KAYeCTBCHHOE HOBEICHUE
cooTBeTCTBYIOMUX Auddy3noHHBIX BoJH. KpomMe Toro, MoryT ObITh paccMOTPEHBI HoJjiee obIue mocTa-
HOBKU 3a/1a4, HAIIPUMED, KOTJA YCJIOKHSIOTCSH KPAEBbIe YCJIOBUS, WM CUCTEMA UMeeT 0oJiee BBICOKYIO
Pa3MEepHOCTbD.
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O PA3PEIINMOCTU 3AJAYUN CUHTE3A IIPU HEJIMHEMHON
OIITNMUSAIINN KOJIEBATEJIBHBIX ITPOIIECCOB, OIINCBIBAEMBIX
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AnHOTALUA. VccnenoBanbl BOIPOCHl PA3PEIIMMOCTU 3aJ]a9U CUHTE3a PACIPEIEIEHHOIO U IPAHUYHO-
ro yIpaBJIeHU# MpU MUHUMHU3AINU KyCOYHO JIMHEHHOro (DYyHKIIMOHAJIA B CJIydae YIIpaBJIEHHs KOJie-
6aTeIbHBIMIA IIPOIIECCAMH, OMMCBHIBAEMBIMEA HHTErPO-AndpHEPEHITNATBHBIMA YPABHEHUSIMA B YACTHBIX
IPOM3BOJHBIX C HMHTErpajbHbIM omepaTropoMm Ppemaronsma. s dyaknmonansa Bennvana mosrygeno
nHTErpo-auddepeHnpaibHoe ypaBHenue crenuduaeckoro suaa. Omucan aaropuTM IMOCTPOEHUsI pellie-
HUS 3371291 CHHTE3a PACIIPE/IEIEHHOTO U TPAHUYIHOTO YIIPABJICHUN, N3/TOXKEHA TIPOIIEIYPa OpeIeIeHUs
yIpaBieHnit Kak HyHKIuil (PyHKIHOHAIOB) OT COCTOSIHUSI YIIPABJISIEMOrO IIPOLECCa.

Karouesvie caosa: nurerpo-auddepeHimaibioe ypaBaenune, omneparop Ppearonbma, o0b6obuieHHOE
permtenne, dyuknuonan bemnmvana, tuddepennuan Operre, CHHTE3 ONTUMAJIBHOTO YIIPABICHUS.

ON THE SOLVABILITY OF CONTROL SYNTHESIS PROBLEMS
FOR NONLINEAR OSCILLATORY OPTIMIZATION PROCESSES
DESCRIBED BY INTEGRO-DIFFERENTIAL EQUATIONS

© 2022 A. K. KERIMBEKOV, E. F. ABDYLDAEVA, A. A. ANARBEKOVA

ABSTRACT. The solvability of synthesis problems for distributed and boundary controls in minimizing
problems for piecewise linear functionals for oscillatory processes described by partial integro-
differential equations with Fredholm integral operators are examined. For the Bellman functional, a
specific integro-differential equation is obtained. An algorithm for constructing a solution of the control
synthesis problem of distributed and boundary controls is described. A procedure for determining
controls as functions (functionals) of the state of the controlled process is constructed.

Keywords and phrases: integro-differential equation, Fredholm operator, generalized solution,
Bellman functional, Fréchet differential, optimal control synthesis.

AMS Subject Classification: 49K20

1. Bsenenme. Merombl TEOPUHU ONTUMUBAIMK CUCTEM C PACIIPEIETICHHBIME ITapaMeTpamMu, paspabo-
TaHHBIE [IPU UCCJIEIOBAHUN 33129 IIPOI'PAMMHOIO yIIPABJICHUS WX 33/Ia"U CUHTE3a, BCe OoJiee ITPOHUKA-
0T B pa3judHble objacTu HayKu U TexHuku. OO0 3TOM CBUIETEIBCTBYET OOJIBINON TTOTOK UCCIEI0BaHUI
3aJ7a4d ONTUMAJILHOTO YIIPABJIEHUS IMIPOIECCAMU OMMCHIBAEMBIMU YPABHEHUSIMHU B YACTHBIX MTPOU3BOJI-
HbIX [1-5,11-16,22].

Sajiauu yrupaBeHUs IPOIECCaMU, ONMUCHIBAEMBIMUA HHTETIPO-IuMMEPEHITNAIBHBIME  YPABHEHUSIMHU
B YACTHBIX IPOU3BOJHBIX ¢ MHTErpajibHbiM oneparopoM Ppejaronbma (Bosbreppa), Takxke HaunHAOT
[IPUBJIEKATL UCCaeoBaTeseil. B 9ToM HaAlpaBJIeHUN IO UCCJIENOBAHUAM 3329 IMPOrPAMMHOIO yIIPaB-
JIEHUsI BBITIOJIHEHO 3HAYMTEIHHOE KomdecTBo pabor [8-10,18-21,24,25]. [To uzydenuio 3aja4u cunTesa
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MOKHO OTMETUTh JIuIb paboTsl [6,7,17-23|, re Ha ocHoBe cxembl Besmvana-Eroposa nzioxkena MeTo-
JIUKA BBIBOJIA ypaBHEHHUs Tula bBejMaHa, KOTOPOe SBJISETCA HEeJMHEHHBIM HHTErpo-anddepenua/ib-
HBIM ypaBHeHueM crernuduyaeckoro suja. B paborax [6,7] A. KepumbeKoBbIM 1pe/jioyKeHa CTPYKTypPa
€ro peleHusi, COrJIacHO KOTOPOH 9TO ypaBHEHHE PACHaIaeTCs Ha JIBA YPABHEHUsI, OJHO U3 KOTOPBIX SB-
JISIETCSI HE3aBUCUMBIM ypPaBHEHNEM B YACTHBIX ITPOM3BOIHBIX. DTO 0OCTOSITENIBCTBO CYIIECTBEHHO YIIPO-
IIaeT MPOIEAYyPY HOCTPOCHUS PEIIeHUs 33/Ia9i CHHTE3a JJIsi YIPABJISIEMbBIX IIPOIECCOB, OMUCHIBAEMBIX
UHTErpo-a1udPepeHITuaIbHBIMA Y PABHEHUSIMHA.

B nmammoii craTbe mccieI0BaHbI BOIIPOCHI PA3PEINMOCTH 33/Ia9i CHHTE3a PACIPEIeIeHHOrO U I'pa-
HUYHOTO yIPABJIEHUI MPU MUHUMHU3AINA KYyCOUYHO-JTHHEHHOTO (DYyHKIIMOHAJA, B C/IyYae YIIPaBJICHUS
KO0J/1e0aTeIbHBIMU ITPOIIECCAME, OMUCHIBAEMBIMIA WHTErPO-1u(dEepeHITNATbHBIMYA yPABHEHUSIMEI C UHTE-
rpajbabiM orneparopoM Ppenronbma. OyHKIUA BHEITHETO W IPAHUYHOIO BO3/IEHCTBUN HEJIUHEHHDI 110
VIIPABJIEHUIO, KOTOPOE SIBJIsIeTCsT (DyHKIIMOHAIBHOM mepeMeHHO#. OnucaH ajropuT™ IOCTPOEHUST pe-
IIEeHNsT 33Ia9l CHHTe3a PACHpPEeIeJIEHHOTO U I'PAHUYHOrO YIIPABJIEHUN, TO €CTh U3JI0ZKEHA IIPOIEIypa
ompe/JieieHust yrpasiieHuii Kak GyHKImil ((byHKIMOHAJIOB) OT COCTOSIHUSI yIIPABJISIEMOrO MPOIECca.

2. TIlocraHoBka 3ajiayu cuHTE3a. PaccMoTpuM 3a/avy MUHUMHU3AIUN KYyCOTHO-JIMHEHHOTO (DyHK-
IIMOHAJIA

Iutt,a),0(t2)] = [ [0(T22) = @) + (4(T.2) - €a(a) ] dot

@ T

+/ 04Q/|u(t,a:)|dx+5/|19(t,a;)|dx dt, a,>0 (1)
v

0

Ha MHOXKECTBE O606HL€HHBIX pelHeHI/IfI KpaeBOfI 3a a1

T

vy — Av = )\/K(t,T)v(T, z)dr + flt,z,u(t,z)], z€Q, 0<t<T, (2)
0
’U(va) = wl(x)a Ut(oax) = ¢2($)> T €Q, (3)

n
Tv(t,x) = Z aik(x)vg, (t, ) cos(v, ;) + a(z)v(t,x) = plt,x,I(t,z)], ze€~, 0<t<T, (4)
ik=1
rjae A — S/UIMITHYecKuit orepaTop:
n

Av(t,z) = Z (aik(x)vxk (t7x))1’i — c(z)v(t, z), (5)

i k=1

@ — obstactb npoctpancTBa R™, orpaHndeHHasi KyCOUYHO-IJIQIKON KpuBoil v; Qr = @ X [0,T); dbyHk-
wm K(t,r) € H(D), D = {0 < t,7 < T}, &1(2) € H(Q), &(z) € HQ), ti(z) € HI(Q),
Yo(x) € H(Q), ajp(x),a(x) = 0, ¢(x) > 0 canuTalorcsi U3BeCTHBIMHU; Y — BEKTOP HOPMAJIU, BBIXOJAIIEH
u3 trouku = € v; flt, x,u(t,z)] € H(Qr), mis oboro pacupeesnentoro yupasiaenus u(t,x) € H(Qr),
plt, z,¥(t,z)] € H(yr), mias moboro rparndnoro ynpasienus U(t,x) € H(vyr), y0 = vx(0,T); H(Y) —
IHJIOEPTOBO TIPOCTPAHCTBO KBAJIPATUYIHO CYMMUDPYeMbIX (hYyHKIHUIA, ONpejie/IeHHbIX HAa MHOXKeCTBe Y
H,(Y) — upocrpancrso CobosieBa epBoro nopsijika; A — mapamerp; 1’ — HUKCHpOBaHHBI MOMEHT Bpe-
mverr. OTHOCHTENBHO (DYHKINU BHENTHETO W IPAHUYHOrO BO3AEHCTBUH GyIeM CIYUTATH, 9TO

fu[t,x,u(t,x)] 7£ 07 \V/(t,l') € QT; pﬁ[t,ﬂf,ﬂ(t,l’)] 7£ 07 V(t,$) €, (6)
TO €CTh (PYHKIUH SIBJISTIOTCST MOHOTOHHBIMU 10 (DYHKIIMOHATHLHON TEepEMEHHOIA.

Onpenenenne 1. ITox 0606meHHbIM pellieHreM Kpaepoii 3agaun (2)—(6) nonumaercs: dbyHKIHs
v(t,x) € H(Qr), KoTopast BMecTe ¢ 000OIIEHHBIMI TPON3BOAHBIMU VUt (t, ) U vy, (t, ) yroBIeTBOpsieT
CJIEJTYTOIIEMY MHTETDAJLHOMY TOXKJIECTBY:
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(vt(t,x)q)(t,w))ifdx: vi(t, )Py (t, z) — ” i () Vg, (t, )Py, (t, ) —
1]
T
—c(x)v(t,x)®(t, x) + )\/K(t,T)v(T, x)dr + f[t,x,u(t, z)|®(t, x) dx+
0

+/(p[t,$,19(t,x)]) —a(z)v(t,z)®(t, z)dx p dt
0

upu J06bIX t Uty (0 < t1 <t <ty < T) auist s06oii dynkun (¢, x) € Hl(QT), a TAKKe HAYaJILHBIM
YCJIOBHAM B ¢J1abOM CMBIC/IC, TO €CTh PaBeHCTBa

lim [ [v(t,x) — ¢1(x)]Po(x)dx = 0, %i_r)r(l)/[vt(t,x) — 1(x)]®q(z)dx =0
Q

t—0

Q
BBIIOJIHSIOTCS Jyist T06bIx yukimit ®o(x) € H(Q) u ®1(x) € H(Q).

Teopema 1. Kpaesas sadaua (2)—(6) npu kaosrcdol nape ynpasaenut {u(t,z),¥(t,z)} € H(Qr) X
H(yr) umeem eduncmeenroe obobwennoe pewenue v(t,z) € Hi(Qr) [7].

BameTrM, 9TO COrJIacHO yCyIoBHsiM (6) yCTaHABINBACTCS B3AUMHO-OJIHO3BHATHOE COOTBETCTBUE MEXKTY
sJIeMeHTaMu poctpaHcTBa yupasienuit {[u(t, x),d(t, )]} u npocrpancTBa cocTosIHUIT yIPABJISIEMOrO
uporiecca {v(t, z)}.

B sayiaue cunresa nckombie ynpasienus ul(t,x) € H(Qr) u 9°(t,2) € H(y7) cremyer HaXoquTh
KaK PyHKIuio (HyHKIMOHA) OT COCTOSIHUS YIPABJISIEMOIO MPOIECCa, TO €CTh B BHJIE

u(t,z) = ut,z,v(t, x),v(t, )], (t,z) € Qr,
Ot x) = O[t, x,v(t, ), ve(t, x)], (t,x) € 7r.

3. O paspemmmocTtu 3aga4ym cuHTe3a. s dyukiponana (1) onpenesum dyuknmonan Besur-
MaHa B BUJIE

T

Sit,aw(t,z)] = min / a/\u(T,x)\da:—l—B/|19(7',a:)|dx dr+
Q v

uel, eV
t

+/Mmzxwf@m%x, 08> 0. (7)
Q

Buecs w(t,x) = {v(t,z),v(t, z)} —Bekrop-pyukums cocrosinust; a &(z) = {&1(z), 2(x)} — BexTOp-
byHKIUS XKeJ1aeMoro coCTOsiHMSI YIIPaBJIsSeMOro nporecca B MoMeHT Bpemenn T ||.|| — HOpMa BekTOpa;
U — MHOXKECTBO JIOIYCTUMBIX 3HadYeHuii yupasienus u(t,x), (t,x) € Qr; V — MHOXKECTBO JIOIIyCTUMBIX
sHavenuii ynpassienust ¥(t,x), (t,x) € yr.

[penmnonarasi, uro S[t, z,w(t, )] kak dyukus, muddepennupyema 1o t, a Kak QyHKIHOHA, 1ud-
dbepenmupyem o Pperte, cornacuo cxeme Besmvana—Eroposa [7], nepenumenm (7) B Bue

T
Oty i [ o [t 2lae 16 [ 106010 | drs
Q ol

uelU, eV
t

+ds[t, z,w(t,x); Aw(t, z)] + o(At) + 0[t, x,w(t, z); Aw(t, x)] 7,
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e Aw(t,z) = Awlt + At,x] — wt, x|, ds[t,z,w(t,z); Aw(t, z)] — muddepeniman Dpemte, a o At)
u d[t, x,w(t, z); Aw(t, x)] — Geckonedno Masble BeaudauHbl orHOCHTEabHO At. ITockosbky anddepen-
mmasr Operme orHocurenbio Aw(t, 2) € H2(Qr) = H(Qr) x H(QT), (t,2) € Qr, ABIIETCS TMHEHAHBIM
bYHKITMOHAJIOM, TO UMEET MECTO PABEHCTBO

dslt,z,w(t,z); Aw(t,z)] = /m*(t,x)Aw(t,w)dw = /(ml(t,w)Av(t,w) + ma(t,x)Av(t, z))dz,
Q Q

IJle CUMBOJI * —3HAK TPAHCIOHUpOBaHus; BeKTop-byHkius m(t,x) = {mq(t,x), ma(t,z)} asasercs
rpajmentom dyrknmonana St, x,w(t, )] u npurasesxut npocrpanctey H2(Qr) = H(QT) x H(QT)
nouru npu Beex (t,z) € Qp. 3amerum, uro m(t,x) oupejessiercst B 3aBUCUMOCTH OT (DYyHKIMOHAJIA
S[t, z,w(t, )], To ecTh

m(t, x) = m(t,z, S[t, z,w(t, z)]).

Corutacto [7] uckomoe (yHKIMOHAIBHOE ypaBHEHNE TUIa BeiMaHa 1MoJIyduM B CJIEIYIONEeM BUJIe

_OS[tz, w(t,z)]

b i & (alutt, )]+ matt ) [t 00, )]s
Q

T
+/ <5|19(t,a:)| —i—mg(t,aj)p[t,x,ﬁ(t,x)])dx+/ )\/K(t,T)v(T,x)dT ma(t, z)dx+
v Q B

n

¥ ! i (6 2t ) — J [; i) (1), (1) + oot hma(t, )] do-

—/a(x)v(t,x)mg(t,x)dx , (8)
¥

KOTOPOE MMeeT MeCTO MouTH Jyisi Beex (t,z) € Qr u (t,x) € yp.
Ucnonb3yst passiokeHust

v(t,r) = Zvn(t)zn($)> vp(t) = /’U(t?x)zn($)d$a
n=1

Q
(o]
ma(t,z) =Y ma, (H)zj(x), ma,(t) = / ma(t, )z (x)dz,
n=1
Q
a TakxKe orpejiesieHne 0000IIEHHBIX COOCTBEHHBIX (DYHKIINN 2, (w) [7], HOJIYIUM COOTHOIIICHUE

/[z": i (2) Vg, (t, )Mo, (t,x) + c(z)v(t, z)ma(t, a:)} dx + /a(a:)v(t, z)mo(t, z)ds =
Q

i,k=1 5

n

(1) / [Z i (@)vzy (1, 2)ma, (t, ) —l—c($)v(t,$)m2(t,x)] dx + / a(z)v(t, )z (z)ds § =

j=1 Q i,k=1

I
5

v

= 3 m j(t))\2- v(t,z)zj(x)de = 3 m j(t))\zvj(t) = ma(t,z)D(A°, z, y)u(t,y)dydz,
]z:; 2 JQ/ ]Z:; 2 j Q/Q/ 2 Y y)ay
rie o
D()‘()?x?y) = ZZZ(JZ))\?ZZ(:IJ)
i=1
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Tenepsb ypasrenue (8) mepenuieM B cJe/lyOIeM BU/Ie:

OS[t,z,w(t,x
_ W — ue%nev / <a\u(t,x)\ —l—mg(t,a:)f[t,x,u(t,x)])dx—i—
Q

T
+/ <5|19(t,a:)| —i—mg(t,x)p[t,a:,ﬁ(t,x)])dx+/ )\/K(t,T)v(T,x)dT ma(t, z)dx+
Y Q 0

+/ ml(t,x)vt(t,x)—mg(t,a:)/D(Ao,x,y)v(t,y)dy dx 3. (9)
Q Q

Corutacuo (7) aTo ypasHeHue OyjieM pacCMaTPUBATh BMECTE C yCJIOBHEM

S[T,z,w(T,z)] = / |w (T, z) —§(a:)H2da:. (10)
Q

Takum obpasom, S[t,z,w(t,z)] ciaeayer nHaxomurh Kak pertenne 3azgaqau (9)—(10), KoTopasi Ha3bI-
Baercs 3ajaqdeit Komm—DBemmmana. J[jist mocTpoennst perieHus 9TOH 3a1a4du CHadaJa PerraeM 3a1ady
MUHUMA3AINN IPaBoil YacTu ypasHeHust (9).

Pacemorpum 3azady MunuMusanuu B ypasaeruu (9) B ciaydae, korga U n V sIBJISIFOTCST OTKPBITHIMU
MHO>KeCTBaMU. HpHMeHHH KJIaCCUYIECKUA METO/I pelIeHr A 3a/Ja91 Ha IIONCK SKCTpeMyMa7 HaXOIUM, 9TO
TIOJIO3PHTENIBHOE Ha ONTHMAJILHOCTL Pacrpeiesientoe yrpasaenne u’(t, x) ompesesseTcs ce Iy oM
00pasoM.

B obaactu Q} C Qr, tae u(t,z) > 0, uckomoe ynpasienue ul (t,) olpeesieTcst CONIACHO yCJI0-
BHAM OINTHMAJIBHOCTH B BUIE PABEHCTBA

a+ mo(t,z) fult,z,u(t,z)] =0, (t,x) € Q}, (11)
u uddepeHInaLHOTO HEPABEHCTBA,
ma(t, z) fuult, z,u(t,x)] >0, (t,z)€ Q}_,

KOTODBIE BBIIOJIHSAIOTCS OJJHOBPEMEHHO TOYTH JIIst BeeX (6, x) € Q}. HunddepenrmaabHoe HEPABEHCTBO
SIBJISIETCsI TPY/IHO IpoBepsieMbIM yeiosreM. OnHako corsacHo (11) ero MoXKHO IpeobpazoBaTh K BULY

fu_l[t,x,u(t,x)]fuu[t,x,u(t,x)] <0, (t,z)e Q}. (12)

IIycrs BbInoHEHDI yesoBust ontuMastbaocTH (11) 1 (12). Torga coracHo Teopeme 0 HeSIBHBIX (DY HKITHSIX
u3 pasencTsa (11) nckomoe yrpaBiieHHe ONIPEJENAeTCs OJHO3HATHO, T.€. CYIIECTBYET TaKasl OJHO3HA-

Has byHkums ¢1(+), 9T0
uﬂ)r(t,a:) = ilt,x,ma(t,z,w(t,x)),af, (t,x)€ Q}. (13)

Jasee nokasbiBaercs, uro B obmactu Q@ C Qr, rae u(t,z) < 0, uckomoe yupasieHne u® (t,x)
VJOBJIETBOPSIET YCJAOBUSAM ONTUMAJBHOCTHA B BHUJIE PABEHCTBA

—a—{—mg(t,x)fu[t,x,u(t,x)] =0, (t,l’) € Q;) (14)
u quddepeHnuaabHOro HepaBeHCTBa
F it o u(t, )] fuult, 2, ut, )] >0, (tx) € QF. (15)

Vupasienune onpeessercs 1o popMyie
ug(t,a:) - gpg[t,x,mg(t,x,w(t,x)),a], (t7x) € Q;7 (16)

riie pa(-) — dbyHKIWsI, OJHO3HAYHO OIlpejiesisieMasi U3 paBeHcTsa (14).
TaxuMm 0O6pazoM, UMEET MECTO CJIe/LYIOIIee YTBEPKIeHUE.
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Teopema 2. ITycmo U asasemcs omrpvimoim muodcecmeom. Ecau dynrkyus f[t, x,u(t,x)] e 06-
AACTAU Q}r C Qr, 20e u(t,x) > 0, ydosaemsopsem ycarosuto (12), mo cywecmsyem dynryua ©1(-),
KOMOPaA 00HO3HAMHO OCYULLCTNEGAACTN, CUNMES PACTPEIENENH020 ONMUMAALHO20 YNPAGAEHUSA NO HOP-
myae (13).

Ecau dynwyus flt, z,u(t,xz)] 6 obracmu Q  C Qr, 2de u(t,x) < 0, ydosaemeopsem ycaosuro (15),
mo cywecmeyem Pyrxyus p2(-), KOMopas 00HOZHAUHO OCYULECTNGAAET CUNNES PACTIPEIENEHH020 ON-
mumaavhozo ynpasaenus no gopmyae (16).

AHAaJIOTUYIHO OIIPEeJIe/IsIeTCsI IO03PUTEIbHOE Ha ONTHMAJIbHOCTD MPAHMTHOE YIIPABJIEHUE 293_ (t,x).
B obsactu v C 47, tie 9(t, ) > 0, nckomoe ynpassenne ¥ (t, ) yJI0BICTEOPAET yCIOBHAM OIITH-
MaJIBHOCTHU B BU/I€ PaBE€HCTBa

B+ma(t,x)pslt, x,9(t, )] =0, (t,2) €77, (17)
u uddepeHImaILHOTO HEPABEHCTBA,
Py [t 2, Ot @)|pgslt, 2, 9(t,2)] <0, (t,x) €. (18)
VipaBjieHue Onpeaesasercst mo GopmyJie
199}—(7571') = hl[ta$am2(ta$aw(ta$))aB]a (t,l’) 67;:7 (19)

rie hi(-) — dyHKIWS, OJHO3HAYHO ONpejessemMas u3 paBeHcTsa (17).
B o6nacru 5 C yr, tae 9(t, x) < 0, uckomoe ynpasienue 90 (¢, ) yI0BIeTBOPSAET yCJIOBUSIM OITH-
MaJILHOCTH B BHJIE PaBEHCTBA

—B + ma(t,x)pylt,z,9(t,x)] =0, (t,x) € vy, (20)
u i depeHInaLHOTO HEPABEHCTBA
pytlt, 2, 9(t, @) foolt, x, 9(t,2)] > 0, (L, ) € vp. (21)
Vupapienune onpeessercs 1o popMyie
9O (t, ) = holt,z,ma(t, 2, w(t, x)),B], (t,z)¢€ Y1 (22)

rje ho(-) — dyskiusi, ogHo3HAYHO oupejensemass u3 paseHcTBa (20). OTHOCHTETHHO T'PAHUYHOIO
VIIDaBJIEHUS] UMEET MECTO yTBEPKJICHUE

Teopema 3. ITycmo mnoorcecmeo V- asasemces omrpumoim. Ecau gynxyus plt, x, 9(t, z)] 6 obaa-
emu v C yr, 2de 9(t, x) > 0, ydosaemsopaem ycaosuro (18), mo cywecmeyem dynxyusa hy(-), xomo-
Pas 0OHOZHAYHO OCYULECMBAALT, CUHMES 2PAHUYHO20 ONIMUMAALHO20 Ynpasaenus no gopmyse (19).

Ecau dynwyusn plt, z,9(t, x)] 6 obracmu v, C yr, 20e9(t, x) < 0, ydosaremesopsaem ycaosuro (21), mo
cywecmeyem dynryus ho(+), Komopas 00HO3HAUHO OCYUWLCMBAAEM CUHMES 2PAHUYHOZ0 ONMUMANLHO-
20 ynpasaerua no gopmyae (22).

Bamernm, uro ypapHeHue Tuia besumvana (9), moiydeHnoe coracHo cxeme Besmvana—Eroposa,
oIpesiesIIeT HeOOXOANMOe YCIOBUE ONTHMAJILHOCTH MCKOMOTO YIIPaBJeHHus. IIpu OlpeseneHHbIX yCao-
BHUSX €r0 MOYKHO PACCMATPUBATEL M KaK JIOCTATOTHOE yCI0BUE onTuMabHocTh. [lycts Bpems T’ cBoOO/I-
HO, I KoHewHoe cocrosiane w (7T, ) IpHHAIIEKIT HeKoTopoMy MEOKecTBy e H(Q). B mpocrpancrse
cocrosnuit w(t,x) = {v(t,z),v(t, )}, rme v(t,x) € H(Qr), vi(t,z) € H(Qr), oupenesum HyHKIIIO
S[t, z,w(t, )], yIOBIETBOPSIOILYIO CJIELYIONIUM YCIOBHSIM:

(i) S[t,z,w(t, x)], kak dyuKIWs, MUddepeHIUpyeMa 0 IepeMeHHOI .

(i) S[t,z,w(t,z)], kKak dbyHKIMOHAJ 10 BEKTOPHON I1€peMeHHOil cocrostaus w(t, x), auddepernu-
pyem 1o ®@perre u umeer rpaguent m(t, x) = {m1(t,z), ma(t, x)}, rae my(t, x) — semMenT rusb-
HeproBa IPOCTPAHCTBa KBajpaTHIHO-cyMMupyeMbix dyukuuii H(Qr), ma(t, ) — sement co-
6osesckoro npocrpancTsa Hi(Qr).

(iii) Just mpoussosbHOro MomenTa Bpemenu t € (0,7) u soboro BekTopa w(t,x) IpoCTpaHCTBA
cocrositnit H(Qr) X H(Qr) BbIpaxkenue
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Blt,w(t,z),u(t,z),¥(t, z), m(t,z)] =
- W + / (oz\u(t,x)\ + mz(t,x)f[t,x,u(t,x)])dx—i—

Q

T
+/ <5|19(t,a:)| —i—mz(t,x)p[t,x,ﬁ(t,x)])dx+/ )\/K(t,T)v(T,x)dT ma(t, z)dx+
v Q 0

+/ my(t, z)ve(t, x) —mg(t,a:)/D()\O,x,y)v(t,y)dy dx
Q

JIOCTHraeT abCOJMIOTHONO MUHUMYMa IPH YCJIOBHH, 4TO Jonycrumas mapa {u(t,z),d(t,z)}
yIpaBJIeHuii ONTUMAIbLHA, TO €CTh

B[t,w(t,$),u(t,x),ﬂ(t,w),m(t,x)} > B[t,w(t,$),uo(t,w),ﬁo(t,x),m(t,w)] =0, (23)

e ontnmasbhast mapa {u’(t,x),90(t,z)} — e MHCTBEHHBIM 06PA30M OIPEJIENIAET ONTHMAb-
it iporiece W (t, x) = {v0(¢, x), v (¢, z)}.
(iv) Ha muoxkecrse nesm H (Q) Boinonusiercst coornomenue S[T, z,w(T, z)] = ||w(T, z) —g(w)qu(Q)

Eciu yenosust (1)—(iv) BblosHEHbI, TO

Slt,x,w(t,z)] = min / /\u T, % \da:—i—ﬂ/w T, x)|dz dT—i—/Hw (T,x) — ()| gedx ¢,

uelU, eV

10 ectb S[t, z,w(T, )| ABJ/IsIeTCS MUHIUMYMOM IO BEKTOPHOMY YIIPABJICHUIO {u(t, x),¥(t, )} pesyabrara
UHTErPUPOBAHUSA TeJIeBOi (DYHKIMU 110 IepeMEeHHON BpeMeHn B poMexKyTke oT ¢ jo T

Juist ioKazaTebeTBa 3TOr0 yTBEPXK/ICHNsI MHTErPUPYEM TIPABYI0 4acTh COOTHOIIeHMs (23), mosaras,
uro w(t,r) = w'(t,r) — onTHMAILHBIA HPOIECC, COOTBETCTBYIOMMUII ONTHMAILHOM Hape yIpaB/IeHuit
{ul(t,z),9°(¢, )}. Momyaum cooTHOmTEHME

/ﬂ[ﬂ WO(r, ), u0(r, ), 9% (¢, ), m(r, x)} dr = 0.

Jlasee paccMOTpHUM WHTErpaJl
T

/B t w(T, ) (t,x),u(t,w),ﬂ(t,x)} dr,

t
KOTOPBIH  JIOCTUTAET MHUHUMAJLHOIO 3HAYEHUsI TOJMBKO [PU  ONTHMAJbLHONW Iape yIpaBjeHuii
{ul(t,z),9%(t, x)} m onumassrom nponecce wl (¢, ) = {v0(t, ), v (¢, x)}. Eciu 310 He Tak, To HaiiTyT-
cat mapa ynpasaenuit {u(t,z), 9(t,z)} # {ul(t,z),9°(¢, )} m nponecc w(t, z) # w(t, z), Taxue, aro mpu
soboMm t unrerpast I(t) 6yaer pasen Hysio. Torma B cuity IpoU3BOJILHOCTH ¢ MOJBIHTEIPAJIBHOE BbIPaZKe-
HEE TOXKJIECTBEHHO PABHO HYJIIO, UTO IpoTuBopednt yejaosuto Blt, w(t, z), m(t,x), u(t, z), ¥(t,z)] > 0.

[Monyuennoe ypasuenue tuna Besvana (9) siBjsiercss HeJIMHEHHBIM UHTErPO-uddepeHnaIbHbIM

ypasuenueM coxnoi npupost. Hpu u(t, z) = u(t,x) n 9(t,z) = 9°(t, 2) ono «ynpormaercs» u umeer
BT

W —{—/ <a|u0(t,$)| +ma(t, ) f[t,z,u O, )])dw—{—
Q
T
+/ <B|190(t,$)| + ma(t,z)p[t, z, 9O(t, x) dx—{—/ )\/K (1,z)dr | ma(t, z)dz+
Y 0
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—{—/ ml(t,x)v?(t,w) —mz(t,w)/D(Ao,x,y)vo(t,y)dy dr =0. (24)

Q Q
Crienyst MeTofuke pabotsl [7], pemenue ypasnenust (24) GyjgeM HCKaTh B BUJIE
Sit,z,w(t,z)] = Solt, z,w(t,z)] + AS[t, z,w(t, z)], (25)

rie Solt, x,w(t,x)] u Si[t,z,w(t, r)] —HeusBecrHble dyHKIMU, a A — napamerp ypasHenust (2). IToi-
crasuM (25) B (24). IlpupaBanBast Ko3HUINEHTDHI IPN OAWHAKOBBIX CTEIEHSAX ITAPAMETPA A, TOJIYIUM
CJIEIyIOIINE YPABHEHNUS:

0Solt, z,w(t,x)]

+ / (Oé|u0 (t,z)| + ma(t,z)f [t’ z, UO(t’ x)] )d$—{—

ot
Q
+ / (BI9°(t, 2)] + ma(t, )p[t, 2, 0°(t,2)] ) da-+
—{—/ my(t, z)v) (t, x) —mz(t,w)/D(Ao,x,y)v(t,y)dy dx, (26)
Q Q

0S1[t t r
i ,a(;,tw( @) +/ mg(t,$)/K(t,T)’U(T, x)dr | dx = 0. (27)

Q 0

13 (10) u (25) BeITeKaer, uro ypasHeHue (26) ciejyeT paccCMaTpUBATL BMECTE C JIOHOJHUTEIbHBIM
YCJIOBHEM

So|T, z,w(T,z)) :/Hw(T,w)—g(x)H%zdaj,
Q

a ypasHeHue (27) — ¢ JOMOJHUTEIHHBIM YCIOBHEM S [T, x,w(T, w)] = 0. Takum obpazom, ecaiu U u V'
OTKPBITBIE MHOYXKECTBa, TO yjaeTcs bojiee WM MeHee IIOJIHO HUCCJIeI0BATh PAa3peliuMOCTh 3a/la9u CUH-
Te3a 1 pa3paboTaTh aarOPUTM HOCTPOCHHS ONTUMAIBLHLIX yipasaenuit ul[t, z, w(t, z)] u 9°[t, z, w(t, )]
B 3aBHCHMOCTH OT COCTOSIHHSI ylpaBisieMoro mporecca w(t, x) = {v(t, z), v (¢, x)}.

4. 3akJirodeHue. B zakiodeHre OTMETHM, YTO CHHTE3 ONTUMAJLHOIO YIIPABJIEHUS] OCYIIECTBIIS-
eTcs Kak TOJIBKO OyJieT HaiifieH rpajmeHT (QyHKIHOHA a Be/uiMana. DTo JIOBOJBLHO TpYJ/IHAS 3aj1ada,
nbO T'PAJUEHT OCTAETCS HEM3BECTHBIM ITOKa He Oyner Hafifgen yHKIMoOHAJ BejnnMmana Kak perreHue
HEJIMHEHOTO HHTErpo-aud HepeHnnaIbHOr0 YPaBHEHUS CI0XKHON Ipupoibl. TeMm He MeHee, TIPHU UCCIIe-
JOBaHUU IPOCTEUITINX MPUKJIAIHBIX 3a/1a4 110 U3JI0KEHHOU METOJ/IMKE PeIlleHHe 33/]a49 CUHTEe3a Y/1aeTcs
JIOBECTH JIO YHMCJIEHHBIX pacdyeros [23].

CIINCOK JINTEPATYPbI

1. Apeyuwunues A. B. Onrumasibaoe yrpasjienue rutepboindeckumu cucremamu. — M.: @usmariur, 2007.

2. Bymxosckut A. I'. Teopusi onTuMajbHOrO yIpaBIEHUs] CUCTEMaMU C PACIPEIEIEHHBIMU apaMeTpaMu. —
M.: Hayka, 1965.

3. Feopos A. H. OurumaiibHOe ypasjieHne TerioBbIMu U Juddy3unonabivu rporeccamu. — M.: Hayxka, 1978.

4. Feopos A. U., 3namenckas JI. H. BBeseHue B Teopuio ypaBjeHUs CACTEMAME C PaCIpee/IeHHBIMU 1apa-
merpamu. — CII6.: Jlans, 2017.

5. Kepumbexros A. Henuneitnoe onTuMaabHOE yIIPaBJIEHIE JIMHEHHBIMUA CUCTEMAMU C PACIIPEICICHHBIMU ITapa-
MmeTpamu. — bumkek: oM, 2003.

6. Kepumberos A. CunTe3 pacupesie/IeHHOr0 ONTUMAIBLHOIO YIPABICHUST B 3aja4e CJIeKEHUs] TPU OMTUMU-
3aIMU TEIIOBBIX [IPOIECCOB, OIUCHIBAEMbIX MHTErpo-auddepenuaibabiMu ypasuenusmu,// roru nayku
u texu. Cep. Cosp. mat. mpuiaox. Temar. 063. — 2020. — 183. — C. 85-97.



10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

O PABPEHIMMOCTU 3AJAYM CUHTE3A 71

Kepumberos A. O pazpemmmocT 3a/1a91 CUHTE3a PACIPEEIEHHOIO U TPAHUIHOTO YIIPABJIEHAN IIPU OITH-
Mu3anun KosebarenabHbIx nporeccos// Tp. MH-ta mat. mex. YpO PAH. — 2021. — 27, Ne 2. — C. 128-140.
Kepumbexros A., A6dvadaesa 5. @ O paBHBIX OTHONIEHUAX B 33/[ade I'PAHUIHOIO BEKTOPHOTO YIPABJIEHUS
YOPYTUMEU KOJEOAHUSIME, OMUCBIBAEMBIMU (DPEArOJbMOBBIMU UHTETPO-IuddepeHIaIbHBIMI Y PABHEHUSI-
mu// Tp. Un-ra mar. mex. YpO PAH. — 2016. — 22, Ne 2. — C. 163-176.

Kepumbexros A., Hamemxyaosa P. XK., Kadupumbemosa A. K. YcioBusi ONTUMAIBHOCTH B 33J1a49€ yIIpaBJie-
HUs TENJIOBBIME IIpolieccaMu ¢ uarerpo-auddepenimanbabiM ypasaeanem,// Uzs. Upkyr. roc. yu-ra. Cep.
Mat. — 2016. — 15. — C. 50-61.

Kepumbexros A., Hamemxynrosa P. 2K., Kadupumbemosa A. K. IlpubjiuzkeHHOE pellleHre 33291 Pacipe-
JICJIEHHOT'O U IPAHUYHOIO YIIPABJIeHHUs TeILUIOBLIM mponeccoM// Mzs. Upkyt. roc. yu-ra. Cep. Mar. — 2016.
— 16. — C. T1-78.

Juone 2. JI. OnrumasibHOE yIpaBeHne CUCTEMaMU, OMMCHIBAEMbBIMY YPABHEHUSMU B 9aCTHBIX [TPOU3BO/I-
verx. — M.: Ouzmatiut, 1972.

Cupazemdunos T. K. Onrumusanusi cucreMm ¢ pacupezenenabivu napamerpamu. — M.: Hayka, 1977.
Arguchintsev A. V., Kedrina M. S. Determination of functional parameters in boundary conditions of linear
hyperbolic systems by optimal control methods// J. Phys. Conf. Ser. — 2021. — 1847. — 012014.
Arguchintsev A., Poplevko P. An optimal control problem by parabolic equation with boundary smooth
control and an integral constraint// Num. Alg. Contr. Optim. — 2018. — 8, Ne 2. — P. 193-202.
Arguchintsev A., Poplevko P. An optimal control problem by a hybrid system of hyperbolic and ordinary
differential equations// Games. — 2021. — 12, Ne 1. — 23.

Arguchintsev A., Poplevko P. An optimal control problem by a hyperbolic system with boundary delay//
M3s. UpkyT. roc. yu-ta. Cep. Mar. — 2021. — 35. — C. 3-17.

Egorov A. I. Optimal stabilization of systems with distributed parameters// Optim. Tech. IFIP Tech. Conf.
— 1975. — 27. — P. 167-172.

Kerimbekov A., Abdyldaeva E. F. Optimal distributed control for the processes of oscillation described by
Fredholm integro-differential equations// Eurasian Math. — 2015. — 26. — P. 28-40.

Kerimbekov A., Abdyldaeva E. F. On the solvability of a nonlinear tracking problem under boundary control
for the elastic oscillations described by Fredholm integro-differential equations// 27th IFIP Conf. on System
Modeling and Optimization. — Sophia Antipolis, France: Springer, 2016. — P. 312-321.

Kerimbekov A., Abdyldaeva E. F. The optimal vector control for the elastic oscillations described by Fred-
holm integro-differential equations// in: Analysis and Partial Differential Equations: Perspectives from
Developing Countries. — Springer, 2019. — P. 14-30.

Kerimbekov A., Abdyldaeva E. F., Duyshenalieva U. E. Generalized solution of a boundary value problem
under point exposure of external forces// Int. J. Pure Appl. Math. — 2017. — 113, Ne 4. — P. 87-101.
Kerimbekov A., Seidakmat E. On solvability of tracking problem under nonlinear boundary control// 11th
ISAAC Congr. “Analysis, Probability, Applications, and Computation”. — Springer, 2019. — P. 312-321.
Kerimbekov A., Tairova O. K. On the solvability of synthesis problem for optimal point control of oscillatory
processes// IFAC-PapersOnLine. — 2018. — 51. — P. 754-758.

Sachs E. W., Strauss A. K. Efficient solution of a partial integro-differntial equation in finance// Appl.
Numer. Math. — 2008. — 58, Ne 11. — P. 1687-1703.

Thorwe J., Bhaleker S. Solving partial integro-differential equations using Laplace transform method// Am.
J. Comput. Appl. Math. — 2012. — 2, Ne 3. — P. 101-104.

Kepumbekon Axbuioek Kepumbekopuy
Keipreizcko-Poccniickuit Cnapstackuit yausepcurer nmenun b. H. Eibruna, bBumnikek, Kupruzus
E-mail: akl7@rambler.ru

Aonpuinaera DabMupa DaitzyiiaeBHa
Keipremscko-Typenknit yausepcurer Manac, Bumkek, Kuprusus
E-mail: efa69@mail.ru

AmnapbekoBa Aiitonkyn AnapbekoBHA
Keipreizcko-Poccniickuit Cinapstacknii yauepcurer nMmenn b. H. Enbruna, Bunkex, Kuprusus
E-mail: totita@list.ru



NTOrM HAYKU U TEXHUKWN.
CoBpemMeHHass MaTeMaTuKa 1 ee NPUIoXKEeHUs.
TemaTunyeckune 0630pbl.

Tom 213 (2022). C. 72-79

DOI: 10.36535/0233-6723-2022-213-72-79

VIIK 517.9

OBPATHAA 3AJAYA 1JId YPABHEHUNA BYCCUHECKA—JIABA

© 20221. A. A. MYXAMETBAPOBA

AnHoTALUA. PaccmarpuBaercss obparHas 3aada ¢ (DUHAJIBHBIM IIEPEOIIPEIETICHUEM JJIsi a0CTPAKT-
HBIX HEIOJHBIX YPaBHEHMIT COOOJIEBCKOTO THIIA BBICOKOTO TOpsijiKa. HalifieHbl yCoBUsT OHO3HAYHOMN
pa3pemmMoCTy TOCTaBJIEHHON 3a/1a49n. PaccMOTpeHbl HEKOTOPBIE YacTHBIe cirydan. OCHOBHON pe3yJib-
TaT PabOTHI COMEPIKUT HEOOXOAUMBIE U JIOCTATOYHBIE YCJIOBUsI CYIIECTBOBAHUS W €IMHCTBEHHOCTH Pe-
[IIeHUsT OOPATHOM 3381a41 [IJIsT MATEMATUIECKON Mo1e/ COOOJIEBCKOTO THIIA BHICOKOTO MOpsiaka. Jlannas
METOJINKA MMPUMEHEHA K MCCJIEOBAHUI0 0OpaTHON 3a1a4un st ypaBHeHusi byccunecka—/IsiBa.

Karouesvle caosa: ypaBHeHME CODOIEBCKOTO TUIIA BRICOKOTO MOPsAIKA, ypaBHenne byccuunecka—JIsaBa,
obparHas 3a/ia4a, OJIHO3HAYHAS PA3PEIIUMOCTbD.

INVERSE PROBLEM FOR THE BOUSSINESQ-LOVE EQUATION

© 2022 A. A. MUKHAMETYAROVA

ABSTRACT. For an abstract, high-order, incomplete Sobolev-type equation, an inverse problem with
final redefinition is considered. Conditions for the unique solvability of the problem are found. Some
special cases are considered. The main result contains necessary and sufficient conditions for the
existence and uniqueness of a solution of the inverse problem for high-order, Sobolev-type equations.
This technique is applied to the study of the inverse problem for the Boussinesq—Love equation.

Keywords and phrases: high-order Sobolev-type equation, Boussinesq—Love equation, inverse
problem, unique solvability.
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1. Bsenenwme. Ypasuenue Byccunecka—J/IsBa
(A= A)uy = a*Au+g (1)

MOJICTUPYET MPOJOTIbHBIE KOJIEOAHNS B TOHKOM YIPYTOM CTEDPXKHE C YIETOM TMOTEPETHON WHEPIHN.
3/ech (v, A — BeIeCTBEHHbIE HEHYJIEBBIE TAPAMETPHI, XapaKTEePUIYIOIINe MATEPUAT CTEPXKHST, QPyHKITHS
g = ¢(t) f(z) coorBeTcTBYeT OOBEMHBIM CHJIAM.

IMycrs Q C R™— orpanuduennasi objacts ¢ rpanuneii d€) kmacca C™. Bymem mckarh (byHKIUIO

u = u(x,t), oupenenennyio B mumuape ) x R, a taxxke dbynkuuio f = f(x), yaosiersopsiomue
ypastenuio (1), HAYaJIbHBIM YCIOBUSIM
U(.Z',O) = UO(:E% Ut(x,O) = ul(aj)7 T € Qa (2)

KPAeBOMY yCJIOBHIO
u(z,0) =0, (z,t) €00 xR, (3)

a TaKKe YCJIOBUIO Nepeolpe/Ie/IeHUsT
u(z,T) =v(z), =€ (4)

Crarba OpraHn3oBaHa CJIEJTYIOIINM o6pa30M. B pazjgesie 2 COAEP2KUTCs HUCCJIEJOBAHNUE DA3PEININMO-
CTH O6paTHOfI 3aJa9M IJId a6CTpaKTHOI‘O HEIIOJIHOI'O YpaBHEHU A CcODOJIEBCKOI'O THIIA BHICOKOT'O IIOpsJIKa.

ISSN 2782-4438 (© BUHUTU PAH, 2022
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B pazmene 3 mpoBomuTca peyKIus KOHKPETHON 3a/a49i K YPaBHEHHUIO U PACCMATPUBACTCA COOTBET-
cTByIOMas obpaTHas 3ama4da. O6paTHbie 3a/1a4u 71 ypaBHEHN CODOIEBCKOTO THUIA M APYTHX HEKJIAC-
CUYECKUX yPaBHEHWI MaTeMaTHuecKux (pU3NKU u3ydasuch panee B [4-8,10,11].

2. AocrpakTHas cxema. [lycts U u §F — cenapabesibHble OAHAXOBBI ITPOCTPAHCTBA, OIEPATOPBI
L,M : 4 — § snuneiinbl u HenpepbiBHBI (OyjeM 00603HaYATH TOT (DAKT CJEHAYIONMM 00PA3OM:
L,M € L(8;F)), upudem oneparop M sisisiercst (L, p)-orpannuennbiM, p € {0} UN. B sTom ciayuae
npocrpancTsa 4 u § pacuiensiorcs B npsmele cyMmbl U = U0 @ U F = F° @ F!, npudenm ker L C 4O,
O6o3maunm uepe3 Ly u M, cyxenns oneparopos L u M ma nommpocrpamcrsa U, k =0, 1.

JIemma 1. Onepamopvi Ly, My, : 4F — F*, k= 0,1, aunetino, u HenpepuisHvl, npuvem cyuecmesy-
rom onepamopv. Myt € L(F0U0) u L7t € L(FHUb).

[ocrpoum muokectso o (M) = {u™ : p € o(M)}; ono kommaxrio B C B CHly KOMIAKTHOCTH

L-cuiexrpa o”(M) oneparopa M. BosbMmem zaMKHYTbHIE KOHTYD ¥ = {|u| =7 :7 > A\, A € ok (M)}
U TTIOCTPOUM OTepaTop-PyHKIIUN

1

Ut - n—m—1 nL_M—lL Mtd
m=g— | B (k )" Lettdyp,
g
rme m = 0,1,...,n — 1, a uHTErpaj mMoHNMaeTcs B CMbIcie PumaHa.
Jdemma 2. Us, € C®(R; L uUY)), (UL)V = Ut ., 2de m = 0,1,....n —1, 1 = 0,1,...,m;

(UL ‘t:o =0 npum #1 u (UL)Y ‘t:o — npoexmop U na U' 6doav U°.

,HJIH JIMHENHOI'O HEOAHOPOJHOI'O HEIIOJIHOT'O YPaBHEHUA CODOJIEBCKOT'O THUIIA BLICOKOI'O IIOPsAJIKa

Lu™ = Mu + fo(t) (5)

PACCMOTPHM CJIEIyIONIYIO 33124y ¢ (DMHAILHBIM [EPEOIPEICICHIEM:
uw(0) =ug, w(0)=wur, ..., u"V0)=up_y, u(T)=uv, (6)
rie anciao T € R\ {0} u BexTopsI U, U1, ..., Uy—1, U IPOU3BOJIBHBIL, & (yHKIWs ¢ : I — R 3a1ana

(I —orpesok ¢ konramu B Toukax 0 u T').

Onpepenenne 1. Ilapy (u, f) Hazoem perennem 3ajaun (5), (6), ecin Bekrop f € §F u BeKTOp-
bynxmma u € C*°((0; T); L) N O™ 1([0; T); U) ynosnersopsier ypasuennto (5) u cooromenusm (6).

O6parnast 3aga4a (5), (6) gomyckaer pasuble nHTeprnperanuu. MOXKHO cYuTaTh, HAIPUMED, YTO
MbI BOCCTAHABJIMBaeM B ypaBHeHuu (5) HETOUHO 3aJIAHHOE HEOJHOPOJHOe ciaraeMoe g = fo(t) npu
HOMOIIH JIOTIOJIHUTEIBHBIX KpaeBbix ycsoBuii (6). MoxHO cunrarb, 9To Mbl HOj0UpaeM vaeMenT f € §
TaK, 9TOOBI IEPEBECTU CUCTEMY M3 HAYAJIBHOI'O COCTOSTHUS g B 3aJ[aHHOE (DUHAJILHOE COCTOSIHUE V.

st HaXOXKIEHUsT YCJIOBHUI Pa3peIrmMOCT 0OpaTHOM 3a/1au HAM OHAJI00SITCS PE3YJIbTATHI O pas3-
PEeIMMOCTH IPSIMOi 3aJ1auu, 6oJiee ToIPpoOHO onucanubie B [1,9].

Onpepenenne 2. Bekrop-dbyakmuio v € C®(R;4) HazoBeM pelleHHeM HEOJHOTO JIMHEHHOIO
ypaBHEHMsT COOOJIEBCKOIO THUIIA BBICOKOTO MOPSIIKA

Lu™ = Mu, (7)

ecsm oHa obpairaer ypasaerue (7) B ToxkiecTBO 1pu JsioboM ¢t € R, a perenne u = u(t) ypasuenus (7)
Ha30BeM pelleHneM 3ajaqu Kornm

u™(0) =up, m=0,1,...,n—1, (8)
Jutst ypasHenust (7) (um npocro pemterneM 3a1a4au (7), (8)), ecim oHo yjioBsieTBOpsieT ycioBusiM (8).

Jdemma 3. Jas m06oix w, € U cyweemeyem eduncmeennoe pewenue u = u(t) sadawu (7), (8),
KOMOPoe K oMY dIce UMEEM U0

n—1
u(t) = Z UL .
m=0
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Haxowert, cjejysi TpaJIMIIMOHHOl CXeMe, PACCMOTPUM OJHOPOJHYIO (T.e. Uy =0, m =0,1,...,n—1)
3as1ady (8) JUIs1 HEOJJHOPOJHOTO HEIIOJHOTO yPaBHEHUsI COOOJIEBCKOIO THIIA BBICOKOIO TOPSIKA

Lu™ = Mu+ g,

rie g: [0,7) — § — HekoTopast BeKTop-yHKIwst. Herpy iHo ybeuThest, 9To ero eJiMHCTBEHHbIM (B CHILY
seMMbl 3) dbopMasIbHBIM pelieHneM 0y/erT BeKTop-hyHKIUSs
t
ZH‘]M (I—Q)glam) +/U SL7'Qg(s)ds (9)

0

e H = MalLo, a @Q € L(F) — npoexrop na F' Bromn FO.
3aMeTuM, 4TO HOCKOJILKY

P
=D HIM I = Q)g(0),
=0

BeKTOp-dyHKIHs (9) He yIOBJIETBOPSIET OJHOPOIHBIM HAYaJbHBIM yciaoBusM (8). Vtak, mogbrroxum
HAIlld PACCMOTPEHUSI.

Teopema 1. ITycmv 7 € Ry. Toeda das mobvix 6exmopos uy, € U, m = 0,1,...,n — 1, u das
aoboti eexmop-ynxyuu g € C((0,7); ) U CPP=1([0;7); F) cywecmeyem edurcmeennoe pewenue
u € C®((0;7); 4) U C™L([0; 7); 40) 3adanu Kowwu

p

ul™(0) = um — Y HIM; I - Q)g'(0), m=0,1,...,n—1,
q=0
KoOmopoe K 1momy sce umMeem 6u0
n—1 P t
= 3 Ul = S HOMHT = @ )+ [ UL Quls)ds, (10)
m=0 q=0 0

I[Tepeitiem K pemneHnio nocrapieHHoil obparnoit 3aaun. Cieays [3|, nogeitcrsyem Ha (10) oneparo-
pom (I — P), cuuras g = fp(t)

p

(L= Pyu(t) ==Y HW"™ )My (I-Q)f. (11)

q=0

Bribpas T' € Ry u nogcrasus suadennst u(0) = ug, u(T) = v B (11), nmeem

(I— P)ug = — ZH‘I @ 0)My ' (I- Q) , (12)

Z HIG ) (T) My (1 Q). (13)

Jlemma 4. I[Tycmv M — (L, p)-ozparunenioiti onepamop, p € {0} UN u ¢ € CP"™([0; T];R). Tozda
6LINOAHEHUE PAGEHCTNGA

p

D HULTN(T)(I = Pug — o1 (0)(1 - P)v) = 0

q=0

ABAAETNCA HEOOTOOUMBIM YCA06UEM 00103HaH0T paspewumocmu 3adavwy (5), (6).
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Jlokasamenvcmeo. Jeiicteuresnbho, mycrsb (u, f) — enuncrBennoe pertenne 3a1a4au (5), (6), Torga st
TOro, 4TOObI YJIOBIETBOPUTL paseHcTBaM (6), u u f J0JKHBL ObITh cBsizaHbl opmystamu (12), (13).
[MoxeiicrByem Ha (12) u Ha (13) COOTBETCTBEHHO OIEPATOPAMHE

P
Z H9p™ (T), Z HIpm) ().
q=0 q=0

Orcro/ia HAXOIUM, 9TO

JIemma 5. [Tycmo svinoanenss ycaosus aemmovs 4. Tozda 1eobrodumvim ycaosuem 00H03Ha4HO pas-
pewumocmu obpammnoti 3adavu (5), (6) seasemes ewnosnenue nepasencms p(0) # 0, o(T) # 0.

Jlokasamenvcmeo. Ilycrs p(0) # 0; Torna u3 HeOOXOIMMOCTH BBIIOJIHEHHsI yCIIOBUST

P
U, € Pm = {u el (]I—P)u(m) = —ZHq<p(q"+m)(0)MOI(H—Q)f}, m=0,1,...,n—1,
q=0

BbITCKacT, 9TO

(o (rn) (0
(I — P)ug = —¢(0) (I[—i— 80@(0() )H +...+ @TO())HI) MY 1 -Q)f. (14)
Hamee, onepaTop
(n) (pn)
¢ (0) P (0)
= H+...+ ——~HP
PO T )
HIJIBIIOTEHTEH CTEIeHN P, modToMy u3 (14) BbITeKaer
P -1
1= @f ==X w1 P (15)
q=0

OTcio/ia oIy HaeM OJTHOZHAYHOCTH Ope/Ie/IeH sl TPOSKIMH BeKTopa f Ha TOIpocTpancTso . Ecmm
xke p(0) =0 nm ¢(T) = 0, To B cnily HEJIBIIOTEHTHOCTH ONIEPATOPOB

P P
Z Hap@™) (0), Z Hip@™)(T)
q=0 q=0

OJTHO3HAYHOCTH 3TON MPOEKITNNA HEBO3MOYKHA. ([l
Teneps nozeiicreyem na (10) npoekropom P; mosrydnm
n—1 t
Pu(t) = Z Ul Uy, + / U LT o(s)Q fds.
m=0 0
Orciona npu t = T umeem
n—1 T n—1 T
Po= Y Ubun+ [UISL Qs Po= Y Uhun = | [UIL (s)as | (@)
m=0 0 m=0 0

Yepes ST € L(F';U') obosnaunm cyzxenme oneparopa

T
/ UT=$ Ly o (s)ds
0
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ma §'. Eci oneparop ST menpepbiBHO 06paTnM, TO
n—1
Qf = (") (Pv -3 Uium> (16)
m=0

Teopema 2. ITycmv onepamop M sasasemcs (L, p)-oeparunuennom, p € {0} UN, T € R\ {0},
pyrwyua p € CP"T(IR) ydosaemeopsaem ycaosuam p(0) # 0, o(T) # 0, sexmopvi Uy, v € U
Maxo6dvl, 4Mo

D HULIN(T)(I = P)ug — o1 (0)(I - P)v) =0,
q=0

a onepamop ST € L(F1;U') nenpepuisro obpamum. Tozda cywecmeyem eduncmeennoe pewenue (u, f)
o6pamnot 3adavu (5), (6).

Jlokazameavemeo. Ileiicturensuo, B cuty ¢(0) # 0 u HermpepbIBHOH obpaTEMOCTH orepatopa ST
u3 (15) u (15) npu JI0ObIX Uy, € U Halinem eauucTBenuslii Bekrop f. Ilogcrasum u, u f B (11), canras
g = ¢(t)f, maitnem emuncrsennoe pemrenne u € C1(I;4) ypasnenus (5), KOTOpoe y/OBJIETBOpSIET
yesosuio u(0) = wg. IIpoBepum Boimosnenne ycinosust w(1) = v. s sroro moxcrasus T B (10)
u cuurast g = p(t)f, noayaum

(I Pyu(T) ==Y HIG"(T)My (1 - Q)f =

-1
p p
= | Y _HIG ()| Y HIG™(0)I - P)v=(I- P
q=0 q=0
B CHJIy paBE€HCTBa
p
> HUP (T (I = P)ug — ¢ (0)(I — P)v) = 0
q=0

U BKJIOYEHUS Uy, € P Hasiee,
n—1 T
Pu(T) = Z UL, + / UL o(s)Qfds = Pu
m=0 0

B cuty (16) u menpepbiBHOii obparumocTu omeparopa S' . Teopema Jokazana. U

B zakirouenmne paccMOTpuM BaxkHbIi caydail (L, 0)-orpanudenHoctu oneparopa M, nmpudem B 9TOT
caTydait BXOJUT CHTYaIs, KoTyia cymecTsyeT orepatop L~1 € L(4; §). Utak, mycTh cyImecTByeT onepa-
top L~ € L(4;F); Torma oneparop M ssasercs (L, ()-orpaHmdenHBIM, TTPIYeM YCIOBHS Ha (ByHKIIIIO
(0 MOYKHO CYIIIECTBEHHO YIPOCTUTH. VIMEHHO, MIMeeT MeCTO CJIeJIyIONiee YTBEPIKIeHNUE.

Cnencrsue 1. ITycmo cywecmeyem onepamop L~1 € L(F; ). Tozda npu mobwzr T € R\ {0},
Um,v € U u maxot Pynkyuu ¢ € C(I;R), wmo onepamop ST nenpepwiero obpamum, cyuecmeyem
eduncmeennoe pewenue (u; f) sadawu (5), (6).

Hoxasamenvcmso. eiicrBuresibHO, B JaHHOM ciyudae mnpoektopbl P = I, Q = 1, mostomy perenne
HUCKOMO# 3a/1a9u UMeeT BU]L

n—1 ¢
u(t) = Z Ul iy, + /Ufl_lel_lgo(s)fds,
m=0 0
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rie f B cuiy (16) Haxomures 110 dbopmylie

n—1
f=(sH1 (Pv — Z UnTlum>.
m=0

Tenepn pacemorpum ciay4vaii (L, 0)-orpanndeHHOro oneparopa, HO oneparop L yke He Oyuer obparu-
MBIM. B 3TOM cilydae cripaBejIuB YaCTHBIN CJIydail TeopeMbl. U

CaencrBue 2. [lycmv onepamop M saeasemces (L,0)-oepanuuennom, T € R\ {0}, sexmopo
Um,v € % u Pynxuua o € CHI;U) maxosv, wmo ¢(0)(I — P)v = o(T)(I — P)ug, ©(0) # 0
u @(T) # 0, a onepamop ST nenpepwvieno obpamum. Toeda cyuwecmeyem eduncmeennoe pewenue (u, f)

3adavu (5), (6).

Zoxazameavcmeo. [1eficTBUTENBHO, B CUJIY TEOPEMBI 2 UCKOMOE PEITIeHNEe MMEET BU]L

n—1 t
ult) = —pOMg 1= Q) + 3 Ul + / UL L () Q fds,
m=0 0

e
1

1-Q7 =5

Mo(I— Pug, Qf = (87)7! (Pv - nzl Ugum) O
m=0
3. Koukpernas unrepnperamums. 3ajady (1)—(4) peaynupyem K 3ajaqe
Lii = Mu+ ¢(t)f,
w(0) =ug, w(0) =wuy, u(T)=w,

B35IB B KadecTBe npocTpancTs 4 u §F mbo npocrpancrea Cobosesa

U={ueWQ) u(x) =0, €00}, §F=Wr(Q),
60 npocrpancrsa enbaepa

U= {ueCF2HQ) ux) =0, z €N}, F=CFHQ),
a oneparopbl L u M onpenenum dpopMmyraMu
L=X—A, M=d’A:4-35.

O6osnaunm vepe3 { A} cobcrBeHHbIe 3HAUEHUsT onepaTopa A, 3aHyMepOBaHHbBIE 110 yOBIBAHUIO C yUe-
TOM UX KpaTHOCTH, a depe3 {1} — cooTBeTcrByIONIee ceMeiicTBO OPTOHOPMUPOBAHHBIX COOCTBEHHBIX

dyHKIHIA.

JIemma 6. Onepamop M seasemcs (L, o)-o02panuientbim, npuiem 00 ABAALMNCA YCMPAHUMOT 0CO-
60t moukot L-pesonveermuo, onepamopa M (s cayuae X € o(A)).

B cuny (L, 0)-orparudentoctu orneparopa M MOXKHO MOCTPOUTH OLEPATOPI
I, A% A, I, A7 A,
P=01- 3" Coon, A=X, 9=V (owdvn, A=\
A=Ay A=Ak

(3amMeTuM, UTO HECMOTPsI Ha «IIOXOXKECTh» MPOEKTOPbI P 1 () olpejiesieHbl Ha PA3HBIX [IPOCTPAHCTBAX ).
Hautee soibepem T' € R\{0}, uepes I obo3naunm orpe3ok ¢ kornamu B Toukax 0 u T'. B cuity ciezcrsuii 1
U 2 CIIpaBeJ/INBa CJIeYIOIas TeopeMa.

Teopema 3. ITycmv A\,a € R\ {0}, T € Ry u A = X,. Tozda das mobol ¢dynrkuuu ¢ €
CP([0; T R) u 1066z 6eKmopos Uy, v € L, Yy0o6aemeopaIOWUT YCAOGUAM

O(T) > (uo, Yu)voe = 9(0) D (v, )0k, 9(0) #0,  o(T) #0,

A=A, A=A,
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a mawoatce

T
/cp(s) sh ( )\Odi)\:k (T — s)) ds #0
0

T =
/gp(s) sin (”)\j_\k)\k(T — s)) ds #0
0

npu A > A\, cywecmeyem eduncmeennoe pewenue (u, f) obpamnot 3adavu (1)—(4), npedcmasumoe
Ppopmy.rofi

1
u(t) = PR Z (f i) + Z (o, Vi) k chozt“ —|— Z ug, Vi )k cos aty | )\ —
A=)k A<k A> A b
A—A A A —
+ — Z ut, Vi)Y \/ k hat\/)\ _k uo,wk k| k smat )\k_
)\<)\k A> Ak
1
— Z f wk h ot Av_ _ 1) +— f’ ¢k cos at -1
A — )\k « )\k )\k —
)\<)\k )\>)\k

X ug, ¥x)

©(0)

npu X < A\ u

ede

(fsbw) = — npu A= Ap,

1

T _
2)\ 2)\
(f,¢k>:(>\—>\k\/ " (/go ( a :k(Ts))ds) X
0
2>\ 2)\
X ((v,d)k> —Ch1/;‘_ )]\“kT(uo,d)w — 75% sh AO‘_ :kT<u1’¢k>) npu A < A,
A=

1

] ]
(o) = 0= Ay 32 ( JECE: (\/‘fj’;k@ - s>) ds) x

0

2)\k 042)%
X(<U,1/Jk>COS\/)\+)\ (ug, Vi) — \/W ”—A+>\ ul,wk) npu A > M.

3ameuanmue 1. B ciyuae obparumocru omneparopa L, T.e. ecsu IIpu BceX Kk BBIIOJIHEHO A A
’ k>
yCJIOBU I

P(T) Y (w0 i)k = 9(0) D (v, i)k, #(0) #0, o(T) #0

A=A, A=A

1
HCE3AI0T, KAK M CIATAEMOe ——5 (f, ) B perenun u(t) ypaBHeHHSI.
A=Ay,

B zakitodyenune oTMeTuM, 9TO pe3ysbTaThl pasjiena 2 6e3 J0Ka3aTebeTB ObLIn OyOJINKOBaHbL B [2].
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AnHOTALMA. Hailinenbl HeOOXOAMMBIE M JIOCTATOYHBIE YCJIOBUsI KOPPEKTHOCTH JIMHEHHBIX OOpATHBIX
KO3 OUITMEHTHBIX 33129 /I BBIPOXK/IEHHBIX SBOJIONMOHHBIX YPAaBHEHWII C APOOHON TPOU3BOIHOMN
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mu yeaosusivu [Tloyonrepa—CuopoBa U ¢ IIOCTOSIHHBIM HEU3BECTHBIM KO3(D(MUIMEHTOM B YpaBHEHUH
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Doitrra ¢ apobHOI nponssoaHoil /xkpbamsina—HepcecsiHa o BpeMeHH.
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U YCJIOBHEM II€PEOIIPe/eIeHNs]
T
/a;(t)du(t) = z7. (3)
0

Baece L € L(X;))— nuueitnblii HenpepbIBHBIT onepaTop 3 X, ) ¢ HETPUBHAJBHBIM SIJPOM, T.€.
ker L # {0}, M € CI(X;)) — quHeiiHblii 3aMKHYTHIi [JIOTHO ONpeJIeIeHHbIN B X omeparop, JeidcTBy-
foruit B Y, D% — npobuble nmpousBomublie J>xpbamsina—Hepcecsina, ompenenseMble HAOOPOM HTHCET
{ag,a1,...,an}, ax € (0,1], k =0,1,...,n, ¢ € C([0,T;R), zx, k = 0,...,n — 1, zp —3a1aHHbIE
BEKTOPHI, U € ) Hem3BecTeH, P — IpoeKTop Ha MOAIPOCTPAHCTBO 0e3 BhIpoxkIeHusd. lIpemnoaraercs,
9TO CKaJlsipHasi (DYHKIMsI [ UMeeT OrpaHHYeHHyIO Bapuanuio Ha orpeske [0,7]. Unrerpas B ycio-
Bun (3) HoHUMaeTcs Kak BeKTOpHbI nnrerpan Pumana—Crunrbeca. Iloj penennem obpaTHoi 3a1aun
noHnmaercst napa (z,u), Haijentas u3 coornorrennii (1)—(3).

OOpaTHBIE 3aJ@9i HAXOJSIT CBOE IPUMEHEHHE BO MHOIUX IMPUKJIAJIHBIX O0JIACTSIX HCCIIEIOBAHMUS,
HanpuMep, B actpoHomun, reobusuke u jp. [20]. B o ke Bpemsi pasBurTme JApOGHOIO MCUUCIIEHUSI
B HOCJIEJTHUE JIECATUIETUS 00YCIOBJICHO CO3IAHUEM HOBBIX MATEMATHIECKUX MOJIEJICH CHCTEM CO CJIOXK-
HbIMHU cBoiicTBamu (cM., Hanpumep, [9]). ObparHble 3aja4u Jyiss IPOOHBIX yPAaBHEHUI B MOCJIEHUE
TOJIbI TIPUBJIEKAIOT UHTEPEC MCCJIE0BATEEH, B OCHOBHOM UCCJIEAYIOTCS yPABHEHUS C €IUHUIHBIM UJIN
0bpaTuMBIM OrepaTopoM npu npoussoHoii epacumosa—KarmyTo nim Pumana—/Inysuius [1,2,18,19].
Otnenbao ormeruM paboTsl B. E. DenopoBa u ero coaBToOpoB, B KOTOPBIX UCCIEIYIOTCST OOpaTHBIE KO-
3¢ duImeHTHbIE 331491 KaK JJIsi BBIPOXKJIEHHBIX JBOJIIOIIMOHHBIX YPAaBHEHUN JIPOOHOIO IOPSIKA, TaK
U JIJIsl YPaBHEHUH, PA3PEIIeHHbIX OTHOCUTEIBHO cTapiieil 1pobHoii mpousBoaHoii [10-16].

[Monsitue npoussoauoii /Lxpbanisina—Hepcecsina, BBesienHoe B padore (3|, Bkitoyaer B cebst B Kade-
CTBe YaCTHBIX ciyudaen npousBoubie [epacumoBa—Karnyro u Pumana—J/Inysusis. B pabore [3| nccite-
JIOBaHBI BOIIPOCHI PAa3PENIUMOCTH HAYAJIbHBIX 331849 JIJisi OOBIKHOBEHHBIX JU(hHEepEeHIInaTbHBIX YPABHE-
HU € MIOCTOSTHHBIMU U TIepeMEHHbIMU KodddurmerTamu rnpu mnpouspomabix [xpbamsina—Hepcecsina.
Pazymanbie 3amaun s guddepeHnaibHbIX YPABHEHNN ¢ TAKUMU ITPOU3BOJIHBIMUA PACCMATPUBAJIUCH
B paborax A. B. Ilexy [7,8].

Bo Bropom paszieie maHHOI PabOTHI MPUBEIEHBI OCHOBHBIE OINpEEeHUsT U CPOPMYJIUPOBAHBI TEO-
peMbl 06 OJIHO3HAYHON paspermmmoctu npsivoii 3agaun (1), (2) npu X = Y, L = I, M € L(X),
HCCIIeIOBAHHON paHee aBropamu B pabore [17], u o koppekTHOCTH 06paTHOil 3a1aun (1)—(3) ¢ X = ),
L =1, M € L(X) u3 pabors! [6]. B Tperbem pasjiesie HaiiileHbl HEOOXOJUMBIE U JOCTATOUHBIE YCJIO-
BUSI KOPPEKTHOCTU OOpATHON 3aJ[au il BBIPOXK/EHHOIO 3BOJIIOIMOHHOrO ypasHenus (1)—(3) mpu
yeaiosuu (L, p)-orpanundennoctu oneparopa M, ker L # {0}. Hakoner, gerBeprblii pasjes cojaepKuT
IPUJIOYKEHHE IOy YEHHOIO abCTPAKTHOIO Pe3yJibTraTa JIJIsl UCCJIeIOBAHNS KOPPEKTHOCTH OOpAaTHON KO-
s duImeHTHOM 3aa4u JJIsi cucTeMbl ypaBHeHnit OCKOJIKOBa ¢ JIpobHOI mpon3BonHoil [>xpbarmsHa—
Hepcecsana mo Bpemenu.

2. HesBbipoxjennasa obparHas 3amada. [lpu 0 < o < 1, £k =0,1,...,n € N, BBesieM B pac-
cmotpenue JinddepeHIaabHbe OMePAIIH

D%(t) = Do~ 2(t), (4)
D% z(t) = D 'DM* DR D™(L), k=1,2,...,n, (5)
rJie Dtﬁ = J;B — npobubiii naTerpan Pumana—JInysuwuis mpu S < 0, D? — TOXKJIECTBEHHBII orepa-

TOP, D,@B = D"J" - — JipobHast nponsBojaHas Pumana—J/luysuuist nupu > 0, m = [B]. Ipobuas
upoussojnas Jlxpbamsina—Hepcecsina [3] nopsiika o, accoluupoBaHHas C II0CJIEJI0BATEIBHOCTHIO
{ag,a1,...,a0},0 < ap <1,k=0,1,...,n € N, oupenensiercs: coornomenusivu (4), (5), ee yacTHbIME
CJIydasiMu SIBJISIIOTCsL IpoOHbIe niponsBojnble Pumana—/Inysusisa (ap € (0,1), ap =1, k=1,2,...,n)
n lepacumosa—Kamnyro (o =1, k=0,1,...,n— 1, a,, € (0,1)).

Pacemorpum muddepentmaibnoe ypaBuenne JpoOHOTO MOPSIKA

D" 2(t) = Az(t) + o(t)u, te (0,T], (6)
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rje Z —6anaxoBo npocTpaHcTBo, L(Z)—6aHaxoBO IPOCTPAHCTBO JIMHEHHBIX OIPAHUYEHHBIX Ollepa-
TopoB Ha Z, A € L(Z), D" — apobuas upoussozanas Txpbamsuna—Hepcecsina, o, onpejensercs
uHabopom uncen {ax}ty = {ap,a1,...,a,}, 0 < ap <1,k =0,1,...,n € N, mo dbopmymnam (4), (5),
T>0,¢€C(0,T;R), ue Z.

Cuabnum ypasuenue (6) yciroBusimu

D%z(0) =z, k=0,1,...,n—1, (7)
T
[ #(dute) = =r. ®)
0

DyHKIWsA [ IMeeT OrpaHuYeHHYI0 Bapralio Ha orpeske [0, 7], 1o naTerpasoM B ycjaoBun (8) moHu-
MaeTcsi BEKTOpHbI uHTerpai Pumana—Crunrbeca, 2, € Z, k= 0,1,...,n — 1, 2r € Z n3BecTHHI.
Cuavasia paccemorpum 3ajady (6), (7), korma usBecren u € Z. Pemennem 3amaau (6), (7) 6yaem
nasbiBath Gynkumio z: (0,7] — Z, aaa xoropoit D%z € C([0,T];Z), k = 0,...,n — 1, D{"z €
C((0,T); Z), sumonasiercst pasercrso (6) mpu Beex t € (0,7 u ycnosust (7).
s a, 8 > 0 6ynem ucnosibzoBath Gyuknuio Murrar-Jleddirepa
Eqp(z) = —, z€L(X).

= Tlaj+5)

Beenem Takke ob603HaMEHUST
O = E Odj—l, k:O,l,...,n.

Teopema 1 (cm. [17]). Hyemv A € L(Z), 2z € 2,0 < ap < 1, k = 0,1,...,n, ag + a, > 1,
e e C([0,T;R), u € Z. Tozda pynruua

t
Zt" et (Dt (=97 B (= 97 A)p(s)uds
0

asasgemes eduncmeennvim peweruem dadauu (6), (7).

Tenepy paccmorpuM 3aja4dy (6)—(8), mpemosarast, 9To 3j1eMeHT u € Z Heu3BecTeH. Perennem
sazaun (6)—(8) Oyaem HasbBaTh napy (z,u), rae z : (0,T] — Z sasusiercst perenneM 3aaaau (6), (7)
C COOTBETCTBYIONMM U € Z u yjoBJeTBOpsieT ycaosuio (8). st KpaTKOCTH pereHreM 4acto OyeMm
Ha3bIBATH IJEMEHT U € Z.

Haszosem 3amauy (6)—(8) koppexTHOii, ecau juist mobbix zx € Z, k = 0,...,n — 1, u zpr € 2
CYIIECTBYET €IMHCTBEHHOE pelieHne u € Z, JJIsi KOTOPOIro CIPABEINBa OIEHKA

n—1
Jullz < C(Z leallz + HzTuz),
k=0

rine C > 0 e 3aBucur or 25, k=0,...,n—1, u zp.
O6osnaunm gepes o(A) cuekrp oneparopa A. Beemem B paccmorpenue

- /Z Eo, op+1(t7"A)zidp(t) € Z.
k=0

Xapaxkrepucruueckoii dyukimeii obparHoii 3agaun (6)—(8) HazoBeM GyHKIHMIO

= /d,u(t) /(t —8)" B, o ((t—8)"N)p(s)ds, \eC.
0 0
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Teopema 2 (cum. [6]). ITyemov A € L(Z), ¢ € C([0,T];R), p: [0,T] = R — ¢ynryua ozparnuuernot
sapuayuu. Tozda 3adaua (6)—(8) Koppexmua 6 mom u moavko 6 mom cayuae, kozda x(A) # 0 dan ecex
A € o(A). Pewenue sadaqu (6)—(8) 6 cayuae ezo cywecmeosarusa umeem sud u = (x(A)) " tp(A).

3. Beipoxaennasi obparnas 3aga4da. [lycrs X', ) — 6anaxossl npocrpancrsa, L(X;)) — bana-
XOBO IIPOCTPAHCTBO JINHEHHBIX HEPEPBIBHBIX OLEPaTopoB, jeiicteyionwmx uz X B Y, CI(X;)) — MmHOKe-
CTBO BCEX JIMHEHHBIX 3aMKHYTBIX OIIEPATOPOB, IJIOTHO OIIPEJIEICHHBIX B IPOCTPAHCTBE X, IefiCTBYIOMNX
B IIPOCTPAHCTBO ).

[Iyers L € L(X;)Y), ker L # {0}, M € ClI(X;Y), D —obsactb omnpejienenus orneparopa M,
cnabkennast Hopmoit rpaduka | - ||p,, == || - l|x + || M - ||y. Oupenenunm L-pesonbsenty oneparopa M
Kak

pb (M) = {,u €eC:(uL—M)te L'(y;/l’)},
L-cuextp oneparopa M kax o (M) := C\ p(M); Tak»e onpejieuM IpaByio u JeBYI0 L-pe30JbBeHTbI
omeparopa M:
L — ~1 L ._ -1
RL(M) = (uL — M)™'L, LL = L(uL - M)
Oneparop M nasbiBaercst (L, o)-orpaHUYeHHBIM, €CJIH
Ja>0VueC (lul>a)= (uept(M)).

JIemma 1 (cm. [21]). ITycmo onepamop M ssasemcs (L, o)-oepanusernovm vy = {u € C: |u| =
r > a}. Tozda onepamopol

1 1
P:z%/Rﬁ(M)d,uEE(X), Q= —

211
v

LE(M)dp € L(Y)

ABAAIOMCA NPOEKIMOPAMAUL.
Honozxum X0 = ker P, Y0 = ker Q; X' := im P, Y! := im Q. O6o3naunmm uepes Ly (M},) cyxenne
omeparopa L (M) na nogmpocrpanctso X* (Dyy, = Dy N X*), k=0, 1.

Teopema 3 (cwm. [21]). ITyemw onepamop M (L, o)-ozpanusen.
(i) My e L(X5 YY), My € CI(X;)0), Ly € L(X* V%), k =0,1;
(il) cywecmeyrom onepamopw Myt € L(V0;X0), LT! € LV &Y.
O6ostaaum G == My Lo. st p € Ng := NU {0} oneparop M maswisaercst (L, p)-orpanutenbin,

ecm on (L, o)-orpanmiaen u GP # 0, GPT! = 0.

JIemma 2 (cm. [17]). ITycmo G € L(X) — nuavnomenmuwdi onepamop cmeneny p € No, das
I =0,1,...,p cywecmeyom (D°*G)lg € C((0,T);X) v o k = 0,1,...,n —1 ul = 0,1,...,p
cywecmeyrom Dk (D""G)lg € C([0,T]; X). Tozda cywecmsyem eduncmeennoe peuenue YpasHeHUs

D"Gux(t) = x(t) + g(t)

p
Z Do@)lg
=0

Pacemorpum obparHyio 3a/1ady i BRIPOXKIEHHOT'O SBOJIIOIMOHHOTO YPABHEHUS
D La(t) = Mx( )+ o(t)u, te(0,T], (9)
D (Px)(0) =ap € XY, k=0,...,n—1, (10)
T

/x t)=xr € X. (11)

U OHO uMeem 6uld

B KOTOPOM, Kak ¥ npexjie, D" —;Lp06Haﬂ npoussonnasa Jxxpbamsana—Hepcecsina, koropas onpeje-
asiercst Habopom uncen {ag, o, ..., ant, 0 < ar <1, k=0,1,...,n, ¢ € C([0,T];R), ssement u € Y
HEN3BECTEH.
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B cuny (L, p)-orpannvennocru oneparopa M 3samada (9)—(11) sxBuBajieHTHA cucreme JBYX 3a/a4
Ha nosupocrpancreax X0 u X1

DTG (t) = 2°(t) + p(t) My ', (12)
T
/a;o =z, (13)
0
Dongt(t) = Ly Myt (t) 4+ p(t) LMl (14)
D%zt (0) =z, k=0,...,n—1, (15)
T
JERCIORES (16)
0
rae

22(t) = (I - P)z(t), z'(t)=Pz(t), 2%=UI-Pzpr, zv=Prpy, u®'=T-Qu, u'=Qu.

Baytaty (12), (13) masoBem KOppeKTHOil, ecan Jyist J1o6oro .

pemrenne u® € YO, 115 KOTOPOro CIIpaBeIINBa OIEHKA

€ XY cymecrByer eauHCTBEHHOE

[ullyo < C(llzpllxo + | Moz'rllyo),

rae C' > 0 He 3aBUCHAT OT xOT.

ITIycTn

fils) = [ (D7) p(t)dp(t), 1=0,....p,

o\m

F(S)U:M()Ep: k+1<zfl Gl) Y s€(0,T], veX®
T e ) a0 e

k=0
Jlemma 3. Ilycmov onepamop M (L, p)-ozpanuyen, ¢ € C([0,T];R),
(D7) Gl € C((0, T LX),  1=0,1,....p,
Dok(D)Glp e C([0,T]; £(X%), k=0,1,....,n—1, 1=0,1,...,p,

w: [0,T] = R — ynryusn ozparnuvernnol sapuayuu. 3adava (12), (13) xoppexmmua 6 mom u mosvko

6 oM CAYHae, K020a
T

[ etwnte) #o.
0

Pewenue sadawu (12), (13) 6 cayuae ezo cywecmeosanus umeem 6ud u’ = F(T)z5..

Jlokasameavcmeo. Ilo nemme 2 ypasHenue (12) umeeT eJMHCTBEHHOE DeIlleHUE BH/IA

(D@ My b, (17)

M*@

=0

Haityiem u®. Ecrm fo(T) # 0, nopcrapnsas (17) B (13), mmeem

fi T)Gl B w%
(”Z o1 ) R ek
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W3 HubnorenTHOCTH ortepaTopa (G IOy UM

0

uo_sz: Lag Zfl T)¢" T = F(T)a!
S EE ) R T

Orcroza Ke clIe/lyeT eUHCTBeHHOCTD pertennst 3aga4au (12), (13). Koppekrnocts 3a1a4n cieayer u3
BHU/1a PEIIeHUAd.
ITycTn

T
folT) = / o(t)du(t) =0,
0
TOTIA

(Zfl T)G'™ 1) GM; ' = —25.

[Tockosbky omneparop M siBnsiercst (L, p)-orpanuuennbiM, To ker L N ker M = {0}. Bosbmem ssiement
v € Mylker L \ {0}]. Torna

(Z f(T Gl 1> (uo +v) = —xOT.

CrenoBarenbho, pemenne 3a1a4n (12), (13) He exunHCcTBEHHO. O

[Tpu ycaosuu (L, o)-orpanndennoctu oneparopa M BBemem obosnadenue S = LflMl € L(xh),

|
—_

T
n
/ t7% By o1 (17" A)apdu(t) € XL
0 0

=
Il

Teopema 4. ITycmv onepamop M saeasemca (L, p)-oeparuyvernnom, ¢ € C([0, T];R),
(D™)'Glp € C((0,T); £(X?)), 1=0,1,...,p,
DD Gl € C([0,T]; £(XY), k=0,1,....,.n—1, 1=0,1,...,p,
w: [0, 7] = R — dynxuyusa oepanuvennotc sapuayuu. 3adavwa (9)—(11) xoppexmmua 6 mom u mosvko
6 mom cayuae, xo2da X(N\) # 0 npu ecex X € o¥(M),
T
[ etwinte) #o.
0

Pewenue zadawu (9)—(11) 6 cayuae e2o cywecmsosarus umeem 6ud
u= (x(8))"'(S) + F(T)(I - P)ar

Jlokasameavcmeo. 3amada (9)—(11), Kak ymOMHHAJIOCH DaHee, SKBUBAJIEHTHA COBOKYIIHOCTH 3a-
ngad (12), (13) u (14)—(16). Yenosus paspermumoctn 3ajaadu (12), (13) chopmymposanst B jreMme 3,
a Juist paspemmmoctn 3aa4au (14)—(16) — B Teopeme 2. HeoGxoguMo TOMBKO OTMETHTD, UTO JIJIsI BCEX
A € C cymectsyer omepatop (ALg — Mp)~! € L£()°; &%) B cuny mmmbnorenTHocTH omepaTopa G
U PaBEHCTBA

P
(MLo— Mp) ™' = (AG = )" My = = > NGt
k=0
Caenoarensno, o0 (My) = § u o%(M) = o™ (M) = o(L7' My). B urore

u=u’+ut = (x(8)) " (S) + F(T)(I — P)xr. O
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4. OG6parHasg 3a7a4a JJi CUCTE€Mbl ypPaBHEHUI B 4aCTHBIX NPOU3BOAHBIX. PaccMorpnm 06-
paTHYIO 3aJaMy JJIst JIMHEAPU30BAHHOI CUCTEMbI ypaBHEHNI IMHAMUKN BA3KOYTIPYTOi »KuakocTn Kemn-
suna—®Poiirra [5| ¢ npoussoxHoii xpbamsna—Hepcecsina 110 Bpemenu

DiFv(€,0) = v (§), €€, k=0,1,...,n—1, (18)
v(&,t) =0, (&t) €9 x(0,T], (19)
Dy (1 = BA)(E 1) = cAv(&,t) — (&, 1) + e(t)u(§), (§1) € 2 x (0,T], (20)
Vv t)=0, (&t)eQx(0,T], (21)
T
[o€nduv = @), e (22)
0

Baecs Q C R?— obmacts ¢ raaxoit rpanuneit 99, 3,c € R, DJ¥ — npoussomubie [Ixp6ammsia—Hep-
cecsiia 1o 1iepeMennoii t, k = 0,1,...,n, Bekrop-byHkIiwms v = (v1, V2, ..., Vq) — CKOPOCTb YKHUJIKOCTH,

r=(ry,r2,...,rq) — I'DAJVEHT JaBJIeHNs; HEN3BECTHBIE BEKTOP-DYHKIMU v, T, 4 = (U, Uz, . .., Uq).

Mycrs Lo = (L(Q))4, H = (W3 (Q))4 u H2 = (W(Q))?. Bambikanue MHOMXKeCTBa
L= {ve (CSO(Q))d:V-v:O}

B HOpMe mpocrpaHcTBa Lo obosmaunm uepes H,, a ero sambikanme B nopme H! —uepes H.. Tak-
e GysieM Hmcrosb3oBaTh obosHauennst H2 = HL N H2, H, — oproronambuoe jonomrenne K H, B Lo,
¥: Lo — H, u Il =1 — ¥ — cooTBETCTBYIOIINE OPTOrOHAJIBHBIE TTPOEKTOPHI.

Omeparop A = ¥/, NPOJOJXKEHHBII JI0 3aMKHYTOTO oleparopa B mpocrpancTse H, ¢ obsracTbio
OIIPEICTICHUST Hg, UMeeT BEIIeCTBEHHbIN OTPUIATE/IbHBINA JUCKPETHBIH KOHCYHOKPATHBII CIEKTpP, Cry-
MAOIIMicsT TOIbKO Ha —o0 (cM. [4]). O6osnaunm vepes {A;} cobcrBeHHble 3HAa4YeHUs onepaTopa A,
3aHYMepPOBaHHbIE B IIOPsijIKe HEBO3PACTAHUS C yUE€TOM MX KPATHOCTel, n 0603HaunM depe3 { ¢y} opro-
HopMupoBannyio B H, cucTreMy COOTBETCTBYIOMMX COOCTBEHHBIX (DYHKIH, obpasymomryo basuc B H,.

YuaursiBast rpanundnoe ycsosre (19) u ypasrenne neckumaeMocTr (21), mostoxum

X=H2xH, Y=Ly=H,xH,, (23)
_(I-BA O ' (A 0O .
r=(Toma o) ecwi. m=( g &) e (21)

X cocronT 3 map Bektop-bynkuuit = (v,7), tie v € H2, r € H, (cm. ypasmerns (20), (21)).

Jlemma 4 (cm. [16]). Hycmwv B # 0, 371 ¢ o(A), npocmparcmea umerom 6ud (23), a onepamopwvi L
u M onpedenenvi popmyramu (24). Tozda onepamop M saeanemes (L, 0)-oepanuvennvim. Bosee mozo,

oLy = {c)\k/(l B ke N},
p_ I O Q- I @)
“\IA(I - BA)™Y 0) T\ -BOA(I -BA)Y 0)°
Takum obpasom, obparnas 3agada (18)—(22) mmeer Buj (9)—(11). IIpuanmas Bo BHuMaHHUE, 9TO
M € L(X;Y), Dy, = X' = im P uzomopdno H2, koppexTnocts samaun (18)—(22) osmauaer cy-

()
mecTBoBanue pemtenud u € Lo 771 BceX v € Hg, k=0,1,....m—1,vr € H?,, YJIOBJIETBOPSIOIIEE

OLICHKE
m—1

e < C(Z T uvTuHQ).
k=0

Teopema 5. ITycmv 3 # 0, B~ ¢ o(A), ¢ € C([0,T;R), D*¢ € C([0,T;R), k=0,1,...,n—1,
w:[0,T] = R — gynryus ozpanuvennoli sapuayuu. 3adaua (18)—(22) xoppexmma 6 mom u mosvko
6 MoM caynae, ko020a

T
/ H(t)dpu(t) #0
0
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u nepasenemeo X (cAg/(1 — BAg)) # 0 evinoaneno das ecex k € N.

Jloxasameavcmeo. VI3 suna npoektmit P u Q cnenyer, uto X0 = ker P = {0} x H, u Y° = {0} x H,.
Canenosaresibro, yesosue (18) pasrocusbrao ycesosuio Buga (10). ITo semme 4 omeparop M B 3asa-
ge (18)—(22) smasiercst (L, 0)-orpaHnyeHHBIM B YCJIOBUSIX JaHHON Teopembl. Takum obpasom, yTBep-
JKJIEHWe CJIeIyeT U3 TeopeMbl 4. ]

Teneps nycts 71 € 0(A). O603maunm gepes My MHOMKeCTBO Takux mHjaekcos k € N, uro A\, = 871,
n 1gepe3 M — muoxkectso N\ M.

Jemma 5 (cm. [16]). ITycmo ¢ # 0, B~ € o(A), npocmparcmea umerom sud (23), a onepamopn.
L u M onpedeaenv, gopmyaamu (24). Toeda onepamop M (L, 1)-oeparnuuen. Boaee mozo,

oL (M) = {c)\k/(l B\ ke Ml},

. (ew)er O > (5 or) ek 0
keM; ( > Q _ keM; ‘ >
cHAkZ %f%)\i’“ ©) —[IA > 71’f%>\ik 0)
eM; keM

[TokaxkeM, 4TO B CHJIy HaifijleHHOrO BHja IpoekTopa P HauaiabHble ycioBus (10) sKBUBaJIEHTHBI
YCIOBUAM

D (1 - AN, 0) = y(€), €€, k=0,1,...,n—1. (25)
Nnmeem
D}'(1 - BA)v(-,0) = Z (1= BA){(D{ (-, 0), o ) = Z (Y1, o1 )Pk
keMy keMy
II09TOMY
<Dglv('a0)a¢k>:%¢ keM;, [=0,1,...,n—-1,
(pk <Pk yl»‘ﬂk . _
cHAZ l—BAk =clIA ) (SOWE 1=0,1,...,n—1.

keM; keM;

Takum 06pasoM, ¢ HoMompo yeaosuit (25) onpesesnens! Boipaxkenust Dy Px(-,0), 1 =0,1,...,n — 1.

0)
Teopema 6. ITycmvcB #0, 71 € o(A), ¢ € C([0,T];R), D¢ € C([0,T];R), k =0,1,...,n — 1,
w: [0,7T] — R — dynryua oeparuuennot sapuayuu. 3adava (19)—(22), (25) xoppexmmna 6 mom

U MoAbKO 6 MOM CAYHaE, K020a
T

[ ewiute) #0
0
u nepasenemeo X (cAg/(1 — BAg)) # 0 evinoaneno dasn ecex k € M;.

Joxasameavcmeo. Y13 iemmbl 5 corentyet, aro oneparop M s 3agaqan (19)—(22), (25) asisercs (L, 1)-
orpammaennbiv 1 X0 = ker P = span{py : k € Mo} xH,, X! =im P = (span{ey : k € M; }NH2) x {0},
W =ker@Q = span{py : k € Mo} x Hy, V! = imQ = span{yy : k € M} x {0}. Crnenosarennno,
YTBEDXKJICHUE JIAHHON TEOPEMBI CJIejlyeT U3 TeOpeMbl 4 U JIeMMBI 5. O
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[IeJIEBOTO (DYHKITMOHAIA 3aadu. [Ipu 5TOM Mmpoleaypa WroJIBIaTOr0 BapbUPOBAHUS YIIPABJIEHUN MO-
JKeT HPUBOJUTH K II0JYyYEHHIO TPYIHOPeAJn3yeMOro Ha HPAKTHKe ylpaBjieHus (Halpumep, HaJudue
YYaCTKOB YaCTOrO IEPEKJIOUCHUsT YIIPABICHUT ¢ MUHUMAJILHOTO Ha MaKCHMaJsbHoe 3Hadenue). Cxo-
JIMMOCTD YKa3aHHBIX METOJOB I10 HEBSI3KE IPUHIIUIA MaKCUMyMa JeJaeT HEBO3MOXKHBIM YJIydIleHre
VIPABJIEHUH, YI0BJIETBOPSIONIUX IPUHIAIYY MAKCAMYyMA.

B kijtacce 3a7a49 onTHMHA3AIME JIMHEHHBIX 110 COCTOSTHIIO CUCTEM YCITEITHO PAa3BUBAIOTCSI U ITPUMEHSI-
I0TCSI HEJIOKAJIbHbIE MOJIXOJbI U MeTO/bl. B uacTHOCTH, riobasnbhblil Meros Kporosa [9, 10|, meTosus,
OCHOBaHHbIE Ha NPHHIUIIE paciupenust [3,8], MeTosbl napamerpusanuu [6].

B pabore [5| pazpaboTanbl IpOIeypbl HEJIOKAJIBHOIO YIIydIIeHNs] YIPABJIEHUH B KJacce JMHEHbIX
IO COCTOSIHHIO 3aJ1a9 ONTHMAJIBHOIO YIIPABJIEHUSI CO CBOOOIHBIM ITPABBIM KOHIIOM C JIMHEHHBIM IO CO-
CTOSIHUIO TIEJIEBBIM (DYHKIIMOHAJIOM. DTH IPOIELypPbl OCHOBAHBI HA TOYHBIX (DOPMYyJIax IpPUPAIEHUSI
[IEJIEBOTO (DYHKITMOHAJA W HE COJEPXKAT OIEPAINI0 [apaMeTPUIECKOI0 BapbUPOBAHMS, UTO SIBJISIETCSI
CYIIECTBEHHBIM (DAKTOPOM TOBBINIEHUS 3(PDEKTUBHOCTH JAHHBIX TPOIEAYP. HeloKaJbHOCTD Iy diiie-
HUsl YIIPABJIEHUsI B KJIACCE JIMHEHHBIX 110 COCTOSTHUIO 3aJ[a9d ONTUMAJBHOTO YIIPABJIEHUS! JOCTUTAETCS
[IEHOI pellieHus CreruaJbHoi 3aaaun Korrm.

B pa6ore [7] nporeaypbl HEJIOKAJIBLHOIO yiIydIleHusi 0600IIAI0TCs Ha KJIACC JTMHEHHBIX 110 COCTOSTHIIO
3aJ1a9 ONTUMAJIBHOTO YIPABJICHHUS C YACTHUIHO 3aKPEIJICHHBIM PABBIM KOHIOM. LI HEJIOKaJIbHOTO
YILYUIIeHUs JIOIYCTUMOIO YIPABJICHUS C COXPaHEHHEM BCEX TEPMUHAJBHBIX OUpaHWYeHUil Tpebyercs
PEIIUTD CIEIUAJBHYIO KPaeByI0 38/1a1y C PA3PbIBHOM 1 MHOTO3HAYHON MIPABON YACTHIO B ODIIEM CJIydae.

B manHo# paboTe K HEJIOKAJILHOMY YJIyUIIEHHUIO JIOIIYCTUMbBIX YIIPABJICHUN B pACCMATPUBAEMOM KJIAC-
ce 3aJa9 ONTUMAJIBHOIO YIPABJIEHUS IPEJJIAraeTCs IOXO0/l, OCHOBAHHBII Ha PEIIEHUN CIENUaIbHOM
cucteMbl (DYHKIMOHAJBHBIX YPABHEHUH, SKBUBAJEHTHON KpaeBOU 3ajade yJIydIleHus. JTa CHCTEMA
YHKIIMOHAJIBHBIX YPABHEHUI MOXKET ObITh HHTEPIPETUPOBAHA KAaK CIIEIMAIbHAS 33/[a19a O HEITOIBUK-
HO# TOUKE C JIOTIOJTHUTEIbHBIM aJreOpaniecKuM yPABHEHUEM, UTO TO3BOJISET IPUMEHUTD K €€ PEIICHUIO
U3BECTHBII [4] annapar Teopuu 1 METOIOB HEIOJIBUKHBIX TOYEK, aHAJIOrHIHO pabore 1] B 3amauax 6e3
OrpAHUYCHUI.

2. ITocranoBka 3aJa4n. PaCCMOTpI/IM HHHefIHYIO IO COCTOAHHIO 3a/Iavdy OINTHUMaJIbHOI'O YIIpaBJIE-
HUA C OJHUM TEPpMUHAJIBHBIM OI'DaHUYE€HUEM

&= A(u,t)x + b(u,t), teT =]t t1], (1)
z(tg) =2°, wu(t) eU, (2)
O(u) = (¢, z(t1)) + /[(d(u,t),a:> + g(u, t)]dt — min, (3)

a:l(tl) = JZ% (4)

Buaeck z(t) € R™ — Bekrop cocrosiaust, u(t) € R — Bekrop ynpasienusi, dyukmun A(u,t), b(u,t), d(u,t)
u g(u,t) wenpepwiBubl 10 (u,t) Ha R™ x T, U — komnakTHOe MHOKecTBO B R”, ¢ € R™ —3amanublii
BeKTOp, mpuieM ¢; = 0; HadasIbHOe cocTogmue 10 € R™ 1 feficTBUTeIbHOE YUC/IO T1 3a/aHbl, HHTePBAT
T dukcupoBaH.

K Bugy (1)—(4) ¢ omHUM TepMUHAJILHBIM OTDAHMYEHHEM MOTYT ObITh IPHUBEIECHBI MHOIHE JIMHETi-
HbIE 110 COCTOSIHUIO 3aJ1a49i ¢ (DA30BBIMU, TEPMUHAJBHBIMA M CMENIAHHBIMU OIPAHMYEHUSIME METOJIOM
HaJIOKeHnsl ITpad OB 3a HAPYIICHIE OIPAHUICHUIA.

B zayade (1)—(4) onpemesum MHOXKECTBO JIOCTYIHBIX YIPABJIEHHI
V={uePC'(T):u(t) €U, teT}.

Hnst ynpasienns u € V' obosnaunm 1epes x(t,u), t € T pemenne 3amaqan Komm (1), (2) upn u = u(t).
BBejieM MHOXKECTBO JIOIyCTHMBIX YIIPABJICHHIA:

W={ueV:z(t,u) = x%}
Onpenesnm dynkimo [ToHTpsirnHa ¢ ConpsizKeHHOil 1IepeMenHoit 1) € R™:

H(,z,u,t) = <¢, A(u, t)x + b(u,t)> — <d(u,t),$> —g(u,t).
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PaccvoTpuM compsizKeHHYIO cCUCTEMY':

1/.} = _A(u’ t)Tl/f + d(u’ t)’ (5)
Yi(t1) = =\, (6)
¢i(t1) = —Ci,’i = 2,—1’L (7)

O6ozuauaum 1epes (t,u, \), t € T perenne coupszkennoii cucremsl (5)—(7) npu u = u(t).
Pacemorpum peryssipustit dyukimonas Jlarpamzka

L(u,\) = ®(u) + Mz (t1) — 21), N ER.

B coorBercrBuum ¢ 5] umeror Mecto TouHble (hOpMYIIbI Tipupalienus dbyHKImonaga Jlarpanxka:

AL(u,2) = — / Ay Bt 0, N), (t, ), w0 (8), ), (8)
AL’ )\) = —/Av(t)H(d)(t,v,)\),w(t,uo),uo(t),t)dt. (9)

Anasornuno [5| BBeJieM B paccMOTpeHMe 0TOOparKeHue

u* (Y, z,t) = argma(;cH(w,m,v,t), YpeR” zxzeR" teT. (10)
ve

[MocraBuM 3a/a4y yirydienns jgomycrumoro yipasienns u® € W: najitu ynpasiaenne v € W co cBoii-
CTBOM

d(v) < B(u?).

3. Ilpounenyps! ymyumenusi. Tounbie dopmyisl npupamenus (8), (9) OTKPhIBAIOT BO3MOXKHOCTH
JUIsT HeJIOKAJILHOTO YUIyHIIeHns OIycTuMOoro yipasienus u’. YCIoBHs yaydIIeHns MOIYT 6bITh cop-
MyJIIPOBAHbI KaK CHCTeMbI (DYHKIMOHAJILHBIX YPaBHEHUIl ¢ ucrob3oBanneM orobpaxkenust (10).

Ha ocrose hopmyiibl ipuparienus (8) /s HeTOKATLHOTO YTy dIMIeHHs JIOMyCTHMOTO yIpasienus u’
JIOCTATOYHO PENIATh CUCTeMy (PyHKIMOHAILHBIX YPABHEHMI

v(t) = u*(w(t,uo, ), z(t,v),t),
x1(t1,v) = x%

(11)

AHaJIOrMYHO Ha OCHOBE (bopMyﬂbI npupanieHns (9) JIOCTaTOYHO PENIUTH CHUCTEMY d)yHKLH/IOHaJIbeIX
ypaBHeHUui

u(t) = U*(w(tava)‘)a$(tau0)’t)’ (12)
$1(t1,21) = :U%

st pemennsi cucreMm (byHKIMOHAJBHBIX ypasHenuii (11), (12), uHTEpnpeTUpyeMbIX Kak 3aJadu
O HEMNOJBUIKHON TOYKE C JIONOJHUTEJIbHBIM YpaBHEHHUEM, MIPeJJIaraloTcs NUTEPAIMOHHbBIE ITPOIIECCH

k+1 0 k k+1 1
(s (t) :U*(Tl)(t>u ,)\),$(t,’0 )at)a $1(t1)v * ) =T, (13)
k+1 k 0 k41 1
V() = ut (8 0", A), 2t ul), ), @ (t, ot = (14)
rje Ha Kaxkjoil urepanun nporeccos (13), (14) muoxkwuresns Jlarpamxka A € R BeiGupaercs u3 ycio-
BUs BBIIIOJIHEHUsS] TEPMHUHAIBHOIO orpanndenns. Vreparmonnsiii mporecc (13) paceMmarpuBaeTcs st
perrennst cucremsl (11), urepanuonnstii nporece (14) — st pemtennst cucremst (12).
st peanmzarun nreparmosHoro nporecca (13) mpejraraercst cyre Ly Iomuii Ioaxo/.

[Monoxxum 1 (t1) = —A, tme A € R — HeusBectHbliil mapamerp (MuHoxKkuTe b Jlarpamxa), mojexa-
it onpesenenuio. O6oznadum uepes (1), t € T pemrenne 3amaqu Ko

¢ = _A(uo(t)’ t)Tl/f + d(uo (t)7 t)?
Y1(t1) = =,
¢i(t1) = —Cy, 1= 2,TL.
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Paccmorpum ynpasienue
AE) = wt @A), 2t b, 0, teT.
Jljst OJTyIeHHOTO yIpaB/eHns Haiinem pemtenne z(t,v*), t € T, obbranoii 3amaun Ko
i = A(Nt), t)x + b Mt),t), teT, x(ty)=a".

Muoxkuress Jlarpamxka A € R Ha kaxk 106t ureparuu nporecca (13) BeIOupaercs: U3 yCJIoBUsl BBIIIOJIHE-
HHS TEPMUHAJIBHOIO OPAHUYCHUSI:
A 1
z1(t1,v") = x7. (15)
Jyist mosywennoro pemtenust \¥ € R ypasrerns (15) ompejensiercs: ciemyoree NPUOJIZKEHNE yIIPaB-
JICHU S
k
VP =N (t), teT.
Hust peanmmuzarnuu urepaionnoro mporecca (14) npejgaraercss anajorudsbii nogxos. losoxkum

Y1(t1) = — A, tme A € R — neusBecrHbiil mapaMerp (MHOXKUTEIb Jlarpanka), MoJIesKaImil onpejiese-
mmo. O6o3uaunm uepes Y (t), t € T, pemrenne 3amauun Ko

)= — AWM, )T+ d(o"(1), 1),

Y1(t) = =,
wi(tl) = —Cy, 1= 2,TL.

PaccmoTpum ynpasiienue
A (t) = ut (0 (1), 2 (tu0), 1), tEeT.
Jljst oty genHoro yrpas/ienns naiiaem pemrenne x(t,v), t € T obbramoii 3amaan Kormm
@ = A(WMt), )z + b (t),t), teT, x(ty) ="

Muozxkuress Jlarpatmxka A € R Ha KaxK10ii nreparyn nporecca (14) BbIOupaercst U3 yCJI0BUS BBIIIOJIHE-
HUA TEPMUHAJIBHOT'O OI'PaHUYICHNA

z1(t, ) = zi. (16)

Tliist osrydennoro perenns \¥ € R ypasrenust (16) onpegensiercst cieyoniee IpubINKEHNe yIpaB-
JICHUS:

M) =N (), teT.

B kadecTBe HAYAIBLHOTO IIPUOJIZKEHNsT UTePAIMOHHBIX Iporieccos (13), (14) Beibupaercs yupasieHue
v € V. OrmernmM, uTo HauasbHoe npubimxkenne v0 MozkeT He GBITH JONYCTUMBIM yIPABIECHIEM, UTO
SIBJIIETCS BaKHDBIM JIJIs TPAKTUYECKON peaim3alid ajJropuTMoB. TakKe OTMETHM, YTO HA HTEPAITUIX
nporieccos (13), (14) permatorcst o6branble 3aaun Ko ¢ npeBapuTebHO BIYUCIEHHBIM YIIPABICHH-
em. Urak, B oyimdue or Ipolie/iyphl yJIydllieHust yIpaBIeHus, PACCMOTPEHHOIT B 7], HeT HeobxouMocTH
B PEIIEeHNN CHENUAJIbHBIX KPAeBbIX 3a/1a9 C PA3PbIBHON U MHOI'O3HAYHOI 1IPaBOil 4acThIO.

Urepanuonusie nporeccst (13), (14) mpomomkaioTcs 10 mepBoro yirydmenus ynpasienns u”. Tanee
CTPOUTCs HOBas 3aJada YIYUIIeHUs JJId [TOJYyYEeHHOTO YIIPABJIEHUsI U IIPOIeCC NOBTOpsieTcsa. Kpure-
pHUEM OCTAHOBKHU WUTEPAIUl YJIydIlleHUs] YIIPABJICHUS SBJISETCS OTCYTCTBUE YJIYUIIEHUS yIIPABJIECHUS 110
1eJIEBOMY (DY HKITHOHAJTY.

Takum obpazom, GOPMUPYIOTCS UTEPAIMOHHBIE METObI TOCTPOCHUS PEJIAKCAIIMOHHBIX OCIEI0Ba~
TEJIbHOCTEN JIOIYCTUMbBIX yIIPaBJICHUN.

[Ipennaraemblie MpoIeypbl MO3BOJISIIOT CTPOrO YJIYUIIATh HEONTUMAJIbHBIE SKCTPEMAJIbHLIE YITPaB-
JICHUs, T.€. YJIOBJIETBOPSIONINE IPUHITUILY MAKCUMyMa B pacCMaTpUBacMOM KJjlacce 3ajlad ¢ OrpaHnye-
HusiMu. ["pajineHTHBIE TTPOIIEyPhI TAKOH BO3MOXKHOCTBIO HE 00JIAJIAOT.
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4. Ilpumepsl.

ITpumep 1 (ysydiieHue ynpapjieHus, He yIOBJIETBOPSIONIETO IIPUHIAILY MAKCHMyMa).
i=u, teT=1[0,1], [|ult)|<1, teT,

2

ga

8
—
(=)
~—

|
=

1
D (u) = /a:(u —1)dt — min.
0

93

[TocraBum 3aja4y ysrydIeHus: JOIYCTUMOTO YIIPABJIEHUS uo(t) = —%, t € T', KOTOPOMY COOTBETCTBYET

dazosas TpaexTopus x(t,u’) = —%t +1, t € T, u 3nauenne nenesoro dbynxmuonana ®(u’)
@yHKHHH HOHTpHFHHa n COIIPsA2KEHHasT CUCTeMa MMEIOT BUJL

H=9Yu—z(u—1)= W —-2)u+z, Yv=u—1, o(1)=-A\
DkcrpemasnbHoe orobpazkerue (10) 3ajgaercst hopmysioi

u* (¢, x) = sign(y — x).

B KauecTBe HAYAJILHOIO NMPUOJIMMKEHHs HTepalioHHoro mporecca (13) BosbMem ympasienue v (t)

0, t € T. CoorsercrByiomas emy daszosas Tpaekropusa — z(t,v°) = 1, t € T. CoorsercTByiomas

COIIPpsA2KEHHasl CUCTeMa ITPUHUMAET BUJL

Ee permenne

4 4
A
t)y=—t—A+-=, teT.
Cdhopmupyem yrpaiieHne
4 1
v (t) = sign <—§t - A+ §> , teT.

Haityiem pemenue x(t, v)), t € T samaun Kommu

4 1
t=sign|—-t—A+5 ), z(0)=1, teT.
3 3
VenoBue 0
Loy =2

OoIIpeaessdaeT 3HaYCHNe MHOXKHUTEJIA ﬂarpamKa

COOTBGTCTByIOH_[ee BBIXO/IHOE YIIpaBJICHHE UMEeT BT
Lee o).
3
—1,t e [l 1}
) 3 ) )

v(t) =

a 3Ha4YeHHe I1eJIeBOro (pyHKIMOHAA PABHO

Takum 06pa30M, nMeeT MECTO CTporoe yjaydnieHnrne nCxoJHOoro JOIYCTUMOI'O yIIpaBJICHUSA ’LLO

d(v) < d(u°).



94 . 0. TPYHIH

ITpumep 2 (ysydieHue yrnpapiieHUsl, YIOBIETBOPSIIONIETO IPUHIUAILY MAKCHUMyMa).
z=(t—-1u, teT=10,2], Ju®)|<1l, teT,
z(0) =0, =z(2)=0,

2
D (u) = /a:(u —1)dt — min.
0

[ocrapuM 3ajady yiayumenns jgomycrumoro yrpasienus u’(t) = 1, ¢t € T, KOTOPOMY COOTBETCTByeT

dazopas TpaekTopus x(t, u’) = %tz —t, t € T u 3mauenne nesesoro dpyukiuonana ®(u’) = 0.

(DyHKHI/IH HOHTpHI‘I/IHa 1 COOTBETCTBYIOIIasd COIPsAZKEHHad CUCTEMa NMEIOT BHJT

H=yt-Nu—-2@-1)=@lt-1)—2utz, d=u—-1 (2)=-A
DkcrpemasnbHoe orobpaxkenue (10) B paccMaTrpuBaeMoM IpUMepe 3a1aeTcst hopMyJIoit

B kadecTBe HAUAJILHOIO MPUOIIMKEHUs] UTEPAIMOHHOrO mpoliecca (13) Bo3bMeM ynpapiieHne vo(t) =0,
t € T. CooreercrByomas eMy (dhazoBasi TPACKTOPUS x(t,vo) =0, t € T. CooTBeTCTBYIOIIAs COIPS-
JKeHHasl CUCTeMa IIPUHUMAET BU/I

ee pereHne —

Cdhopmupyem yrpabiieHne
v Mt) =sign(\(1 —t)), teT.
Haiinem pemenue z(t, v>‘), t € T 3anmaun Komm
= (t—1)sign(A(1—1¢)), z(0)=0, teT.
VciioBue
z(2,0)) =0

OTIpeJie/isieT 3HadeHne MHOXKUTENS Jlarpamka

A=0.
CooTBeTCTBYIOIEE BBIXOIHOE YIIPABJICHUE UMEET B/

v(t)=-1, ,teT

a 3Ha4YeHUe I1eJIeBOro (pyHKIMOHAA PABHO

Taxum 0b6pazoM, UMeeT MeCTO CTPOroe YJIyHUIleHne yIOBIETBOPSIONIETO PeryIsapHOMY IPUHIIUILY MaK-
CHMYMa MCXOJ[HOTO JIONYCTHMOTO yIpaBieHns u:

d(v) < d(u°).

5. 3akJiroueHue. BbI,ILeJH/IM OCHOBHBIC XapaKTePpHbIC 0COOEHHOCTU apejjiaraeMoro 1moJxoa K yJjay4d-
HOICHUIO YIIpaBJIEHUA B paCcCMaTPpUBAaEMOM KJlaCCe JIMHEUHDBIX O COCTOSHUIO 3a/la9 C O'PaHUYCHUAMMN.

1. HenokabHOCTD yIIydIeHUs] YIPABJIEHUS U OTCYTCTBHUE IPOIEIyPbl BAPHUPOBAHUS YIIPABICHUS
B MaJIOll OKPECTHOCTHU YJIy4IlIaeMOr'0 YIIPaBJIEHUs B OTJIMYNAE OT I'DAJUECHTHBIX METOJOB.

2. Brimosinenne TepMUHAJIBLHOINO ONPAHUYEHUs Ha KaXKJIOM MUTepaIuu yJIydlleHus yIPaBJIeHUI.

Bo3MOXXHOCTB CTPOrOro yIydIlleHusT HEONTHMAIbHBIX SKCTPEMAJILHBIX YIIPABICHUI.

4. Pemenne o0bMHBIX 3as1a49 Kol ¢ npeiBapuTesibHO BBIMUC/IEHHBIM YIIPABJICHIEM BMECTO PENIeHust
CIIEIIMAJIbHBIX KPAEeBbIX 33/la4 C PA3PbIBHONM M MHOI'O3HAYHON IPaBOil 4acCThIO.

w
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VYKazaHHbIe CBOMCTBA ABJSIOTCI BaXKHBLIMU JJId TIOBBINICHU A SCbeeKTI/IBHOCTI/I OIITUMUI3AINN YIIpAB-

JIAEMBIX CUCTEM C OI'PaHUYCHUIMM.

s muHeitHOM 110 cocTosiHMIO U ynpaBieHnto (OuimHeiiHas 3aja9a) 3a/a9i ONTHMAIBHOIO YIIPAB-

JIEHWSI C OJIHIM TE€PMHUHAJILHBIM OIPDAHMYIEHHEM C BBITYKJIBIM MHOXKeCTBOM U IpeijaraeMblil MOIXOT
MOYKET OBITH JIETKO aaIITUPOBAH C MCIIOJIb30BAHNEM OTOOpAarKeHNsT Ha, OCHOBE OIEpPAIlNi IMPOEKTHPOBa-
HUSI.

10.
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BBenenue. [lannasi pabora siBjisgeTcss 0O30pHOI 1O MPOOIeMe MHTErPUPYEMOCTH HEKOHCEPBATHBHBIX
CHCTEM € N CTelleHsIMU CBOOOIbI (paHee ObLIM OMyOJIMKOBAHBI AHAJIOIHIHBIE PAOOTHI [0 CUCTEMAM C de-
THIPDbMs ¥ ISATHIO CTereHsMu ¢Bo6osibl). Eciu KoHdUrypannonHoe MHOroo6pasmie CucTeMbl — [VIaJIKOe
n-MepHOe MHOroobpasue, TO ero KacaresjbHoe (KOKacaTeJIbHOe) PACCIOeHIe NMeeT eCTECTBEHHY IO CTPYK-
Typy (a30BOT0O MPOCTPAHCTBA CUCTEMBI, YBEJIUINBAsT BIBOE KOJUIECTBO (Pa30BBIX EPEMEHHBIX.

[TockobKY MBI IMeeM J1eJI0 ¢ HEKOHCEPBATHBHBIME CHCTEMAMU, & UMEHHO C CUCTEMaMM, B KOTOPBIX
B OIIPEJICJIEHHOM POJie TIPUCYTCTBYET TakK Ha3blBaeMasi JICCHIAINS [EPEMEHHOro 3Haka (B OIHUX 00-
JIacTsX (pa30BOT0 MPOCTPAHCTBA IPHUCYTCTBYET «COOCTBEHHO» JIHUCCHUIIAINSI — HEKOE PaCCesiHUEe IMOJTHON
SHEPI'MH, KOTOpasi He COXPaHSIeTCsl, a B JAPYTUX — IOJKAUKa IHEPIUH, T.e. POPMAJIBHO — «PaACCEsTHUE»
C MPOTHBOIIOJIOXKHBIM 3HAKOM), TO HH O KAKOM IIOJIHOM CIIFICKE JazKe HENPEPBHIBHBIX (ABTOHOMHBIX)
[EePBBIX MHTEIPAJIOB He MOXKeT wiru u peun (cM. [6,22,30,33]).

Pabora cocrout u3 Tpex uacreii. B neppoii wactu (cm. [71]) mposejieH ocraTodHo 110ApOGHBII aHa-
JIN3 HEKOTOPOI eCTECTBEHHON MOPOXKJIAIONIEH 3a/I[a4i U3 JUHAMUKUA N-MEPHOTO TBEPJIOTO TeJia, [OMe-
IIEHHOT'O0 B HEKOHCEPBATUBHOE TI0JIE€ CHJI, IIPA STOM B CHCTEME IPUCYTCTBYET TaKKe IVIAJIKOe yIIpaBJie-
uue. [Ipu ecTecTBEHHBIX MPEJIIOIOKEHUSIX JTAHHAS 33298 PEIYIUPYETCS K IUHAMUYECKUM CHCTEMAM
Ha KacareJbHOM paccyoenun (n — 1)-MepHoii cdepbl n obasaer moJHBIM HAGOPOM, BOOBIIE TOBODS,
TPAHCIEHICHTHBIX [IePBbIX MHTEIPAJIOB, BBIPAXKAIOIIMXCs Yepe3 KOHEUHbIE KOMOUHAIUHN 3JIEMEHTAPHBIX
dyukumit. TpaHCIEHIEHTHOCTh B JAHHOM CJIyUae ITOHUMAETCS B CMBICE TEOPUU (DYHKIIUNH KOMILIEKC-
HOI'O TIEPEMEHHOr0, Korjia y (byHKIMH UMEIOTCs CYIECTBEHHO 0cobble Toukn (cM. Takxke [5,24,31,41]).

Bo Bropoii wactu (cm. [72]) pacemorpenbt 6oJiee 001Ie IMHAMUYIECKHIE CHCTEMbI HA KACATEJILHOM Pac-
CJIOEHUU K M-MEPHOU cdepe. YKa3aHHbIE CHCTEMbI 0000IIAIT CUCTEMBI, PACCMOTPEHHBIE paHee B II€PBOi
vactu. [Ipu 9ToM cucreMbl boJiee 0OIIEro BUua BKIOUAIOT TAKXKE U KJIACCUYECKYTO 3aJ1a9y O JIBUKEHUH
TOYKHU 10 N-MEpHOil cdepe, Iyie Mpru HEKOTOPBIX YCJIOBUSIX TaKKe IOJIy9IEeHBbI MOJIHBIE HADOPBI, BOODIIE
rOBOPsi, TPAHCIICHJIEHTHBIX [IePBbIX MHTErpajoB (cM. Takxke [50,51,53]).

B nanHoit TpeTbeil YacT pacCMOTPEHBI PACCMOTPEHBI JTUHAMUYECKUE CUCTEMBI HA KACATEbHBIX Pac-
CJIOEHUSIX K JIOCTATOYHO ODIIUPHBIM KJIACCaM IVIAJKUX N-MEPHBIX MHOTOOODPA3uil; Jjis TAKUX CHCTEM
TaKKe MPEeIbABIEHBI JJOCTATOYHBIE YCJIOBUST HHTEIPUPYEMOCTH.

3. CHCTEMBI HA KACATEJIbHBIX PACCJIOEHHMSIX K INTAAKOMY n-MEPHOMY MHOI'OOBPA3UIO

Buriirre 6110 MOKa3aHO, ITO U3y YEHUE N-MEPHOIO 0000IIEHHOr0 c(hepUIecKOoro MasgTHIKA, B HEKOHCEP-
BATUBHOM I10JI€ CUJI IPUBOJUT K JIMHAMHYECKOI CHCTeMe Ha KacaTeJbHOM paccjoeHnn K (n — 1)-mep-
Hoit cdepe, IpU ITOM METPHUKA CIENUAILHOIO BHJIA Ha HEHl WHIYIUPOBAHA, JOMOJHUTEILHON I'PYIIIIOf
cuMmMeTpuii. B maHHOM cilyvuae TUHAMUYECKNE CHCTEMBI, OIMCHIBAIONINE JIBUKEHNE TAKOTO MAsTHUKA,
00J1aIaI0T JUCCUIAIIEH TeEPEMEHHOI0 3HAKA, U MMOJHBIN CIIMCOK MTEPBBIX WHTErPAJIOB COCTOUT U3 TPAHC-
[EHJ/ICHTHBIX (DYHKIUH, BHIPAYKAIOIIIXCS Yepe3 KOHEUHYI0 KOMOMHAIIUIO 3JIEMEHTAPHBIX (DYHKITHIA.

Bhoirie 6b1T TaKKe BBEJIEH KJIACC 33/1a4 O JIBUYKEHUN TOYKH 110 TJ1aJIKOi (n — 1)-MepHOii oBepXHOCTH,
[IPU 9TOM MeTPHUKa Ha Heil WHIyIIPOBaHa eBK/INI0BON METPUKON 0OBEMIIIOIIETO N-MEePHOTO TPOCTPaH-
crBa. B psjie ciiydaeB B cucTeMax C CHJIOBBIM IIOJIEM C JIUCCHUTIAITAEN TakKKe yJIaeTcsd HAWTU IOJIHBIH
CIIMCOK IIEPBBIX MHTEIPAJIOB, COCTOAIINIA M3 TPAHCIEHIEHTHBIX (byHKIN. HeobXxonuMo oTMeTuTh, 910
[IOJIy YeHHBIE PEe3YJIbTaThl 0CODEHHO BaXKHbI B CMbBICJIE IPUCYTCTBHUSI B CHCTEME MMEHHO HEKOHCEPBATUB-
HOT'O TIOJIS CHJI.

B nmanHOM pa3zjelie mokazaHa MHTEIPUPYEMOCTh HEKOTOPBIX KJIACCOB JUHAMUYECKHX CHCTEM Ha Ka-
caTeJbHOM PACC/IOCHUU K IVIAJIKOMY 7-MEPHOMY MHOroo0pasmnio (006 aHAJIOMMYHBIX HMCCJIEJIOBAHUSAX HA
KacaTeJIbHbIX PACCIOCHUSIX K MHOroobpasusiMm pazmeprocreii 2, 3 u 4 cm. [66-68]). [Tpu srom custosbie
10J1s1 00JIaIAI0T TaK HA3bIBAEMOM IepeMeHHON Juccunarmeil 1 o0o0IIaloT paHee pacCMOTPEHHBIE.

3.1. VYpaBHeHUs reo/ie3MvIeCKNX NP 3aMeHe KOOPANHAT U UX IIepBble HHTEerpaJibl. Kak us-
BECTHO, B CJlydae N-MEPHOrO IJIAJKOrO pPUMaHOBa MHOroobpasusi M™ ¢ koopgunaramu (a, f3), B =
(B1y--,Bn-1), n addUHHON CBI3HOCTHIO I’;k(w) YPaBHEHUS T'€OJIE3NUYECKUX JIMHUI Ha KacaTeJIbHOM

pacciaoermu Ty M™{é&, B1,. .., Bn1;0, By Burha =2t 1 =22, ..., Bu1 = 2", 2 = (z},...,2"),
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umeror cieyronmit Buz (juddepenimposanne 6epeTcs 110 HaTyPAIbLHOMY IIapaMeTpy ):

n
4> Th(p)alit =0, i=1,....n. (3.1.1)
]7k:]‘

Uszyunm crpykrypy ypasHenuil (3.1.1) npu m3MeHeHHH KOODJMHAT HA KaCATEJHLHOM PACCIIOCHUU
T, M". PaccmoTpuM 0OpaTUMYyIO MTOYTH BCIOAY 3aMEHY KOODIMHAT KACATEILHOIO IMPOCTPAHCTBA, 3aBU-
CATILYIO OT TOYKU & MHOrooOpas3usi:

n n
i ij _ 0
= g RY(x)zj, zj= E Tji(x)d"; (3.1.2)
i=1

=1

npu srom RY, Ty, i, = 1,...,n,— byHKImun or vl 2" a takke RT = E, tnie R = (RY),
T = (Tj;). Hasoem Taxxke ypasaenus (3.1.2) HO6bMU KUHEMAMUYECKUMU COOMMHOULEHUAMU, T.€. CO-
OTHOIIIEHUSIMU Ha KacaTeJbHOM pacciaoeHun T, M™.

CrpaBeI/IUBBI CJIeLYIONINE TOXKIECTBA!

n n n
L=y Tud'+ ) Tui', Ti=) Tixi" (3.1.3)
=1 i=1 k=1
e
oy .
j—b‘i,k:w’ ]al,kzl,...,n.

Iogcrasiss B (3.1.3) ypasuenust (3.1.1), nmeem:

n n
L= Typdab— Y 1T, (3.1.4)
dk=1 Jpg=1
[PU 9TOM B TIOCTIEIHEl cucTreme BMecTo &', 4 = 1,. .., n, Haji0 nojacraButh dopmyist (3.1.2), B pesysbra-

Te 4ero B IIPaBoii 9acTH HOCIEHEr0 PaBEeHCTBa Oy/IeT CTOATh KBaIpaTudHas GopMa 110 IePEMEHHBIM 2;.
Hpyrumu ciioBamu, paseHcTBo (3.1.4) MOXKHO Iiepenucarh B BUJIE

s ik _
Zi + Z Qz]k$ T ‘(3.1.2) 0, (3.1.5)
Jk=1
e
Qije(x) =Y Tis()I3y(x) — Tij(2). (3.1.6)
s=1

ITpengnoxxenne 3.1.1. Cucmema (3.1.1) 6 motd obaacmu, 2de det R(z) # 0, sxeusasenmma co-
cmasnoti cucmeme (3.1.2), (3.1.4).

TakumM 06pa30M, pe3y/braT Iepexojia OT ypaBHeHuil reojesndeckux (3.1.1) K 9KBUBaJIEHTHOlI cuCTe-
Mme ypasrennii (3.1.2), (3.1.4) 3aBucut Kak oT 3aMeHBbI IlepeMeHHBIX (3.1.2) KacaTeJbHOr0 IPOCTPAHCTBA
(T.e. BBOMMDIX HOBBIX KMHEMATHIECKHX COOTHOIICHHIT), Tak u oT addummofi cpssnocrn I (2).

3.2. HocraTto4yHo oOiuii cirydaii. PaccmorpuM jajiee IocTaToIHO OOIMIUI Cilydaii 3aaHusi KUHe-
MaTHYECKUX COOTHOIIEHUHN B CJEIYIONIEM BUE:

Q= —2p, (3.2.1a)
Bi = zn-1f1(c), (3.2.1b)
B2 = zn—2fa(@)g1(B1), (3.2.1c)
B3 = zn—3f3()g2(B1)h1(B2), (3.2.1d)

Br1 = 21 fn1(@)gn—2(B1)hn—3(B2) - - - i1(Bn—2), (3.2.1e)
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e fy(la), k=1,....n—1, (A1), l=1,....,n =2, hyp(B2), m=1,...,n—3, ..., i1(Br—2) — rIajKue
dbyukmm Ha cBoeil obnacTu onpeenenns. Takne KOOPIAUHATEL 21, . . . , 2, B KACATEILHOM IIPOCTPAHCTBE
BBOJISITCSI TOTJIA, KOTJa PACCMATPUBAIOTCS CJIEJLYIONINe KJIACCHI yPABHEHUN Ieo/ie3ndecKuX (B 9acTHO-
CTU, HA MHOIOMEPHBIX [TOBEPXHOCTSX Bpailiienusi) ¢ n(n — 1) HeHyseBbIME KOI(DhUIMEHTAMU CBA3HOCTH:

a+TI% (., B)BF +...+ T, n-1(a B)Br_y =0, (3.2.2a)
Bi + 204, (a, B)afr + F%z(avﬁ)ﬁz -+ Fn 1n—1(, B)Ba_1 =0, (3.2.2b)
P + 2055 (a, B)ifB2 + 2Ty (e, B)1 B2 + ng(aﬂ)ﬂs +o+ Ty (@ B)B =0, (3.2.2¢)

B3 + 2034 (a, B)cBs + 2035 (e, B)B1 B3 + 2T'35(cv, B) Ba B3+
+Fi4(0475),62 +Fn 1,n— 1( B) .371 =Y, (322(1)

B 2+2Fan e 5)045n 2+2F1n o (a 6)616n72+
+2Fn 3,n— 2( B)/Bn 3/871 2+Fn 1,n— 1((1,,8)67%,1 =0, (3226)

/Bn 1+ QFa n— 1( 5)(1571 1+ 2F1 n— 1((1,/8)61671—1 +...+ + 2Fn 2.n— 1(@,,8)Bn_2,8n_1 = O, (3.2.2f)

T.e. OCTAJIbHBIE KOIDMUIMEHTBI CBA3HOCTH PABHBI HYJIIO.
B ciyuae (3.2.1) ypasuenus (3.1.4) npumyT Bu

1= 20000 (@0 8) + Dfaa(@)] 2120 — [2005L1 (0, 8) + Dgn-2(81) | fil@)z1 201 -
- [21“;‘7;1_1(@,@ + Dhn—3(52)]f2(a)g1 (B1)z12n—2 — ... —

- [2112:;@71(045) + Di1(5n72)} fr—2()gn—3(B1)hn—a(B2) ... 11(Bpn-3)z122, (3.2.3a)

[ T2 o, 8) + D faa(e )} 222 — [211711,22;2(04,5) + Dgn—3(B1) | fr(e)zezn—1 — ... —

- [2FZ:§,n—2(a’/@) +DTl(ﬂn—:%)]fn—3(04)9n—4(ﬂ1)h —5(B2) ... 51(Bn—1)2z223—

no1(0) gn 5(B1) hi 3(B2)  13(Bn-3)
fn—2(@) gn-3(B1) hn—a(B2) " 71(Bn-3)

2 «
B 50t .-

721—1(04) 2
fl(a) In—2

i3(Bn_2)72, (3.2.3b)

- Im72,n71 (Oé, 6)

b1 = [20h (0, B) + DA(@)] 2120 — Tha(a, B)

_Fn 1,n— 1(0& 6) (51) n— 3(62) '%(anZ)Z%a (323C)

Gy =TS ()2 + 5 f3(a)gi(Br)zs + ...+
+ 1101 2 ()G (B1)RE_5(B2) .. .11 (Bn—2)2T; (3.2.3d)

sneck DQ(q) = dIn|Q(q)|/dg, n ypasuennst (3.2.2) mouTn BCIOJy SKBHBAJICHTHLI COCTABHON CHCTE-
e (3.2.1), (3.2.3) na kacaresbuoMm pacciaoerun ToM"™{z,, ..., z150,81,. .., Bn-1}-
st nostHoro unTerpupoBanusi cucreMsbr (3.2.1), (3.2.3) Heobxoaumo 3HaThH, BOOOIIE roBopsi, 2n — 1
HE3aBHCUMbBIX [EPBBIX MHTErpajioB. B HalleMm ciydae UX Hy»KHO 3HATH MEHbIIE, 9TO OyJeT HOKa3aHo
HUZKeE.
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Ilpengioxkenne 3.2.1. Ecau 6ciody wa ceoeli 06aacmu Onpedesenus SbnOAHAEMCA CUCTEMA
n(n —1)/2 pasencms

oT'L (o, B) + Dfi(a) + T (a, B) f2(a) =0, (3.2.4a)

200 (@ 8) + Dfae(@) + Ty 1 (0 B)F2 1 (@)g2 (B3 <ﬁ2>...z'%<5n_2>zo, (3.2.4b)
2%, (@ 8) + Dga(81)] £R(0) + Ty (@ B) 3 (@)g3(81) (3:24c)

2071 (0, 8) + Dgua(B1)| F2(0)+
+F1{L71,n71(a,5)f72z 1(a )Qn 2(51) n— 3(52) (57#2) =0, (3.2.4d)

{2F2:5,n—1(0@ B) + Dil(ﬁn—2)] fro(a)gn_s(B)he_4(Ba) ... 7 (Bus)+
+I00 (@ B) o (@)gn_a(BRS_5(B2) . i3 (Ba—2) =0, (3.24e)

mo cucmema (3.2.1), (3.2.3) umeem anasumuveckutdi nepeviii unmezpas 6uda
D1 (2p,...,21) = 28 + ...+ 22 = C? = const. (3.2.5)

Ha nepBblii B31VIs] BONPOC HAJIMYUS TIEPBOIO MHTErpaJia JIOCTATOYHO IIpocToro Buja (3.2.5) He «3a-
CJLy2KUBAET» PEIIeHMs] TAKON JOCTATOYHO CJIOXKHON CHCTeMbI KBa3WIMHEHHbIX ypasHenuii (3.2.4) (ko-
TOpas COJEPXKUT, BOOOIIE TOBOPs, YPABHEHUS B YACTHBLIX IPOM3BOIHBIX, BHIPOXKJIAIONIMECS B OOBIKHO-
BeHHbIe). B pabore Oyjer mpuMeHEH MOJXOJl, MO3BOJISIIONIMA ¢ HOMOIIBIO perieHust cucreMbl (3.2.4)
YCIENTHO HAXOJUTDh MOJIHbIE HAOOPDHI MEPBBIX UHTEIPAJIOB CHCTEM C JIMCCUTIAIAEH.

MoxHO Jl0Ka3aTh OT/EJIbHYI0 TeopeMmy cyiectBoBanusi pemtenusi fi(a), k = 1,...,n — 1, g/(51),
l=1,....,n =2, hp(B2), m=1,....,n—3, ..., i1(Bp—2) cucremsr (3.2.4) KBa3WJINHEHHBIX ypaBHEHUIT
JUTsl HAJIMYUS aHAJMTHYIECKOro nepBoro marerpasna (3.2.5) mas cucremst (3.2.1), (3.2.3) ypaBuennii
reojiesnueckux (3.2.2). Ho B nanbHeiinem npu u3ydeHnn JUHAMIYECKIX CUCTEM C JIUCCUTIATINEH TIOJTHAST
rpynna yciaosuii (3.2.4) Ham He morpebyercsi. Tem He MeHee, B jaJibHeiineM GyjieM HPEeIOJIAraTh
B ypaBHeHusx (3.2.1) BbINOJIHEHUE YCIOBUIT

fila) =...= fu_1(a) = f(a), (3.2.6)
upu sroMm dyurimn g(B1), L=1,...,n =2, hyp(B2), m=1,...,n—3, ..., i1(Br—2) JOJKHBI yJIOBIIE-
TBOPATH IPEOOPAZOBAHHBIM ypaBHeHI/IHM us (3.2.4):

(@, 8) + Dgi(B1) + Taz(, B)gi (1) = 0 (3.2.7a)

2F?n1 1( 5) + Dgn— 2(51) + Fn 1,n— 1(04 /B)gn 2(/81) n— 3(52) (ﬂn—?) =0, (327b)
2112:;@71(04 B) + Dir(Bn—2)gn—3(B1)hi_4(B2) ... 77 (Bn—3)+

+ Fn 1,n— 1( 5)9372 (51)h (/62) ( n— 2) = 0. (3270)

Takum obpasom, byukmuu gi(51), L =1,...,n— 2, hy(B2), m S — i1(Bn—2) 3aBuCsT

oT K03 PUIUEHTOB CBA3HOCTHA YEPE3 CUCTEMY (3.2.7) a OFpaHI/I‘{eHI/IH Ha cbyHKumo f () ByayT JaHbI
HUKE.

ITpengioxkenue 3.2.2. Ecau svinoanenv ceoticmsa (3.2.6), (3.2.7) u cnpasedauens pasercmea

Lo, B) = ... =Tl (a, ) = Ti(a), (3.2.8)
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mo cucmema (3.2.1), (3.2.3) umeem 2aadkuti nepsviti unmezpan caedyrowezo 6uda:

Po(zn—1,...,21;0) = /28 +...+ 22 ®g(a) = Cy = const, (3.2.9)

o
Bo(a) = fla)exp {2 [ Ti)db
a0
Ilpennoxkenue 3.2.3. Ecau 8vinosnervl Yciosus npedioncerus 3.2.2, uMenm Mecmo paseHcmea
91(B1) = ... = gn—2(81) = g(B1), (3.2.10)
T%(c, B) = ... =T (@, B) = Ta(B), (3.2.11)

mo cucmema (3.2.1), (3.2.3) umeem enadkuti nepeviti unmezpan caedyroweeo 6uda:

D322, .., 2150, 01) = /22 + ...+ 22_,®@o(a)¥(81) = C3 = const, (3.2.12)

B1
Wi(B) = 9(B1) exp {2 [ Talh)db
B1o

Jlajiee mpuMeHsieM II0 WH/IYKIIUNA BBIMIEU3JIOKEHHDBIE PACCYXKIEHUsT U IPUXOIUM K CJIeLyIOIeMy
YTBEPZKICHUIO.

ITpennoxkenue 3.2.4. Ecau 6vinoarenst ycaosusa npedaoscerut 3.2.2, 3.2.3, ... u npu amom cnpa-
6e0AUB0 PABEHCINEO
FZ:in,l(a, B) =Tn_1(Bn-2), (3.2.13)
mo cucmema (3.2.1), (3.2.3) umeem 2aadkuti nepsviti unmezpan caedyrouwezo 6uda:
D, (2150, 81, .., Bn—2) = 21Po(a)¥1(B1) ... ¥p—2(Bn—2) = C), = const, (3.2.14)
B2
Voo(Ba-a) = i(Buz)exp 42 [ TaBb b i(5u-2) = ir(as). (3.2.15)
B20
IIpennoxkenue 3.2.5. Ecau svinoaners, ycaosus npedaoscenut 3.2.2, 3.2.3, ..., 3.2.4, mo cucme-
ma (3.2.1), (3.2.3) umeem nepewiii unmezpan caedyrousezo suda:
Br—2 .
D,i1(2n—2,...,2150,0) = PBp_1 £ / Cni(h) db = Cy 11 = const. (3.2.16)

VC2102 () — C

Ha6op nepsbix unrerpanos (3.2.5), (3.2.9), (3.2.12), ..., (3.2.14), (3.2.16) siByisteTcst mOIHBIM HAGOPOM
HE3aBUCHUMBIX 11€PBBIX MHTerpaoB cucrembl (3.2.1), (3.2.3) mpu BbllIenepedncieHHbIX yCaoBusaxX (To,
9TO NOJIHBIA HAGOD cocTouT U3 1+ 1, a He u3 2n — 1, NEPBBIX UHTErPAJIOB, OyJIeT IOKA3aHO HUXKE).

Bompoc o rmagxoctn nepsoro unrerpasa (3.2.16) me tak mpoct. B nmpunIune, on MoxKeT BbIparKaThCS
4Jepe3 KOHEYHYI0 KOMOMHAIMIO dJIEMEHTapPHBIX DYHKIMH U jlaKe sABIATHCH (DyHKIHEH palnoHaIbHOM.
Ho mockonbKy B paccMaTpuBaeMoil TUHAMUYECKON CHCTEMEe OTCYTCTBYIOT ACHMIITOTHYECKUE MPE/Ie/b-
Hble MHOXKECTBA, TO GyHKIWs (3.2.16) HE MOXKET ObITH TPAHCIEHIEHTHON ¢ TOUKY 3PEeHUsT KOMILJIEKCHOTO
anasu3a. JleiicTBUTE/IBHO, Y Hee OTCYTCTBYIOT CYIIECTBEHHO 0coObIe TouKu. Ho ¢ TouKM 3peHust Teopuun
3JIEMEHTAPHBIX (DYHKIIUI OHA MOXKET OBITh TPAHCIIEHIEHTHOIA.

Br—20

3.3. VYpaBHeHUsI ABU>KEHUsI B IOTEHIMAJIBHOM CUJIOBOM IIOJI€ U UX IEPBble MHTErPAaJIbl.
Tenepb HeckoabKo Mojuburupyem cucremy (3.2.1), (3.2.3) npu yenosusix (3.2.6)—(3.2.8), (3.2.10),
(3.2.11), ..., (3.2.13), mosiyunB cucreMy KOHCEPBATHBHYIO. A MMEHHO HaJIMUUe CUIIOBOTO IIOJISI XapaK-
TepusyeT J0CTaTOvYHO Miaakuil koaddurument F(a) Bo BropoM ypasaennu cucremsl (3.3.1). Pacemar-
puBaeMasi CUCTeMa Ha KacareJbHoM pacciaoenun ToM"{z,, ..., 2150, P1,. .., Bp—1} IpUMeT B

&= —2zp, (3.3.1a)
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in = F(a) + T (0, B) fA(a)zny +T5(c, B) [ (@)g* ()75 + ...+
+T9 (0, B) ()G (B (B2) - - % (Bu-2)21, (3.3.1b)

Zp1 = [2F1(a) + Df(a)} Zn—12n — Dgo(c, B) f(a)g®(B1)zs g — ... —
— T 110, B) F(a)g? (BL)R*(B2) ... % (Ba—2)7t, (3.3.1c)

Zy = [2F1(Oé) + Df(oz)} Z2%n — [2F2(51) + Dg(ﬁl)]f( )222n-1— ... —
- [2Fn—2(/8n—3)+DT(,6n 3)} (a)g( ) ( ) --S(ﬁn_4)Z2Z3—
— T3 1 (, B)f(@)g(B)R(Ba) ... 7(Bn-3)i%(Bn-2)2{, (3.3.1d)

n—1,n—1

2= [2F1(Oé) + Df(oz)} 212p — [2F2(51) + Dg(ﬁl)]fl(a)zlznfl_
~ [205(82) + DR(B2)| F(@)g(B) 21202 = .. -
— 2001 (Bu2) + DiBa-2)| F(@)g(BORB) .7 (Bu-s)2122, (33.1¢)

B1 = zn_1f(a), (3.3.1f)

Bo = zn_af(a)g(B1), (3.3.1g)

B3 = zn_3f(a)g(B1)h(B2), (3.3.1h)
Bno1 = 21.f(@)g(B1)R(B2) ... i(Bn—2), (3.3.11)

1 OHa ITIOYTH BCIOY 9KBHBaJICHTHAQ CJIe,ILyIOHLeIL/’I cucreMe:

d+ F(a) + T (, B)BT + ... + Fgfl,nfl(o%ﬂ)/@‘r%fl =0,
Br + 201 (@)dap + Thy(a, B)B3 + ... + F}Lfl,nfl(avﬁ)ﬁ.g 1=0,
By + 201 (a)dBa + 2T'2(B1)B1 82 + +T33(r, B)B5 + ... + Ty 1(a, B)Ba_1 =0,
B3 + 2T () éfs + 2T2(B1) 1 B3 + 2T3(B2)BaBs + Ty, B)BF + ... +T5 1,1 (. B)BE_1 =0,

Bn—a + 201 (a)Bn—a + 202(B1)1Bn—2 + .. + 2T _2(Bn—3)Bn-38n—2 + T~ ?n (e, B)B2_ =0,
Bn—l + 2F1 (a)d/Bn—l + 2F2 (ﬂl)ﬂlﬂ.n—l + ...+ 2Fn—1(6n—2)6n—2/8n—1 =0.

IIpengioxkenune 3.3.1. Ecau svnoanenv, ycaosus npedaostcerus 3.2.1, mo cucmema (3.3.1) umeem
2Aa0KUT nepsbill uHMe2Pan caedyrwezo euda:

[0
1 (2p,...,21;0) = 25 4+ ...+ 22+ Fi(a) = C; = const, Fi(a) = 2/F(b)db. (3.3.2)
o
ITpennoxkenue 3.3.2. Ecau svinoarers, ycaosus npedaoscenutd 3.2.2, 3.2.3, ..., 3.2.4, mo cucme-

ma (3.3.1) umeem eaadkue nepevie unmezpanv, suda (3.2.9), (3.2.12), ..., (3.2.14).

IIpennoxenue 3.3.3. Ecau gvnoanervs ycaosus npedaosicenus 3.2.5, mo cucmema (3.3.1) umeem
nepewiil unmezpas euda (3.2.16).
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Ha6op nepsbix nurerpanos (3.3.2), (3.2.9), (3.2.12), ..., (3.2.14), (3.2.16) sBisiercst HOJHBIM HABO-
POM HE3aBUCHMBIX [IEPBLIX MHTErPasIoB cucTeMbl (3.3.1) IpHu BBIIMENEPEeINCICHHBIX YCJIOBUSAX (TO, ITO
nosiHblil HaGop cocrouT U3 1+ 1, a He u3 2n — 1 MEPBLIX UHTErpPaJIOB, Oy/ET IIOKA3AHO HUKE).

Bompoc o magkocru nepsoro unTerpada (3.2.16) no-npexxuemy He Tak npoct. [TockoJbKy B pac-
cMaTpUBaeMol JUHAMIYIECKOM CHCTeMe JlaKe IIPU HAJNYUNA TUIAJIKOTO KOHCEPBATUBHOT'O CHJIOBOT'O TIOJIS
OTCYTCTBYIOT aCUMITOTHYECKHUE MIPeJIeIbHbIe MHOXKeCTBa, To GyHKius (3.2.16) He MoxKeT GbITh TpaHC-
[EH/ICHTHOM ¢ TOYKH 3DEHUsT KOMILIEKCHOTO aHaan3a (y Hee OTCYTCTBYIOT CYIIECTBEHHO OCOObIE TOU-
ki). Ho ¢ Touku 3penusi Teopun sjeMeHTapHBIX (QYHKIWMHA OHA MOYXKeT ObITh TPAHCIEHJEHTHON (CM.
Takxke [29]).

3.4. YpaBHeHUsI JIBUXKEHHUs B CHUJIOBOM MOJI€ C JIUCCHUIIAIAEl M UX TepBble WHTErpaJibl.
Temeps ycmoKHUM CHUCTEMY (3.3.1) U TOJIYIUM CHUCTEMY C JUCCHIaIueil. A MMeHHO HaJUYIue JIUCCU-
nanuu (BoobIe TOBOPsi, 3HAKOIIEPEMEHHO}T) XapaKTepu3yeT J0CTaTOuHO Miaakuii kosddurment bo ()
B II€PBOM ypaBHEHUN C.Hej_LyIOH_(eﬁ CHUCTEMDBI:

&= —zp + bd(a), (3.4.1a)

= F() + T (a, ) f2 ()71 + TS (e, B) () g*(B1)25 + ... +
+ T8 1 1(0, B) 2 ()g* (BB (B2) . .. 1% (Ba—2)i, (3.4.1D)

f(a)g? (ﬂl)h2(52)...i2(ﬂn_2)z%, (3.4.1c)

2o = [2F1 () + Df(oz)} 292 — [2F2(61) + Dg(ﬁl)] f(a)zozp—1—...—
- [2Fn—2(/8n—3) + DT(/Bn—?))} f(a)g(Br)h(B2) ... 5(Bn—a)z223—
— T3 1 (0, B) F(@)g(B)R(Ba) - 7(Bns)i®(Bn-2)2f, (3.4.1d)

n—1ln—1

= [2F1(@) +Df(04)} 212n — [2F2 p1) + Dg(pB1 ]fl Q)21 Zn—1—
— [25(82) + DR(B2) | F(@)g(B) 21202 — ... -
- [m_l(ﬁn_z) + Di(ﬂn_g)} F@)g(BM(Ba) ... 7(Bas)z12s, (3.4.1¢)

51 = anlf(a), (341f)

Bo = zn_af(@)g(B1), (3.4.1g)

B3 = zn—3f(a)g(B1)h(Ba), (3.4.1h)
Br-1 = z1.f(a)g(B)R(B2) . . . i(Bn_2), (3.4.10)

KOTOpag IMOYTU BCIO/Y IKBHUBaJIEHTHA CJIe,ZLyIOHleI‘/’I CUCTEME:
& — bad' () + Fo) + 9 (o, B)B7 + ... + T4 -1, B) 71 =0,
B1 = bB16 ()W (@) + 2T'1 ()i + F%z(o%ﬁ)ﬁz +T n—1(a BB =0,
B2 — b0 ()W () + 2Ty ()& B2 + 202(B1) 5132 + T3z(a, 5)53 o+ (BB =0,

Bs — bB3d(a)W () + 2Ty ()3 + 202 (B1) 51 B3+
+20'3(82) P23 + Do, B)BT + ... + Fifl,nfl(a’ BB, =0,
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Bn—a — bBn—_20(a)W () + 2T (@)&fn—2 + 2T2(B1)B1 B2 + - . . +
+ 2111172 (ﬁn73)5n73ﬁinf2 + FZ:%,nfl(aa B) 'Z—l = 0,

Br-1 — bBn_18(a)W (a) + 2Ty (@) Bn-1 + 202(B1)B1Bn-1 + - - - + 20p_1(Bu-2)Bn—26n-1 = 0;
snece Wi(a) = 2I'1(a) + D f(a).

[Tepeiijiem Ternepb K MHTErPUPOBAHUIO MCKOMOM cucTeMbl (3.4.1) mopsizika 2n 0pu BBINOJHEHUN Pa-
BEHCTB

% B) = Th(a, B)g2(B) = ... = T3, 1 (@, G (BORA(By) ... = Tu(a). (3.4.2)

Bgejiem Takzke (1o anasornu ¢ (3.2.7)) orpanndenne n Ha GyHKIWIO f(a): OHA JOIKHA YIOBJIETBOPSATH
IpeobpasoBaHHOMY [IEPBOMY paBeHCTBY u3 (3.2.4):

dn |f(a)]

21 (a) + o

2 _
+T'p(a) f*(a) = 0. (3.4.3)
st mostnoro uaTerpupoBanust cucremsl (3.4.1) HeOOX0IUMO 3HATH, BOOOIIE roBopsi, 2n — 1 He3aBu-
CHUMBIX IEPBBIX MHTErpasioB. OIHAKO MOC/IEe 3aMEHbI TEPEMEHHBIX
22
— — 2 2 —
Wy = Zn, Wp—1=14/2]{+...+2,_1, Wp—2= Z—,
1
23 Zn—1

5 3 w1 = 5
V2t 2 \/z%—{—...—i—zg*

cucrema (3.4.1) pacnajaercsi ciaeayoImM 06pa3oM:

Wp—-3 =

& = —w, + bd(a),

Wy, = F(O‘) + Fn(a)f2(a)w721—1a (3.4.4)
Wp—1 = [2F1(Oé) + W] Wy —1Wh,

ws = iwnfl V 1+ w?f(oz) cee [2FS+1 (ﬁs) + D](ﬁs)],

W Wy — (3.4.5)
Bs—:tTwlgf(a)..., s=1,...,n—2,
By = +——L f(a)g(B1)h(Ba) - . i(Bus2), (3.4.6)

V6It+wh,

rje B cucreme (3.4.5) cUMBOJIOM «...» TOKA3aHbI OJIMHAKOBbIE 4ieHbl, a yHKuus j(fs) — oaHa u3
dyHukUit g, h, ..., 32BUCSIIAS OT COOTBETCTBYIOIIETO yIJia (.

BuiHo, uTo st m1oHON uHTErpupyemocTu cucreMbl (3.4.4)—(3.4.6) mocrarodHO yKasaTh jiBa He3a-
BUCHMBIX II€PBBIX MHTerpasa cucrembl (3.4.4), 1o ogaomy — jisi cucreM (3.4.5) (MeHsisi B HUX He3a-
BHCHMBIE TIEPEMEHHbBIE; UX 1 — 2 MITYKH), ¥ JOHOJHUTEJIbHBI TEPBBI MHTErPaJl, «IPUBI3bIBAIOIINI»
ypasrenue (3.4.6) (r.e. Bcero n + 1).

Teopema 3.4.1. Ilycmwv das nHexomopux k, A € R swnoanaromes pasencmea

d 6% (a)
Ao 2

Fu(@)f(a) = A Inlé(0)],  Flo)

Tozda npu svnosnenuu yeaosutd (3.4.2), (3.4.3) cucmema (3.4.1) obaadaem noarvim nabopom (n + 1)
HE3ABUCUMDBLE, B00OUWE 2060PA, MPUHCUEHOCHTNHBIT NEPELLT UNTNE2PAAOE.

(3.4.7)
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[ToctaBuM B COOTBETCTBHE CHCTEME TPEThero nopsijka (3.4.4) HEABTOHOMHYIO CHCTEMY BTOPOTO II0-
pPsIKa
2 2
dwn _ F(Oé) +Fn(a)f (Oé)wn,1

do —wy, + bo () (3.4.8)
dwn,—y 2T (a) + D f(a)]wp—1wy
doe —wy, + bo(a)
asiee, BBOJIS OJJHOPOJIHBIE IEPEMEHHbBIE 10 (hOPMyJIam
wy, = upd(a), wp—1 = Up—10(a),
npuBouM cucremy (3.4.8) K ciemyiomemMy BUILY:
5oy Zm _ Fy(a) + Tn(a) f2(@)d(e)uz;_y + 8" (e)us; — b’ (a)uy,
o T “un b ’ (3.49)
dun—1  —Tp(@)f2()6(a)un_1un + 8 () tun_1u, — b8 (a)uy, o
(5(04) = 9
do —U, + b
F(o)
Fy(a) = <.
3(0[) 5(0[)

[Tpu BeinosHenun ycnoswii (3.4.7) cucrema (3.4.9) NpuBOAUTCS K yPABHEHUIO [EPBOrO MOPsiJIKA

d A+ ku?_ | 4+ uZ —bu
In _ n1 T e Tn (3.4.10)
dun_1 (1 — K)up—1up — buy,
Ypasuenue (3.4.10) mmeer Buj ypasuenust Abesst (em. [29]). B wacrnocru, npu k = —1 oHO mmeer
HEPBbIH HHTErpaJl
2 2
uy, +uy_ —buy + A
n_ nl " = C} = const, (3.4.11)

Un—1
KOTODBIA B IIPEXKHUX [MEPEMEHHBIX BBIIVISJIUT CJIEILYIONUM 00Pa30M:
Wy Wp_1 w2 +w?_ | — bw,d(a) + A% ()
d(a) d(a) Wp—10()
Hastee HaiiieM siBHBII BH/I JOTOJHUTEIHLHOTO [IEPBOIO MHTErPAJia CUCTEMbI TPEThero mopsijka (3.4.4)
npu k = —1. Jlyist aT0r0 Mpeobpasyem Jyisi Hauasia uHBapuanTHoe coorHomenue (3.4.11) npu uy,—q1 # 0

CJIEJTY IO M 06pa30M:
b\ c1\° V43
n— = n—1——,] =———A\. 3.4.13

BI/I,HHO, 9TO IMapaMeTpPbl JaHHOI'O MHBapHUaHTHOT'O COOTHOIIIEHUA JOJIZKHBI Y/IOBJIETBOPATDL YCJIOBUIO

b2+ CFE— 4N >0, (3.4.14)

O1(wn, wn—1; ) = G1 ( = C; =const. (3.4.12)

u dazoBoe npocTpaHCTBO cucreMbl (3.3.2) paccianBaeTcsi Ha CEeMeiCTBO IIOBEPXHOCTEl, 3a/1aBaeMbIX
paBeHcrsoM (3.4.13).

Takum obpazom, B cuiy coorHorterust (3.4.11) mepBoe ypasaenue cucrembl (3.4.9) npu k = —1
IpUMET BUJT

d(a) dup — 2(N — buy, + u?) — C1U1(Cy,uy)

§(a) da —Up + b ’
1
UL(Ch, ) = 5{cl /O — d(u2 — bu, +3},

[IPU 9TOM TIOCTOsTHHAsT nHTerpupoBanus C Beibupaercs u3 yciaosus (3.4.14). JonosmurebHbil epBblit
uHTerpast st cucreMsl (3.4.4) umMeer cieyromuii CTPYKTYPHBIH BUJL:

Wp  Wp-1

3(e)” 3(a)

Oz (wy, Wnp—1;0) = G <5(a), > = (Cy = const, (3.4.15)
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u npu kK = —1 oH HalJleTCa U3 KB IpaTypPbl
In[g() _/ (b — up)duy, y = n
g 20\ — buy +u2) — C1{C1 £ /CZ —4(u2 —bu, + N)}/2 " da)

[Ipu sToM mocse B3sITHsI 3TOro wuHTerpaja BMmecro (] MOXKHO IIOJCTaBUTH JIEBYIO YaCTh pPaBEeH-
crBa (3.4.12). IlpaBast 9acThb JAHHOIO PABEHCTBA BBIPAYKACTCS UePe3 KOHEUHYIO KOMOMHAIIUIO 9JIEMEH-
TapHbIX dyHKIUi, a JeBas — B 3apucumoctu or dyHKImu §(«). Ilosromy BblpakeHue NepBbIX UHTE-
rpaios (3.4.12), (3.4.15) 4epe3 KOHEUHYIO KOMOMHAIMIO SJIeMEHTAPHBIX (DYyHKIUIT 3aBUCUT HE TOJBKO
OT BBIYHUCJICHUS] KBaJIPATYD, HO TaKyKe M OT sIBHONO Bujia pyHKIuu O(cv).

[Tepsbie unrerpassl mist cucreM (3.4.5) 6yayT umersb Buj

/1 2
Ogy2(ws; Bs) = vitws Csyo =const, s=1,...,n—2, (3.4.16)
WS(BS)
o dyukiusx Wy(Bs), s =1,...,n—2 cm. (3.2.12), ..., (3.2.14). A nonosHuTEILHBII TIEPBBII MHTETrPAJI,
«IIpuBsi3bIBaoIuity ypasuenue (3.4.6), Haxoaures 1o anasoruu ¢ (3.2.16):
Bn72

Ci(b)
sl O, 0) - CF

[IPX 9TOM TIOCJIe B3SITUsI 3TOI0 WHTerpaJja BMecTo HoCcTOSHHBIX Cf_1, C) MOXKHO MOJICTABUTH COOTBET-
CTBYIOIIUE JIeBble YacTh paBeHcTBa (3.4.16).

On1(w2, w1z, B) = Bn1 £ db = Cp+1 = const,

3.5. 3amevyaHus 0 CTPYKType€ HepPBbIX MHTErPaJIOB CUCTEM C Juccurnaiumeii. Eciun o — me-
pHoueckasi KOOpJMHaTa epuoja 27, To cucrema (3.4.4) CTaHOBUTCS JIMHAMUYECKON CHCTEMOil ¢ Iie-
peMeHHOIt Juccuranueil ¢ HyJaeBbiM cpenauM. [Ipu srom npu b = 0 oHa mpeBpalaeTcs B CUCTEMY
KOHCEPBATUBHYIO, KOTOpasi 00JiajlaeT JIBYMsl TJIaJKUME TepBbiMU uHTerpadamu sujga (3.3.2), (3.2.9).
B cuy (3.4.7)

By (2p,...,2150) = 25 4. + 22 + 2/F(b)db > w2 + w2 4+ M6%(a), (3.5.1)
ao

rje «=» 03HAUAeT PABEHCTBO C TOYHOCTBHIO JI0 & UIUTUBHON nocrosiHuoil. Ilpm stom B cuiy (3.4.3)
u (3.4.7)

Po(zp—1,...,2150) = /28 +...+ 22 fla)exp 2/F1(b)db ~ wy—10(a) = Cy = const, (3.5.2)

ag
rje «=» 03HAYACT PABEHCTBO C TOYHOCTBIO Y2Ke JIO MYJIBTUIIMKATHBHO ITOCTOSHHOI.
OueBHIHO, YTO OTHOIIEHHE JBYX NepBbIX maTerpanos (3.5.1), (3.5.2) (mm (3.3.2), (3.2.9)) rakxke
SIBJISIETCsl 1ePBLIM uHTerpajoM cucremsl (3.4.4) npu b = 0. Ho npu b # 0 kaxxgas u3 dyHkimit

w2 4+ w2 — bw,d(a) + A% (a) (3.5.3)

u (3.5.2) 10 OTJEJBLHOCTH HE SIBJISIETCS MEepBbIM HHTerpasoM cucrembl (3.4.4). OjHAKO OTHOIIEHHE
dbyuxrmit (3.5.3), (3.5.2) saBiasercs nepsbiM nHTErpasoM cucrems! (3.4.4) (npu k = —1) npu Jsro6om b.

Boobe ke, Ji1s1 cucreM ¢ JMCCHIAIMER TPAHCIEHEHTHOCT (DYHKIMI (B CMbIC/Ie HAJUMYNS CyIIe-
CTBEHHO OCODOBIX TOYEK) KaK [EPBBIX MHTErPAJIOB HACJIEAYETCs N3 HAXOXK/ICHHUSI B CUCTEME IIPUTSIIBA-
ONUX MJIM OTTAJIKHBAIOIINX [IPE/ICIBHBIX MHOYKECTB.
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PREFACE

The purpose of this review is the collection and systematization of results concerning the quantization
approach to the Jacobian conjecture.

O.-H. Keller’s Jacobian conjecture remains, as of the writing of this text, an open and apparently
unassailable problem. Various possible approaches to the Jacobian conjecture have been explored,
resulting in accumulation of a substantial bibliography, while the development of vast parts of modern
algebra and algebraic geometry were in part stimulated by a search for an adequate framework in
which the Jacobian conjecture could be investigated. This has engendered a situation of simultaneous
existence of circumstantial evidence in favor and against the positivity of this conjecture.

One of the more established plausible approaches to the Jacobian problem concerns the study of
infinite-dimensional algebraic semigroups of polynomial endomorphisms and groups of automorphisms
of associative algebras, as well as mappings between them. The foundation for this approach was laid
by I. R. Shafarevich. During the last several decades, the theory was developed and vastly enriched by
the works of Anick, Artamonov, Asanuma, Bass, Bergman, Biatynicki-Birula, Czerniakiewicz, Dicks,
Dixmier, Kambayashi, Lewin, Makar-Limanov, Shestakov, Umirbaev, Wright, and many others. In
particular, the results of Anick, Makar-Limanov, Shestakov, and Umirbaev established a connection
between the Jacobian conjecture for the commutative polynomial algebra and its associative analogs
on the one hand with combinatorial and geometric properties (stable tameness, approximation) of the
spaces of polynomial automorphisms on the other.

More recently, the stable equivalence between the Jacobian conjecture and a conjecture of Dixmier
on the endomorphisms of the Weyl algebra has been discovered by Kanel-Belov and Kontsevich and,
independently, by Tsuchimoto. The cornerstone of this rather surprising feature is a certain mapping
(sometimes referred to as the anti-quantization map) from the semigroup of Weyl algebra endomor-
phisms (a quantum object) to the semigroup of endomorphisms of the corresponding Poisson algebra
(the appropriate classical object). In view of that, it seems reasonable to think there are insights to be
gained by studying quantization of spaces of polynomial mappings and properties of the corresponding
quantization morphisms.

In this direction, one of the larger milestones is given by a series of conjectures of Kontsevich
concerning equivalences between polynomial symplectomorphisms, holonomic modules over algebras
of differential operators, and automorphisms of such algebras. Another rather nontrivial side of the
quantization program rests upon the interaction with universal algebra.

In this review, we present some of our progress regarding quantization, Kontsevich conjecture, as
well as recall some of our recent results on the geometry of Ind-scheme automorphisms, approximation
by tame automorphisms together with its symplectic version, and torus actions on free associative
algebras. We also provide a review of the work of Kanel-Belov, Bokut, Rowen and Yu, which sought
to connect the Jacobian problem with various problems in universal algebra, as conceived by the
brilliant late mathematician A. V. Yagzhev.

We have benefitted greatly from extensive and fruitful discussions with E. Aljadeff, V. A. Ar-
tamonov, 1. V. Arzhantsev, V. L. Dolnikov, A. E. Guterman, R. N. Karasev, I. V. Karzhemanov,
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D. Kazhdan, V. O. Manturov, A. A. Mikhalev, S. Yu. Orevkov, E. B. Plotkin, B. I. Plotkin, A. M. Raig-
orodskii, E. Rips, A. L. Semenov, G. B. Shabat, G. I. Sharygin, N. A. Vavilov, E. B. Vinberg, U. Vishne,
I. Yu. Zhdanovskii, and A. B. Zheglov. It is a pleasant task to express our utmost gratitude to our
esteemed colleagues.

CHAPTER 1
INTRODUCTION

1.1. (QUANTIZATION AND ALGEBRA PROBLEMS

This section provides an overview of the Jacobian conjecture together with motivation for the theory
of Ind-schemes and quantization, as well as some necessary preliminaries on the proof of Bergman’s
centralizer theorem. Throughout this paper, all rings are assumed to be associative with multiplicative
identity.

1.1.1. Free algebras. A free algebra is a noncommutative analog of a polynomial ring since its
elements can be described as “polynomials” with noncommuting variables, while the free commutative
algebra is the polynomial algebra. First, we give the definition of a free monoid, which is needed in
our definition of free algebras (see [174]).

Definition 1.1.1. Let X = {x; : ¢ € I'}. A word is a string with elements in X. A free associative
monoid X* on a set X is the set of words in X, including the empty product to represent 1. The
multiplication on X* is given by the juxtaposition of words.

Next, we can naturally define the free associative algebra with respect to a generating set over a
commutative ring.

Definition 1.1.2. Let C be a commutative ring with a multiplicative identity. A free associative
C-algebra C(X) with respect to a generating set X = {z; : i € I} is the free C-module with base X*.

Remark 1.1.3. This C-module becomes a C-algebra by introducing a multiplication as follows:
the product of two basis elements is the concatenation of the corresponding words and the product
of two arbitrary C-module elements are thus uniquely determined. Note that C(X):= @ Cw and

weX*
the elements of C'(X) are called noncommutative polynomials over C' generated by X.

Similarly, we can also define the free associative algebra k(X) with respect to a generating set

X ={x;:1 €I} over an arbitrary field k.

Remark 1.1.4. If C is an integral domain, then the product of leading monomials of two noncom-
mutative polynomials f and g in C(X) is the leading monomial of fg. It follows that C'(X) is also a
domain (but still noncommutative).

We finally note that throughout this review, we will only discuss free associative k-algebras with
respect to a generating set X = {x1,...,x5} (for s > 2) over a field k instead of a commutative ring.

1.1.2. Matrix representations of algebras. Let A be a k-algebra and K be a field extension of k.
In this work, we consider only finite-dimensional representations of A, i.e., the word “representation”
means a “finite-dimensional representation.”

Definition 1.1.5. An n-dimensional matriz representation over K is a k-homomorphism
p:A— M,(K) to the matrix algebra over K.

Remark 1.1.6. Two representations p’ and p are said to be equivalent if they are conjugate, i.e.,
o' = Tpr~ ! for some invertible matrix 7 € M, (K).

The representation is said to be irreducible if the images of A generates the matrix algebra as a
K-algebra, or if the map A ® K — M, (K) is surjective. Usually, we study the case where K = k.
With this assumption, we say that a representation p : A — M, (k) is irreducible if and only if it is
surjective.
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1.1.3. Algebra of generic matrices. In order to use the concept of generic matrices, we first need
to introduce the matrix representation of a free associative algebra (see [16]). We introduce matrix
representations of any k-algebras in Sec. 1.1.2. A matrix representation of the free associative ring
k(X) = k(z1,...,xs) over k generated by a finite set X = {z1,...,z,} of s indeterminates (s > 2) is
given by assigning arbitrary matrices as images of the variables. In itself, this is not very interesting.
However, when one asks for equivalence classes of irreducible representations, the other is directed to
an interesting problem in invariant theory. We will discuss this topic below.

Definition 1.1.7. Let n be a positive integer and {xg;/) | 1 <i4,7 < n, v e N} be independent
commuting indeterminates over k. Then
X, = (1) € My (k[zl])

@)

is called an n x n generic matriz over k, and the k-subalgebra of Mn(k‘[x” ]) generated by X, is called

the algebra of generic matrices; we denote it by k(X1, ..., Xs) or simply k{X}.

The algebra of generic matrices is a basic object in the study of the polynomial identities and
invariants of n X n matrices.
There is a canonical homomorphism

i k{zy, . xe) = k(X X (1.1.1)
from the free associative ring on variables x1, ..., xs to this ring.
If uy,...,us are n X n matrices with entries in a commutative k-algebra R, then we can substitute

uj for X; and hence obtain a homomorphism
k(X1,...,Xs) = My(R).

The homomorphism 7 possesses the following important property: an element f of the free as-
sociative algebra lies in the kernel of the map 7 if and only if it vanishes identically on M, (R) for
every commutative k-algebra R, and this is valid if and only if f vanishes identically on M, (k). In
addition, (irreducible) matrix representations of a free ring A of dimension <n correspond bijectively
to (irreducible) matrix representations of the ring of generic matrices. This result is a core tool in our
proof.

Let ug,...,uy (N = n?) be a basis for the matrix algebra M,,(K) and z1, ..., zy be indeterminates.
Then the entries of the matrix Z = ) zju; are all algebraically independent. Moreover, the following
Amitsur theorem is well known.

Theorem 1.1.8 (Amitsur). The algebra k(X1,...,Xs) of generic matrices is a domain.

For the proof, see [16, Theorem V.10.4] or [233, Theorem 3.2].

1.1.4. The Amitsur—Levitzki theorem. For the free associative algebra A = k(X), the commu-
tator of two elements in A is defined as [x,y] = zy — yx. The commutator has analogs for several
variables, called generalized commutators of elements 1, ..., x, of A:

Sn(@1, 22, -, 30) = Y _(=1)7T1 - Tom (1.1.2)

(see [16]), where o runs over the group of all permutations. It is clear that Sy(z,y) = [z, y]. Note that
the generalized commutators are multilinear and alternating polynomials in the variables. Moreover,
a general multilinear polynomial in n variables has the form p(z1,...,2,) = ) CoTo1 -+ Ton, Where
the coefficients ¢, are elements of k.

There is an important and powerful result (see [6]), which was first proved by A. S. Amitsur and
J. Levitzki in 1950.

Theorem 1.1.9 (A. S. Amitsur and J. Levitzki). Let R be a commutative ring and r be an integer.

(i) If r > 2n, then S,(aq,...,a,) =0 for every set ay,...,a, of n X n matrices with entries in R.
(ii) Let p(z1,...,x,) be a nonzero multilinear polynomial. If r < 2n, then there exist nxn matrices
ai,...,a, such that p(ay,...,a,) # 0. In particular, Sy(x1,...,z,) is not identically zero.
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The identity Sa, = 0 is called the standard identity of n x n matrices. Note that Sy = 0 is the
commutative law, which holds for any 1 x 1 matrices but not for any n x n matrices for n > 1.

Remark 1.1.10. The Amitsur—Levitzki theorem is quite important (see [16]). Assume that study
a representation A — M, (k) of a k-algebra A. Let I C A be the ideal generated by all substitutions
of elements of A into S, and let A = A /I. The Amitsur—Levitzki theorem asserts that the relation
Son = 0 is valid in My(k) if d < n whereas it is invalid for d > n. Killing I has the effect of keeping the
representations of dimensions <n, and cutting out all irreducible representations of higher dimension.

The original proof of Theorem (1.1.9) obtained by Amitsur and Levitzki is a direct calculation,
which is quite involved. Rosset proposed a short proof (see [173]) based on the exterior algebra of a
vector space of dimension 2n. This proof can be also found in [233, Theorem 1.7]. Then we obtain
the following proposition.

Proposition 1.1.11. Let k{X} be the algebra of generic matrices.

(a) Every minimal polynomial of A € k{X} is irreducible. In particular, A is diagonalizable.

(b) Eigenvalues of A € k{X} are roots of irreducible minimal polynomial of A, and every eigenvalue
the appears same amount of times.

(c¢) The characteristic polynomial of A is a power of the minimal polynomial of A.

The following important open problem is well known.

Problem 1.1.12. For sufficiently large n, every nonscalar element in the algebra of generic matrices
has a minimal polynomial, which always coincides with its characteristic polynomial.

This is an important open problem. For small n, the Galois group of an extension quotient field
of the center of the algebra of generic matrices might not be symmetry. But it still unknown for
sufficiently large n.

From Proposition 1.1.11(c), for a sufficiently large prime n = p, we can obtain the following assertion.

Corollary 1.1.13. Let k{X} be the algebra of generic matrices of a sufficiently large prime order
n :=p. Assume that A is a nonscalar element in k{X}. Then the minimal polynomial of A coincides
with its characteristic polynomial.

Proof. Let m(A) and ¢(A) be the minimal polynomial and the characteristic polynomial of A,
respectively. Note that degc(A) = n and c¢(A) = (m(A))¥. Since A is not scalar, degm(A) > 1. Since
n is a prime, k divides n. Hence k = 1. O

Recall the following fact.

Proposition 1.1.14. Two matrices with the same eigenvectors commute.

Proof. Let A,B € M,x,(k) have the same n linearly independent eigenvectors. Since A and B
are n x n matrices with n eigenvectors, they are diagonalizable and hence A = Q~'D4Q and B =
P~'DpP, where Q and P are matrices whose columns are eigenvectors of A and B associated with the
eigenvalues listed in the diagonal matrices D4 and Dp, respectively. According to the assumption, A
and B have the same eigenvectors and hence P = QQ =: S. Therefore, A = S~'D4S and B = S~'DgS
and hence
AB =8"1D485 'DpS = S"tD4DgS:;

similarly, we have BA = S~'DpD4S. Since D4 and Dp are diagonal matrices, they commute and
hence A and B also commute. g

Proposition 1.1.15. Ifn is prime and A is a nonscalar element of the algebra of generic matrices,
then all eigenvalues of A are pairwise different.

Proposition 1.1.15 directly follows from Proposition 1.1.11 and Corollary 1.1.13.
Proposition 1.1.15 implies the following results.
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Proposition 1.1.16. Generic matrices commuting with A are simultaneously diagonalizable with
A in the same eigenvectors basis as A.

If A is a nonscalar matrix, then we have following assertion.

Proposition 1.1.17. If A is a nonscalar element of the algebra of generic matrices k{X}, then
each eigenvalue of A is transcendental over k.

1.1.5. Deformation quantization.

1.1.5.1. Literature review. In general, the “quantization problem” can be stated as follows. Given
a classical physical model (Hamiltonian system, Lagrange system on a Riemannian manifold, etc.),
quantization amounts to replacing the observable functions with operators acting on a Hilbert space
such that they satisfy some specific quantization conditions. In quantum mechanics, this quantization
condition is called the canonical commutation relation, which is the fundamental relation between
canonical conjugate quantities. For example, the commutation relation between different components
of position and momentum can be expressed as [PZ, Q]] = ihd;j, where 4 is the imaginary unit and
0;; is the Kronecker delta. Hermann Weyl studied the Heisenberg uncertainty principle in quantum
mechanics by considering the operator ring generated by P and ). For any 2n-dimensional linear
space V, the Kronecker delta can be realized as a symplectic form w such that u ® v —v ® u = w(u, v)
defines a Weyl algebra W (V') over V. In this sense, classical mechanics corresponds to symmetric
algebra, while the Weyl algebra is the “quantization” of symmetric algebra.

In the 1940s, J. E. Moyal (see [162]) conducted a more in-depth study of the Weyl quantization.
Unlike Weyl, the object he was interested in was not operators, but the classical function space: Weyl
ignores the Poisson structure of the classical function space. Instead of constructing a Hilbert space
from a Poisson manifold and associating an algebra of operators to it, he was only concerned with the
algebra. He used the star product and Moyal bracket to define a Poisson algebraic structure named
Moyal algebra over the classical function space. Through the investigation of the Moyal algebra,
F. Bayen et al. (see [32]) raised that the quantum algebra can be considered as a deformation of the
classical algebra if we take h as the deformation parameter. In particular, they proved that for the
classical Poisson algebraic structure on the symmetric algebra over R?", the Moyal algebra is the only
possible deformation in the sense of normative equivalence. That is, quantum mechanics is the only
possible “deformation” of classical mechanics.

We use the Poisson bracket to “deform” the ordinary commutative product of observables in classical
mechanics—elements of our function algebra—and obtain a noncommutative product suitable for
quantum mechanics. In order to perform a deformation, we ask that the Moyal product is not only
an asymptotic expansion, but also a real analytical expansion. There is no a priori guarantee for
this. By the Darboux theorem, the local Poisson algebra structure on the symplectic manifold can
always be deformed into the Moyal algebra. We only need to extend this local deformation to the
whole manifold after equipping it with a flat symplectic connection. However, for a typical Poisson
manifold, the situation is much more complicated.

In the mid 1970s, the existence of star-products for symplectic manifolds with trivial third co-
homology group was proved, but this restriction turned out to be merely technical. In the early
1980s, the existence of star-products for wide classes of symplectic manifolds was proved, and finally
it was shown that any symplectic manifold can be “quantized.” Further generalizations were achieved
with [98] where Fedosov proved that the results about the canonical star-product on an arbitrary sym-
plectic manifold can be used to prove that all regular Poisson manifolds can be quantized. However,
in physics we sometimes require manifolds that have a degenerate Poisson bracket and thus are not
symplectic. Therefore, all the results mentioned above provided only a partial answer to the problem
of quantization.

In 1993-1994, M. Kontsevich proposed the Formality Conjecture which would imply the desired
result. If the Formality Conjecture could be proved, this would infer that any finite-dimensional
Poisson manifold can be canonically quantized in the sense of deformation quantization. The Formality
Conjecture is proved by Kontsevich in [128]. Kontsevich then derived an explicit quantization formula,
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which gives a formal definition of the Moyal product for any Poisson manifold. However, it is not clear
whether it gives the only possible deformation quantization in the sense of canonical equivalence.

Another direction of developing researches in deformation quantization is strict deformation quan-
tization, where the parameter is no longer a formal parameter, but a real one. In a way, the deformed
algebras A[h] are identified with the original algebra A.

1.1.5.2.  Definitions and basic results.

Definition 1.1.18 (ring of formal power series). Let R be a commutative ring with identity. R[X]
is called the ring of formal power series in the variable X over R if and only if any element of R[X]
has the form ) ;X" and satisfies the following relations:

€N

1€N 1€N 1€N
ZaiXi X ZZ)Z_XZ = Z <i akbnk> Xm. (1.1.4)
1€EN i€EN neN \k=0

The above product (1.1.4) of coefficients is called the Cauchy product of the two sequences of
coefficients; it is a kind of discrete convolutions. Note that the zero element and the multiplicative
identity of the ring of formal power series are the same as in the ring R.

Remark 1.1.19. Theseries A= ) a, X" € R[X] is invertible if and only if its constant coefficient

neN
ap is invertible in R. The inverse series of an invertible series A is B = ) b,X" € R[X] with
neN
1 1O
bp=—, by=—— aibp—;, n > 1.
0 ao n a0 ZZ; 1Yn—1 =

An important example is the geometric series

(1-Xx)"t= iX".
n=0

If R is a field, then a series is invertible if and only if the constant term is nonzero.

Definition 1.1.20. A Lie algebra is a vector space with a skew-symmetric bilinear operation
(f,9) — [f, g] satisfying the Jacobi identity

[[f, 9], b] + g, hl, f1 + [[h, f1, 9] = 0.

Definition 1.1.21. A Poisson algebra is a vector space equipped with a structure of a commutative
associative algebra (f,g) — fg and a Lie-algebra structure (f,g) — {f, g} satisfying the Leibniz rule

{fg.h} = f{g,h} +{f, h}g.

Definition 1.1.22. A Poisson manifold is a manifold M whose function space C*° (M) is a Poisson
algebra with the pointwise multiplication as the commutative product.

Let k be an arbitrary field and A be a unitary k-algebra. Denote by k[h] the ring of formal power
series in the indeterminate h and by A[A] the k[A]-module of formal power series with coefficients
in A.

Definition 1.1.23. A formal deformation or a star product of the algebra A is an associative,
h-adic continuous, k[A] bilinear product
*: A[h] x A[h] — A[A]

satisfying the following rule on A:

fxg=> Bulf.9)h" =fg+ > Bulf.g)h" Vf,g€A, (1.1.5)

n=0 n=1
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where B,, : A x A — A are bilinear operators.

Remark 1.1.24. We usually require that the bilinear operators B, are bidifferential operators,
i.e., bilinear maps that are differential operators with respect to each argument.

Remark 1.1.25. The formal deformation extends k[%]-linearity in A[A] with respect to the bilinear

product
(Z fkhk> * <Z gmhm> = Z ( Z Br(fkan)) .
k=0 m=0

n=0 \m-+k+r=n

There is a natural gauge group acting on star-products. This group consists of automorphisms of
A[h] considered as an k[A]-module of the following form:

fr—f+> Du(f)R" Vfe Ac Alh],

n=0

S Il =D Y Y D (f)RT WY ful € A,
n=0 n=0 n=0m=1 n=0

where D; : A — A are differential linear operators.

Definition 1.1.26. The operators D(h) defined above are called gauge transformations in A. The
set of all such operators is naturally a group.

o0
If D(h) =1+ > D,,h™ is such an automorphism, then it defines an equivalence and acts on the

set of star produgglas follows:
k' f(B) X g(h) = D(R)(D(R) ™ (f(h) x D(h) ' (g(R)) Y f(R),q(h) € A[]. (1.1.6)

Each associative formal deformation % of the multiplication of A admits a unit element 1,. Moreover,
such an associative formal deformation * is always equivalent to another formal deformation " with
1,» = 14, where 14 is the unit element of A. We are interested in star products up to gauge equivalence.

The following lemma gives a Poisson structure for an associative formal deformation of the multi-
plication of an associative and commutative k-algebra A.

Lemma 1.1.27 (see [124, Lemma 1.1]). Let x be an associative formal deformation of the multi-
plication of an associative and commutative k-algebra A. For f,g € A, we set

{fag} = Bl(fag) - Bl(g7f)

Then the map {-,-} is a Poisson bracket on A, i.e., a k-linear map such that the bracket is a Lie
bracket satisfying the Leibniz rule. In addition, the bracket is dependent only on the equivalence class

of *.
Proof. For brevity, we denote by [f, g]« the commutator of the star product f*g— g« f. Clearly, the

map

(f.9) — %[f,g]* (1.1.7)

defines a Lie bracket on A[Ah]. The bracket {-,-} is equal to the reduction of this Lie bracket modulo &,
i.e., it satisfies the relation

L7l = (f.9) mod hATH] (1.18)
We write this formula as follows:
oy =28 _Bi1.g) - Big.s). (1.1.9
h=0

Therefore, the bracket {-,-} is still a Lie bracket, and it also satisfies the Leibniz rule since the Lie
bracket defined in (1.1.7) satisfies the associativity rule of the star product.
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Assume that D(h) is an automorphism, which yields equivalence of x and +'. Then we have

Bi(f,9) + Di(fg) = Bi(f,9) + Di(f)g + fD1(9)

for all f,g € A. Thus, the difference Bi(f, g)— B} (f, g) is symmetric in f and g and does not contribute
to {-,-}. O

One can also decompose the operator By into the sum of the symmetric and anti-symmetric parts:
By=B{ +By, B{(f.9)=B{(9.f), Bi(f.9)=-Bi(9])

Then gauge automorphisms affect only the symmetric part of By, i.e., B = (B])~. The symmetric
part is annihilated by gauge automorphisms. In this notation, we may write

{f.9} = Bi(f.9) — Bi(g, f) = 2B; (f,9).

Thus, gauge equivalence classes of star products modulo A2 A[A] are classified by Poisson structures.
However, it is not clear whether there exists a star product for a given Poisson structure. Moreover,
we may ask whether there exists a preferred choice of an equivalence class of star products. As
we mentioned above, M. Kontsevich showed (see [128]) that there is a canonical construction of an
equivalence class of star products for any Poisson manifold.

1.1.5.3.  Formal deformation quantization. In this section, we may assume that A is the algebra of
smooth functions on a Poisson manifold M.

Definition 1.1.28. A deformation quantization of a Poisson manifold M is a star product on A
such that 2By = {-,-}.

We do not reproduce Kontsevich’s proof here and do not deal with it below. His proof is based on
the cohomology of the Hochschild complex. By the following theorem, there is a surjection from the
equivalence classes of formal deformations of A onto Poisson brackets on A.

Theorem 1.1.29 (M. Kontsevich, [128]). Let M be a smooth manifold and A = C>(M). Then
there is a natural isomorphism between equivalence classes of deformations of the null Poisson structure
on M and equivalence classes of smooth deformations of the associative algebra A.

In particular, any Poisson bracket on M comes from a canonically defined (modulo equivalence)
star product.

Moreover, Kontsevich constructed a section of map, and his construction is canonical up to equiva-
lence for general manifolds. A later result shows that, in addition to the existence of a canonical way
of quantization, we can define a universal infinite-dimensional manifold parametrizing quantizations.

The simplest example of a deformation quantization is the Moyal product for the Poisson structure
on R™. This is the first known example of a nontrivial deformation of the Poisson bracket.

Example 1.1.30. Let M = R". We consider a Poisson structure with constant coefficients

o= Zaij@ N 0;, o = —od' e R,

i7j
where 0; = 0/0x' is the partial derivative with respect to the coordinate ¢, i = 1,2,...,n. In this we
have N

{f,9} =) _a"0i()9;(9)-

i’j
The Moyal *-product is then given by exponentiating this Poisson operator:

frg=e"(f.9) = fg+hYy_ ai(£)O;(g) + % > aaM0,04(£)9;0(9) + ...
i,j 1,5,k,l

:ZF Z HO‘%M aik(f)Hajk(g)-
n=0 zlzn k=1 k=1 k=1
J1s--05dn
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The Moyal product is a deformation of (M, ), but this formula is only valid when « has constant
coefficients.

In particular, consider the following example.
Example 1.1.31. Let M = R?. Consider the Poisson bracket

N _9f 99 _ 9f 99
{f’ g} —HBe <8$1 A (91'2) (f®g) N 8$1 (91'2 8$2 (91'17

where 4 is the multiplication of functions on M. Then Kontsevich’s construction yields the associative
formal deformation given by

=9 f g h"
f*gzz_f_g_
n=0

Oz 0z n!

The explicit construction of Kontsevich’s formal quantization is based on some combinatoric tools
such as quivers. We complete this section here since we do not need to construct an explicit formula
of deformation quantization in our proof.

1.1.6. Algebraically closed skew field. The role of algebraically closed fields in commutative
algebra is well known. There are some parallel generalizations of the concept of an algebraically
closed skew field to noncommutative skew fields have proved useful for settling various questions in
the ring theory. However, there are various definitions. The diversity of definitions of algebraically
closed skew fields is based on different choices of some particular characteristic of a commutative
algebraically closed field. The most natural generalization is in the sense of solvability of arbitrary
equations which was brought in sight by Bokut (see [57-59]). In particular, in [59] Bokut raises a
question whether algebraically closed skew fields exist or not. The positive answer to this question
was given by L. Makar-Limanov (see [144]). His result is one of the fundamental contributions to
the theory of noncommutative, algebraically closed skew fields. In [64], P. M. Cohn outlined a wide
research program for skew fields that are algebraically closed in the various senses. Note that not every
associative algebra can be embedded into an algebraically closed algebra, in the sense of solvability
of arbitrary equations. For example, the “metro-equation” ax — xa = 1 (cf. [63]) is never solvable
in any extension of the quaternionic skew field. In [126], P. S. Kolesnikov reproved the Makar-
Limanov theorem on the existence of an algebraically closed skew field in the sense of solution for
any generalized polynomial equation. He used a simpler argument for proving that the skew field
constructed is algebraically closed.

1.1.6.1. FExistence of algebraically closed skew field. We construct a noncommutative skew field A
satisfying the following definition (cf. [126]).

Definition 1.1.32. A skew field A with center F' is said to be algebraically closed if, for any
S(z) € Ax Flx] \ A, there exists an element a € A such that S(a) = 0; here, * stands for a free
product.

It is easy to see that if A is a field, that is, A = F, then Definition 1.1.32 checks with the usual
definition of an algebraically closed field.

Let F' be an algebraically closed field of characteristic 0 and G be the commutative group generated
by the elements

pt dt P 42,

where A;, u; € Q and p; and ¢; are symbols in some countable alphabet. The group is isomorphic
to the direct sum of countably many additive groups Q of rational numbers. Then we introduce the
lexicographic order on G by setting

ML KLpr K- <1,
where a < b means that a™ < b for all n > 0. Respectively,
pt>at>pt> o> 1
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We set
n n >\n — A m
Gn = (pp", i, Pt o, b)Y, Gimy = (0%, & oL @)
Obviously, G,, is isomorphic to G.
For given G and F', we construct a set A of Maltsev—Neumann series. Elements a € A has the form
a= Z a(g)g, H, € G is well ordered, a(g) € F \ {0},
geH,
the set H, is denoted by suppa. Choose a subset A of A such that
A={aec AlsuppaC G(n(a)}.
Respectively, we set
A, = {a € A |suppa C Gn}, Amy = {a € A |suppa C G(n)}.
The set A constructed is exactly the universe of the desired algebraic system. For the series on A,
0
—_— —) Derivatives of the
Opn” Oqn
elements g € GG, with respect to p; and ¢; are elements of A,. There are several formulas for these
derivations (we omit them here). Following [126, 144], we define a multiplication % on A as follows:

1 d'a 0
i! dqi Ip’

we define ordinary addition and multiplication, and also derivations

a,be A, a*b:Z

120

The multiplication * is well defined and associative (cf. [126]). Then the system (A,+,x,]||) is an
associative algebra with valuation. That this is a skew field follows from the fact that a x x = 1
has a solution in A. Moreover, A does not satisfy any generalized polynomial identity, i.e., for every
nontrivial generalized polynomial S(x) € AxF[x]\ A, there exists an element a € A such that S(a) # 0
(cf. [126, Lemma 1.3]).

We introduce the following notion, which generalizes the concept of an homogeneous polynomial
in Ax F[z].

Definition 1.1.33. An operator
Sn(z) = Z fuw It g (kide)
Z’j

where s = (i1...1), 7= (j1 ... Jk), fo,) € An, and x is a common element in A,,, is called a homogeneous
operator over A, if the following conditions hold:

(i) there exists m such that f, ; € Ay, for all 4, j;
(ii) for any g € G,, and x € A,,, the following inequality holds only for finitely many summands
in Sy (z):
|f27jx(i1’j1) o x(ikyjk)| <g;

(iii) all summands have the same degree deg S,,(z) = k over x.

In [126], Kolesnikov solved the equation |S(x)| = g and found that S;(xz) = fi. His proof contains
a modification of original Makar-Limanov’s proof, which is useful since it compensates for this loss by
making the argument for algebraic closedness much easier.

In [127], Kolesnikov shows that each polynomial equation containing more than one homogeneous
component over such a skew field necessarily has a nonzero solution. Precisely, he proved the following
assertion.

Proposition 1.1.34 (see [127, Theorem 1]). Let S;i(z), i = 1,...,n, be homogeneous operators
over A, where n > 1, and T(x) be a homogeneous operator such that degS; < degT. Then the
equation Y S(z) = T(x) has a solution x € A, = # 0.

i
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1.1.6.2. Algebraically closed skew field in the sense of matrices. Another conception of algebraic
closedness is associated with the notion of singular eigenvalues of matrices. The definitions are given
in [64].

Let D be a skew field with center k. Denote by M, (D) the ring of all (n X n)-matrices over D.
A matrix A € M, (D) is said to be singular if there exists a nonzero column u € D" such that Au = 0.
A square matrix is singular if and only if it is not invertible. The property of being singular for a
matrix is preserved under left or right multiplication by an invertible matrix, in particular, under
elementary transformations of columns with coefficients from the skew field on the right, and of rows
on the left.

An element A € D is called a singular eigenvalue of A if A — Al is a singular matrix. It is
worth mentioning that singular eigenvalues of matrices are not always preserved under similarity
transformations, but central eigenvalues are invariant in this sense.

The following definition of algebraically closed skew field is due to P. Cohn (see [64]).

Definition 1.1.35. A skew field D is said to be algebraically closed in the sense of Cohn
(notation AC) if every square matrix over D has a singular eigenvalue in this skew field. A skew
field D is said to be fully algebraically closed (notation FAC) if every matrix A € M, (D), which is
not similar to a triangular matrix over the center of D, has a nonzero singular eigenvalue in D.

The definition of FAC skew field is equivalent to the following definition.

Definition 1.1.36. A skew field D is fully algebraically closed if every matrix A € M, (D), which
is not nilpotent, has a nonzero singular eigenvalue in D.

Consequently, if A is similar to a triangular matrix over the center of D, then either it is nilpotent
or has a nonzero eigenvalue. Conversely, if A is nilpotent, then it is similar to its canonical form
containing only 1 on a secondary diagonal.

Definition 1.1.37. We say that D is an AC, (respectively, FFAC),) skew field if every (non-
nilpotent) matrix A € M,,(D), m < n, has a nonzero eigenvalue in D.

Proposition 1.1.38 (see [127, Theorem 2|). Let D be an FAC, skew field and a;,b;,c € D,
1=1,...,n. Then the equation

L,(x) = Z a;zh; = ¢
i=1
has a solution x = xo € D if Ly(z) =0 for all x € D.

1.2. ALGEBRA AUTOMORPHISMS AND QUANTIZATION

In this section, ' denotes a ground field with zero characteristic.

One of the main objects of the theory of polynomial mappings are Ind-schemes whose points are
automorphisms of various algebras with polynomial identities, for example, algebras of commutative
polynomials F[zy,...,x,] of n variables, free algebras F(zy,...,x,) of n generators, some selected
quotients, as well as algebras with additional structures; a famous example is the polynomial algebra
equipped with the Poisson bracket. This area of research has its roots in the well-known Jacobian
conjecture. Due to the relatively recent progress of Belov-Kanel and Kontsevich [41,42] and Y. Tsuchi-
moto [190,191]), as well as earlier studies, a significant place in the scientific program regarding the
Jacobian conjecture has come to be occupied by questions related to the quantization of classical
algebras.

The study of geometry and topology of Ind-schemes of automorphisms, development of the approx-
imation theory of symplectomorphisms by tame symplectomorphisms, as well as the construction of
a correspondence between plane algebraic curves and holonomic modules (over the corresponding the
Weyl algebra), are the basis of the approach to the conjecture of Belov-Kanel and Kontsevich on au-
tomorphisms of the Weyl algebra formulated by A. Elishev, A. Kanel-Belov, and J. T. Yu in [115,116]
(cf. also [86,234]).



122 A. M. ELISHEV et al.

1.2.1. Jacobian conjecture. One of the most well-known unsolved problems in the theory of
polynomials in several variables is the so-called Jacobian conjecture formulated in 1939 by O. H. Keller
(see [125]). Let F be the main field. For a fixed positive integer n, consider n polynomials

fl(l'l,...,$n), ctc fn(xl?""$n)
of n variables x1,...,x,. Any such system of polynomials defines a unique image endomorphism of
the algebra Flxq,...,x,] as follows:
F:Flxy, ...,z = Flzg, ..., 24,

F < (F(x1),...,F(zn)) = (fi(x1, . oszn)y e ooy fr(@r, .o mp).

The F-endomorphism F' of polynomial algebra is determined by its action on the set of generators.
Let J(F') denote the Jacobian (the determinant of the Jacobi matrix) of the map F":

df1 df1
JF)=det | .
Ofn Ofn

Conjecture 1.2.1 (Jacobian conjecture JC,,). Let the characteristic of the base field F be equal
to zero. If the Jacobian J(F') of the endomorphism F' is equal to a nonzero constant (that is, it belongs
to the set F*), then F is an automorphism.

An elementary exercise is to verify the statement that automorphisms of polynomial algebras always
have a nonzero Jacobian constant. Conjecture 1.2.1 is thus a partially inverse statement of this
property. It is also easy to see that if a polynomial endomorphism F' is invertible, then the inverse
will also be a polynomial endomorphism.

The Jacobian conjecture is trivial for n = 1. On the other hand, when the field F has positive
characteristic, the Jacobian conjecture formulated as Conjecture 1.2.1 is invalid even in the case
n = 1. Indeed, if charF = p and n = 1, we can take ¢(x) = x — 2P. The Jacobian of this mapping is
equal to unity, but it is not invertible.

Despite the apparent simplicity of wording and context, the Jacobian conjecture is one of the
most difficult open questions of modern algebraic geometry. This problem has become the subject of
numerous studies and has greatly contributed to the development of related fields of algebra, algebraic
geometry, and mathematical physics, which are also of independent interest.

The literature on the Jacobian conjecture, its analogs, and related problems is quite extensive.
A detailed discussion of the results established in the context of the Jacobian conjecture is beyond
the scope of this work. Below we give a brief overview of some results directly related to the Jacobian
conjecture (i.e., for the algebra of polynomials in commuting variables). Among studies of topics
similar to the Jacobian conjecture in associative algebra, it is worth noting the work of W. Dicks [73]
and W. Dicks and J. Lewin [74] on an analog of the Jacobian conjecture for free associative algebras,
the proof by U. U. Umirbaev of an analog of the Jacobian Conjecture for the free metabelian algebra
(see [193]), and the deep and extremely significant works of A. V. Yagzhev [217-220] (see also [35]).

1.2.2. Some results related to the Jacobian conjecture. While the general case of the Jacobian
conjecture (or even the Jacobian conjecture on the plane) remains an open problem, various partial
results are known. We recall several such results.

In [215], S. S. Wang established the Jacobian conjecture for the case of endomorphisms defined
by polynomials of degree 2. Also, H. Bass, E. H. Connell, and D. Wright (see [21]) showed that the
general case of the Jacobian conjecture would follow from the special case of the Jacobian conjecture
for the so-called endomorphisms of homogeneous cubic type, which are defined as mappings of the
form

(xl,...,xn) — (a:l—i—Hl,...,xn—i—Hn),

where the polynomials Hj are homogeneous of degree 3.
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Moreover, L. M. Druzkowski proved (see [83]) that the previous hypothesis can be weakened, by
considering as Hy only polynomials that are cubes of linear homogeneous polynomials.

In the works of M. de Bondt and A. van den Essen (see [69,70]) and Druzkowski (see [84]), it was
shown that it suffices to establish the Jacobian conjecture for endomorphisms of homogeneous cubic
type with a symmetric Jacobi matrix.

As above, we assume that the polynomial endomorphism F' is given by the set of the images of
generators:

F o (F@),..., Fan) = (Fi,..., Fy).
Then F' is invertible if and only if the algebras
Flzi,...,z,] and F[F,...,F,]

are isomorphic. In [125], Keller considered a rational analog of thte given criterion, i.e., the case of an
isomorphism of function fields

F(zy,...,z,) and F(Fy,...,F,)

and the invertibility following from the existence of an isomorphism is established by L. A. Campbell
(see [61]). A generalization of Keller’s original result to the case where F(x1,...,2,) is a Galois
extension of the field F(F},..., F,) (see also the works [171] of M. Razar and [216] of D. Wright
generalizing the result mentioned).

In addition, some efforts were aimed at testing the fulfillment of the Jacobian conjecture for all
endomorphisms defined by polynomials of degree not higher than some fixed number. T. T. Moh [161]
performed a similar test for polynomials of two variables of degree not exceeding 100.

Despite the existence of the results described above (as well as some other similar theorems),
the general case of the Jacobian conjecture remains not only open, but, apparently, at the moment
irrefutable.

On the other hand, there are situations in which mappings, by their geometric properties close to
polynomial endomorphisms, are nevertheless not invertible. S. Yu. Orevkov (see [164]) pointed to
the following reformulation of the Jacobian conjecture, leading to a similar situation. Let [ be an
infinitely distant line in the complex projective plane CP2, U be its tubular neighborhood, f; and fo
are meromorphic functions on U, holomorphic on U\l and defining a locally bijective mapping

F:U\l - C%

The Jacobian conjecture is equivalent to the statement about the injectivity of mappings of this kind.
Orevkov constructed the following example.

Theorem 1.2.2 (S. Yu. Orevkov [164]). There is a smooth, noncompact, complex analytic surface
X on which there is a smooth curve L isomorphic to the projective line, with the self-intersection
index +1 and two functions fi and fo meromorphic on X and holomorphic on X\L such that the
mapping defined by

FiX\0 o

is locally bijective but not injective.

As was noted in [164], if U is a tubular neighborhood of the curve L, then the pairs (U, 1) (as above)
and (f] , ﬂ) are diffeomorphic, which implies the existence of a smooth immersion in a two-dimensional
complex exterior space of a ball which is geometrically similar to a polynomial map and noninvertible.
Also, if the pairs (U,1) and (U, L) were biholomorphic to each other, then from Orevkov’s example
one would derive the existence of a counterexample to the Jacobian conjecture. This consideration
allows one to conclude that one can be fairly certain about the negativity of the Jacobian conjecture.

In his classic work [8], Anick developed a theory of approximation of polynomial automorphisms by
tame automorphisms. In connection with Anick’s theorem on approximation, the Jacobian conjecture
can be reduced to solving the question for the invertibility of limits of sequences of tame automor-
phisms. Moreover, a symplectic analogue of Anick’s theorem gives a natural (requiring nontrivial
Abelian extensions) idea to solve the lifting type problems.
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The central question in the approach to the Jacobian conjecture type problems based on approx-
imation by sequences of tame automorphisms is the proof of the polynomial nature of the resulting
limit. While in the case of the lifting of symplectomorphisms the proof of the correctness of the
construction seems to be possible (a significant role in it is played by the invertibility of the sequence
limits, which is obviously not the case for the Jacobian conjecture). In the context of the Jacobian
conjecture there is no clarity in the matter, and considerations following from [164], indicate possible
significant obstacles.

The Jacobian conjecture was studied by the methods of covering groups by S. Yu. Orevkov [163,165]
and A. G. Vitushkin [205,206]. The Jacobian conjecture was also the subject of significant works
[134,135] of Vik. S. Kulikov.

A number of other difficult problems in the theory of polynomial automorphisms are closely con-
nected with the Jacobian conjecture and with affine algebraic geometry. These problems are important
in the general mathematical context. For example, a special case of the classical Abyankar—Sataye
conjecture [168, 232] posits isomorphisms of all embeddings of the complex affine line into three-
dimensional space (in other words, it is a conjecture about the possibilities of formally algebraic
definition of the knot).

1.2.3. Ind-schemes and varieties of automorphisms. One of the essential areas of algebraic
geometry, the development of which was motivated by the Jacobian Conjecture is the theory of infinite-
dimensional algebraic groups. The main reference is the seminal article of I.R. Shafarevich [177], in
which he defined concepts that allowed one to study questions about some natural infinite-dimensional
groups — for example, the group of automorphisms of an algebra of polynomials in several variables —
using tools from algebraic geometry. In particular, Shafarevich defines infinite-dimensional varieties
as inductive limits of directed systems of the form

{Xzafma Za] € I}a
where X; are algebraic varieties (more generally, algebraic sets) over a field F, and the morphisms
fi; (defined for i < j) are closed embeddings. The inductive limit of a system of topological spaces

carries a natural topology, and therefore the natural questions about connectivity and irreducibility
arise, which were also studied in [177].

Following generally accepted terminology, we will call the direct limit of systems of varieties and
closed embeddings an Ind-variety, and the corresponding limits of systems of schemes and morphisms
of schemes an Ind-scheme.

The Jacobian Conjecture has the following elementary connection with Ind-schemes. Since the
algebra of polynomials F[z1,...,x,] can be endowed with a natural Z-grading in total degree deg,
which is defined as the appropriate monoid homomorphism by the requirement degx; = 1, we can
define the degree of endomorphism ¢: namely, if ¢ = (¢(x1),...,¢(x,)) defined by its action on algebra
generators, then the degree deg ¢ is the maximum value of degree on the polynomials p(z1),. .., @(zy).
It defines an increasing filtration

EndSY Flzy,...,2,], N >0
on the set End F[zq,...,z,] of endomorphisms of the polynomial algebra. Points
EndSY Flzy, ..., )

are endomorphisms of degree at most N. It is easy to see that the algebraic sets

EndSY Flzy,..., )
are isomorphic to affine spaces of appropriate dimension. The coordinates of the point ¢ are the
coefficients of the polynomials ¢(z1),...,¢(z,), and for

EndF[zy,...,2,]

these coordinates are not connected by any relations.
The total degree filtration also enables endowing the sets of automorphisms with the Zariski topology
as follows (see also [177]): if ¢ is a polynomial automorphism, then consider a set of polynomials
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(o(x1), ... o(@1), 0 (x1), ..., 07"

(x,)), the images of generators under the action of the automorphism and its inverse. The coefficients
of these polynomials serve as coordinates of ¢ as a point of some affine space.
Define the subsets

AtV Flzy, ... 2] = {p € AutFlzy, ..., 2,] : degp,deg o < N}

as sets of automorphisms such that all coefficients of polynomials in the presentation above for degrees
greater than n are zero.

The sets AutSY Flxy,...,z,] are algebraic sets. Indeed, the identities that define the points Aut
are derived from the identity

<N

po <p71 =1Id
and, it is easy to see, are specified by polynomials.
Now let SN denote a subset of
EndSY Flzy,..., 2],
whose points are endomorphisms with a Jacobian equal to a nonzero constant.
Then Conjecture 1.2.1 can be clearly reformulated as follows

Vo e 3N = o e AutFlzy,...,z,], VN, for charF = 0.

1.2.4. Conjecture of Dixmier and quantization. J. Dixmier [75] in his seminal study of Weyl
algebras found a connection between the Jacobian Conjecture and the following Conjecture. Let W), g
denote the n-th Weyl algebra over the field F defined as the quotient algebra of the free algebra

Fy, =TF{ay,...,an,b1,...,b,)
of 2n generators by the two-sided ideal Iy, generated by polynomials
a;a; — aja;, bibj —bib;, biaj —ajb; — 6 (1<1i,5 <n),
where 6;; is the Kronecker symbol. The Dixmier Conjecture states:

Conjecture 1.2.3 (Dixmier Conjecture, DC,,). Let charF = 0. Then End W), y = Aut W, .

In other words, the Dixmier Conjecture asks whether every endomorphism of the Weyl algebra over
a field of characteristic zero is in fact an automorphism.

The Dixmier Conjecture for n variables, DC,,, implies the Jacobian Conjecture JC, for n variables
(see, for example, [202]). Significant progress in recent years in the study of Conjecture 1.2.1 has been
achieved by Kanel-Belov (Belov) and Kontsevich [42] — and independently by Tsuchimoto [191] (see
also [190]) — in the form of the following theorem.

Theorem 1.2.4 (A. Ya. Kanel-Belov and M. L. Kontsevich [42], Y. Tsuchimoto [191]). JC4, im-
plies DC,.

In particular, Theorem 1.2.4 implies the stable equivalence of the Jacobian Conjecture and the
Dixmier Conjecture, i.e., the equivalence of conjectures JCy and DC, where JCo denotes the
conjunction corresponding conjectures for all finite n.

Theorem 1.2.4 laid the foundation for the research into the Jacobian Conjecture based on the study
of the behavior of varieties of endomorphisms and automorphisms of algebras under deformation
quantization. The principal reference in this direction is an article by Kanel-Belov and Kontsevich [41],
in it, several conjectures concerning Ind-varieties of automorphisms of the corresponding algebras are
formulated. The main Conjecture is called the Kontsevich Conjecture and is as follows.

Conjecture 1.2.5 (Kontsevich Conjecture, [41]). Let F = C be the field of complex numbers. The
automorphism group Aut W,, ¢ of the n-th Weyl algebra over C is isomorphic to the automorphism
group Aut P, ¢ of the so-called n-th (commutative) Poisson algebra P, c:

Aut Wy, c ~ Aut P, c.
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We have to note that the first solution of Kontsevich Conjecture 1.2.5 is given by Christopher Dodd
in [76].
The algebra P, ¢ is by definition the polynomial algebra

Clx1, ..oy TpyD1 -+« Pn

of 2n variables, equipped with the Poisson bracket, i.e., a bilinear operation { , }, which is a Lie
bracket satisfying the Leibniz rule and acting on generators of the algebra in the following way:

{zi, i} =0, {pi,p;} =0, {pi,x;} = di.
Endomorphisms of the algebra P, are endomorphisms of the algebra of polynomials that preserve
the Poisson bracket (which we sometimes call the Poisson structure). Elements of Aut P, ¢ are called

polynomial symplectomorphisms. The choice of name is due to the existence of an (anti-) isomorphism
between the group Aut P, ¢ and the group of polynomial symplectomorphisms of the affine space A"

The Kontsevich Conjecture is true for n = 1. The proof of this result is a direct description of
automorphism groups Aut P} ¢ and Aut W ¢, contained in the classical works of H.W. Jung [103],
Van der Kulk [203], Dixmier [75] and Makar-Limanov [142] (see also [141]). Namely, consider the
following transformation groups: the group G is a semidirect product

SL(2,C) x C2,

whose elements are called special affine transformations, and the group Gs by definition consists of
the following “triangular” substitutions:

(z,p) = Az + F(p),\"'p), AeC*, FecCl[t].

Then the automorphism group of the algebra P ¢ [103] is isomorphic to the quotient group of
the free product of the groups G; and Gy by their intersection. Dixmier [75] and, later, Makar-
Limanov [142] showed that if in the description above one replaces the commuting Poisson generators
with their quantum (Weyl) analogues, one obtains a description of the group of automorphisms of the
first Weyl algebra Wi c.

Remark 1.2.6. The theorems of Jung, van der Kulk, Dixmier and Makar-Limanov also mean
that all automorphisms of the polynomial algebra of two variables and the first Weyl algebra Wy are
tame (we provide the definition of the concept of tame automorphism, in the Subsection 1.2.5). Also,
Makar-Limanov [141] and A. Czerniakiewicz [66,67] proved that all automorphisms of the free algebra
K(z,y) are tame.

In view of these circumstances, the case of two variables is to be considered exceptional. However,
the Jacobian Conjecture is a difficult open problem even in this case.

Recently, Kanel-Belov, together with Elishev and Yu, have suggested a proof of the general case
of the Kontsevich Conjecture [115,116]. An independent proof of a closely related result (based on a
study of the properties of holonomic D-modules) was proposed by C. Dodd [76].

In contrast to the Jacobian Conjecture, which is an extremely difficult problem, in the study of the
Kontsevich Conjecture there are several possible approaches. First of all, in [41], Kanel-Belov and
Kontsevich have formulated several generalizations of Conjecture 1.2.5. In [42] and [191], which is
devoted to the proof of Theorem 1.2.4, the construction of homomorphisms

¢ : Aut Wne — Aut P, c

and
¢ :End W, c — End P, ¢

involved in the construction, from a counterexample to DC),, of an irreversible endomorphism with
a single Jacobian, has been presented. A straightforward strengthening of Conjecture 1.2.5 is the
statement that the homomorphism ¢ realizes the isomorphism of the Kontsevich Conjecture. Also,
namely, in Chapter 8 of [41], an approach to solve the problem of lifting of polynomial symplectomor-
phisms to automorphisms of the Weyl algebra (i.e., constructing a homomorphism inverse to ¢) was
discussed. Conjecture 5 of [41], along with Conjecture 6, which is a weaker form of Conjecture 1.2.5,
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make up the essential contents of the construction proposed in [41]. To solve the problem of lifting
of symplectomorphisms in the sense of these conjectures, it is necessary to study the properties of
D-modules, (left) modules over the Weyl algebra. The work of Dodd [76] is based on this approach.
For an arbitrary commutative ring R one can define the Weyl algebra W), g over R, by just replacing
C by R in the definition.
The algebra W,, r considered as an R-module is free with basis

SO Lm0 %} _ 2n
=22k, a=(a,.. ., 00,) €Z5 .

We define an increasing filtration (the Bernstein filtration) on the algebra W, g by

[0}

ng:: {ania|ca€R, co = 0 for | ::a1+"'+a2n>N} :

This filtration induces a filtration on the automorphism group:
AutSN Wy, g o= {f € Aut(Wy g)| f(&:), f (&) € Wiy Vi=1,...,2n} .
The following functor on commutative rings:
R AutSN (W, R) |
is representable by an affine scheme of finite type over Z. We denote this scheme by
Aut~N (W) -

Conjecture 1.2.5 says that groups of points Aut(W,, c¢) and Aut(P, c) are isomorphic. We expect
that the isomorphism should preserve the filtration by degrees, compatible with stabilization embed-
dings, and should be a constructible map for any given term of filtration, defined over Q:

Conjecture 1.2.7 (see [41]). There exists a family ¢, y of constructible one-to-one maps
Gn.N : Auth(WmQ) — Auth(Pn,Q)
compatible with the inclusions increasing indices N and n, and with the group structure.

Now let R be a finitely generated smooth commutative algebra over Z, and g € Aut(P, r) be a
symplectomorphism defined over R. Let us denote by My ; any bimodule over W), g/, corresponding
to the Morita autoequivalence (the interested reader is reffered to [41]), then we have the following
conjecture:

Conjecture 1.2.8. For any finitely generated smooth commutative algebra R over Z and any
g € Aut(P, ) for all sufficiently large p, the bimodule M, is a free rank one left A, g/,g-module.

In the rest of this subsection, we would like to mention some conjectures from [129] and for more
information on these conjectures, the interested reader is referred to [129].

Let X be a smooth affine algebraic variety over field [F of zero characteristic, dim X = n. The ring
D(X) of differential operators is F-algebra of operators acting on O(X), generated by functions and
derivations:

f = gfa f = g(f)a g€ O(X)’ 5 € F(XaTX/Spec]F) .
Algebra D(X) carries the filtration D(X) = Ug>0D<r(X) by the degree of operators, the associated
graded algebra is canonically isomorphic to the algebra of functions on T*X. In geometric terms, the
grading comes from the dilation by G,, along the fibers of the cotangent bundle.

Let M be a finitely generated D(X)-module, and choose a finite-dimensional subspace V. C M
generating M. Then consider the filtration

Mo, :=Dep(X)-VCM, k>0.

The associated graded module op gr(M) is a finitely generated O(T™*X )-module.

Noetherianity of D(X) implies that M is the cokernel of a morphism of free finitely generated D(X)-
modules. Therefore, there exists a finitely generated ring R C F such that variety X, embedding i
and module M have models Xg,ir, Mr over Spec R.
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A finitely generated module M is called holonomic if and only if the dimension of its support is
exactly n.

Conjecture 1.2.9. For holonomic M the support supp,, ,Mp is Lagrangian for sufficiently large p
and any v.

The conjecture 1.2.9, was solved by Thomas Bitoun in his PhD thesis in 2010 [54] and in 2013
Michel Van den Bergh [89] gave an alternative proof of this conjecture.

We expect that in the case dim X > 1 also there exists a notion of a logarithmic family of effective
Lagrangian cycles in T* X, and the arithmetic support should always belong to such a family. In the
special case when a Lagrangian cycle is a smooth closed Lagrangian variety L C T*X (taken with
multiplicity one) we expect a more clearer picture of what is the logarithmic family:

Definition 1.2.10. A smooth logarithmic family of smooth Lagrangian subvarieties in T*X is a
pair (S, L) where S is a smooth variety over F and £ C T*X x S is a smooth closed submanifold such
that its projection to S is smooth, all fibers L,, s € S are Lagrangian, and the following property
holds. For any s € S the natural map

TsS — F(ﬁ& (TX)\ES/TES) - F(£SaTZs)
identifies T,S with the space of 1-forms on £, with logarithmic singularities'.

Conjecture 1.2.11. For a smooth closed Lagrangian L C T*X there exists a smooth logarithmic
family (S, L) with base point sp € S such that £L;, = L. Also, any two such families coincide with
each other in the vicinity of sg.

We also have the following conjectures. For more information on these conjectures we refer to [129]:

Conjecture 1.2.12. For any smooth closed connected Lagrangian subvariety L in T* X over F = C
such that H;(L(C),Z) = 0 there exists a unique holonomic Dx-module M = M}, with the arithmetic
support equal to L taken with multiplicity 1. Moreover, op Ext! (M, M) = 0.

Conjecture 1.2.13. For a differential operator P € D(X), the support at prime p of D(X)/D(X)-
(P + \-1) is divisible by p"~! for generic constant X if and only if P belongs to a quantum integrable

system, i.e., P belongs to a finitely generated commutative F-subalgebra of D(X) of Krull dimension
n =dim X.

Conjecture 1.2.14. There exists a homomorphism from the group BirSympl,r of bira-
tional symplectomorphisms the algebraic torus G%:L’F endowed with the standard symplectic form

ZL j<on Wij (w;ldxi) A (w;ldwj), to the group of outer automorphisms of the skew field of fractions of
the quantum torus. Also, the semiclassical limit as ¢ — 1 exists and gives the identity map from the
group of birational symplectomorphisms the group of birational symplectomorphisms the algebraic
torus to itself.

In a very recent paper, Edward Witten and Davide Gaiotto re-examine quantization via branes
with the goal of understanding its relation to geometric quantization [138].

1.2.5. Tame automorphisms. An automorphism ¢ € AutF[zq,...,zy] is said to be elementary
if it has the form
p = (.1'1, cevy Th—1, AT + f(a;l, ey BTy ThAgls - xN), L1y - .Z'N)
with a € F*. Observe that linear invertible changes of variables — that is, transformations of the form
({L‘l, ceey JJN) — (331, ceey .’L‘N)A, Ae GL(N,F)

are realized as compositions of elementary automorphisms.

The subgroup of AutF[xi,...,xn] generated by all elementary automorphisms is the group
TAut Flzy,...,zyN] of so-called tame automorphisms.

LAll such forms are automatically closed.
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Let P, (F) = Flz1,...,2n,p1,-..,pn] be the polynomial algebra in 2n variables with Poisson struc-
ture. It is clear that for an elementary automorphism

o € AutFlzy, ..., 20, p1,. .-, Pn

to be a symplectomorphism, it must either be a linear symplectic change of variables—that is, a
transformation of the form

(3’:1, cooy Ty P1, ---,pn)H(flfl, ceoy Ty P1, 7pn)A

with A € Sp(2n,F) a symplectic matrix, or an elementary transformation of one of two following
types:
(xb sy Th—1, $k+f(p1> ) pn), Li+1y -+-5 Tny Py - -+ pn)
or
($1> covs Tpy P15 - ey Pk—1, Dk T g(xla EER) 'In)a Pk+15 - -+, pn)
Note that in both cases we do not include translations of the affine space into our consideration, so
we may safely assume the polynomials f and g to be at least of height one.
The subgroup of Aut P, (F) generated by all such automorphisms is the group TAut P, (F) of tame

symplectomorphisms. One similarly defines the notion of tameness for the Weyl algebra W, (F), with
tame elementary automorphisms having the exact same form as for P, (F).

The automorphisms which are not tame are called wild. It is unknown at the time of writing whether
the algebras W, and P, have any wild automorphisms in characteristic zero for n > 1; however, for
n = 1 all automorphisms are known to be tame [103,141,142,203]. On the other hand, the celebrated
example of Nagata

(x + (2 —y2)z, y +2(2* — y2)z + (2° —y2)°2, 2)
provides a wild automorphism of the polynomial algebra F[z,y, z].

It is known, due to Kanel-Belov and Kontsevich [41,42], that for F = C the groups
TAut W,,(C) and TAut P,(C)

are isomorphic. The homomorphism between the tame subgroups is obtained by means of non-
standard analysis and involves certain non-constructible entities, such as free ultrafilters and infinite
prime numbers. Recent effort [40,115] has been directed to proving the homomorphism’s independence
of such auxiliary objects, with limited success.

1.2.6. Approximation by tame automorphisms. Tsuchimoto [190, 191], and independently
Kanel-Belov and Kontsevich [42], found a deep connection between the Jacobian Conjecture and
a celebrated Conjecture of Dixmier [75] on endomorphisms of the Weyl algebra, which is stated as
Conjecture 1.2.3.

The correspondence between the two open problems, in the case of algebraically closed F, is based
on the existence of a composition-preserving map

End W, (F) — EndFx1, ...,z

which is a homomorphism for the corresponding automorphism groups. Furthermore, the mappings
that belong to the image of this homomorphism preserve the canonical symplectic form on A]%".
Accordingly, Kontsevich and Kanel-Belov [41] formulated several conjectures on the correspondence
between automorphisms of the Weyl algebra W,, and the Poisson algebra P,, (which is the polynomial
algebra Flz1, ..., z9,] endowed with the canonical Poisson bracket) in characteristic zero. In particular,
there is

Conjecture 1.2.15. The automorphism groups of the n-th Weyl algebra and the polynomial al-
gebra in 2n variables with Poisson structure over the rational numbers are isomorphic:

Aut W,(Q) ~ Aut P,(Q).
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Relatively little is known about the case F = @Q, and the proof techniques developed in [41] rely heav-
ily on model-theoretic objects such as infinite prime numbers (in the sense of non-standard analysis).
That in turn requires the base field F to be of characteristic zero and algebraically closed (effectively
C by the Lefschetz principle). However, even the seemingly easier analogue of the above Conjecture,
the case F = C, is known (and positive) only for n = 1.

In the case n = 1, the affirmative answer to the Kontsevich Conjecture, as well as positivity of several
isomorphism statements for algebras of a similar nature, relies on the fact that all automorphisms of
the algebras in question are tame. Groups of tame automorphisms are rather interesting objects.
Anick [8] has proved that the group of tame automorphisms of F[z1, ...,z ] is dense (in power series
topology) in the subspace of all endomorphisms with non-zero constant Jacobian. This fundamental
result enables one to reformulate the Jacobian Conjecture as a statement on invertibility of limits of
tame automorphism sequences.

Another interesting problem is to ask whether all automorphisms of a given algebra are tame
[?,66,67,103,203]. For instance, this is the case [141, 145] for F[z,y], the free associative algebra
F(x,y) and the free Poisson algebra F{x, y}. It is also the case for free Lie algebras (a result of Cohn).
On the other hand, tameness is no longer the case for F[z,y, z] (the wild automorphism example is
provided by the well-known Nagata automorphism, cf. [181]).

In 1983, Anick’s approximation theorem was established for polynomial automorphisms. We obtain
the approximation theorems for polynomial symplectomorphisms and Weyl algebra automorphisms.
We focus on the problem of lifting of symplectomorphisms:

Can an arbitrary symplectomorphism in dimension 2n be lifted to an automorphism of the
n-th Weyl algebra in characteristic zero?

The lifting problem is the milestone in the Kontsevich Conjecture. The use of tame approximation
is advantageous due to the fact that tame symplectomorphisms correspond to Weyl algebra automor-
phisms: in fact [41], the tame automorphism subgroups are isomorphic when F = C.

The problems formulated above, as well as other statements of similar flavor, outline behav-
ior of algebra-geometric objects when subject to quantization. Conversely, quantization (and anti-
quantization in the sense of Tsuchimoto) provides a new perspective for the study of various properties
of classical objects. Many of such properties have a distinctly K-theoretic nature. The lifting problem
is a subject of a thorough study of V.A. Artamonov [9-12], one of the main results of which is the
proof of an analogue of the Serre-Quillen-Suslin theorem for metabelian algebras. The possibility of
lifting of (commutative) polynomial automorphisms to automorphisms of metabelian algebra is a well-
known result of Umirbaev, cf. [197]. The metabelian lifting property was instrumental in Umirbaev’s
solution of Anick’s Conjecture (which says that a specific automorphism of the free algebra F(x, y, z),
char F = 0 is wild). In addition, there is also a series of well-known papers [181-183].

In this thesis, we establish the approximation property for polynomial symplectomorphisms and
comment on the lifting problem of polynomial symplectomorphisms and Weyl algebra automorphisms.
In particular, the main results discussed here are as follows.

Theorem 1.2.16. Let ¢ = (o(z1), ..., @(an)) be an automorphism of the polynomial algebra
Flxy,...,zN] over a field F of characteristic zero, such that its Jacobian

3(p) = det [%ﬂ

is equal to 1. Then there exists a sequence {¢r} C TAutF[zq,...,xN] of tame automorphisms con-
verging to ¢ in formal power series topology.

Anick [8] proved this tame approximation theorem for polynomial automorphisms.
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Theorem 1.2.17. Let 0 = (o(x1), ..., o(zn), o(p1), ..., o(pn)) be a symplectomorphism of
Flx1,...,Zn,p1,--.,0n] with unit Jacobian. Then there exists a sequence {7} C TAut P,(F) of tame
symplectomorphisms converging to o in formal power series topology.

Theorem 1.2.18. Let F = C and let o : P,(C) — P,(C) be a symplectomorphism over complex
numbers. Then there exists a sequence

1/}1’ 1/}27 ctt ¢k7

of tame automorphisms of the n-th Weyl algebra W,,(C), such that their images o) in Aut P, (C)
converge to o.

We are mainly interested in the last theorem. As we shall see, sequences of tame sym-
plectomorphisms lifted to automorphisms of Weyl algebra (either by means of the isomorphism
of [41], or explicitly through deformation quantization P,(C) — P, (C)[[h]]) are such that their
limits may be thought of as power series in Weyl algebra generators. If we could establish
that those power series were actually polynomials, then the Dixmier Conjecture would imply the
Kontsevich Conjecture (with Q replaced by C). Conversely, approximation by tame automorphisms
provides a possible means to attack the Dixmier Conjecture (and, correspondingly, the Jacobian Con-
jecture).

1.2.7. Holonomic D-modules and Lagrangian submanifolds. The following general Conjec-
ture holds ( [41], see also [129]).

Conjecture 1.2.19. Let X be a smooth variety. There is a one-to-one correspondence between
(irreducible) holonomic D(X)-modules and Lagrangian subvarieties 7% X of the corresponding dimen-
sion.

Kontsevich [129] introduces the general definition of the holonomic D-module as follows. Let X be
a smooth affine algebraic variety of dimension n over the field K. Consider the K-algebra D(X) of
differential operators, the algebra of operators, acting on the ring O(X) generated by functions and
K-derivations:

f = gfa f = é-(f)7 g€ O(X)7 f € F(X7TX/SpeCK)'
The natural filtration is defined on the algebra

D(X) = Up=0D<i(X),

with respect to the order of operators, the associated graded algebra is naturally isomorphic to the
algebra of functions on the cotangent bundle T*X. Let M be a finitely generated module over D(X),
and V be a finite-dimensional subspace of elements generating M. It induces a filtration

Mgk = 'ng(X)V CcCM, £>0,

such that the associated graded module gr(M) is finitely generated over O(T*X). It is known (this
result belongs to O. Gabber, see [129]) that its support

supp(gr(M)) C T*X

is a coisotropic variety. In particular, the dimension of any of its irreducible components is not less
than n. The support is independent of the choice of the subspace V' (and is denoted in the original
article [129] as supp(M)).

A finitely generated module M is said to be holonomic if, by definition, the dimension of its support
is n.

Conjecture 1.2.19 (which can also be called the Kontsevich Conjecture) generalizes Conjecture 1.2.5,
as well as Conjectures 5 and 6 of [41] in the context of the lifting of symplectomorphisms. Namely, with
any symplectomorphism one may naturally associate a Lagrangian subvariety (namely, its graph). On
the other hand, holonomic D-modules correspond to autoequivalences of Weyl algebra, from which in
principle (taking into account Conjecture 5 of [41]) one can get a correspondence with automorphisms.
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In this connection, the necessity to study the holonomic D-modules is a natural consequence. The
problems of lifting of polynomial symplectomorphisms in the case of low dimensions, namely, for
n = 1, which corresponds to the well-known case of the Kontsevich Conjecture, has become the prime
candidate for testing these new deep insights. Some progress in this direction has been achieved
in [40] by Kanel-Belov and Elishev. The general case of arbitrary dimension was investigated by
Kontsevich in [129] (see also [54]). Significant results on Conjecture 1.2.19 were obtained (according
to our understanding) by Dodd [76].

Namely, Dodd devised the proof of the following result.

Theorem 1.2.20 (C. Dodd, [76]). Let X be a smooth variety over C, L C T*X be a Lagrangian
subvariety of the cotangent space. Assume that:

(1) the projection w: L — X is a dominant mapping;

(2) the first singular homology group H{""(L,7Z) is trivial;

(3) there ewists a smooth projective compactification L of the variety L with trivial (0,2)-Hodge
cohomology.

Then there exists a unique irreducible holonomic D(X)-module M with constant arithmetic support®,
equal to L, with multiplicity 1.

This theorem partially solves the problem of finding sufficient conditions for the correspondence
between holonomic modules and Lagrangian varieties as formulated in Conjecture 1.2.19. Dodd also
notes that in the case when X = A" is an affine space, condition 2 of Theorem 1.2.20 can be dropped.
In this connection, there is the following corollary:

Corollary 1.2.21 (C. Dodd, [76]). Let L C T*A™ be a smooth Lagrangian subvariety satisfying
conditions 2 and 3 of Theorem 1.2.20. Then there exists a unique irreducible holonomic D(A™)-
module M whose arithmetic support is L, with multiplicity 1.

This result is closely related to the construction studied in [40].

As Dodd notes, Theorem 1.2.20 and Corollary 1.2.21 allow us to give a description of the Picard
group Pic(W,, ¢) of the Weyl algebra. Recall that the Picard group of an associative algebra is defined
as a group of classes (modulo isomorphism) of invertible bimodules over a given algebra, with a group
operation given by the tensor product of modules.

Consider polynomial symplectomorphisms of the variety T*A™. It is easy to show that the graph
of any symplectomorphism ¢ is a Lagrangian subvariety of L¥ in T*A?™, isomorphic to A?™ and,
therefore, satisfies cohomological conditions of Theorem 1.2.20. Applying Corollary 1.2.21, we obtain
(uniquely identified) D(A?*™) ~ D(A™) ® D(A™)°-module M¥ corresponding to L¥. One can check
[76] that the inverse symplectomorphism ¢~! in such a construction corresponds to inverse bimodule.

From these considerations, Dodd obtains the following result.

Theorem 1.2.22 (C. Dodd, [76]). There is an isomorphism of groups (over C)
Pic(D(A™)) ~ Sympl(T*A™),
where Sympl(T*A™) denotes the group of polynomial symplectomorphisms (this group is a geometric

analogue of the group Aut P, c).

In the case m = 1, it is known (Dixmier, [75]) that Pic(D(A!)) = Aut(D(A!)),and the algebra D(A!)
is isomorphic to the first Weyl algebra W; ¢. This means that we are in the situation of Conjecture
1.2.5 for m = 1.

1.2.8. Tame automorphisms and the Quantization Conjectures. Dodd’s constructions are
deep in content and, apparently, prove the Kontsevich Conjecture on the correspondence between
Lagrangian varieties and holonomic modules (more precisely, its essential part). On the other hand,
starting from Theorem 1.2.22 we cannot immediately arrive at the general case of Conjecture 1.2.5.

!For the definition of arithmetic support, see [129].
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The proof of Conjecture 1 of [41] requires a solution to the lifting problem of symplectomorphisms to
automorphisms of the corresponding Weyl algebra.
One of the main results of [41] was the proof of the following homomorphism properties

¢ : Aut Wn,(C — Aut Pn,(C

constructed in [41] and [191]. First, let ¢ be an automorphism of the polynomial algebra F[x1, ..., z,].
We call ¢ elementary if it has the form

Y= (3’:1, cevy Th—1, ATk + f(xh s L1y Th4ly -0 xn)7 Tht1y - -+ xn)
In particular, automorphisms given by linear substitutions of generators are elementary.

Tame automorphisms of the algebra P, r are, by definition, compositions of those tame elementary
automorphisms which preserve the Poisson bracket. Tame automorphisms of the Weyl algebra are
defined W),  similarly.

The following theorem is proved in [41].
Theorem 1.2.23 (A. Kanel-Belov and M.L. Kontsevich, [41]). The homomorphism
¢ : Aut Wne — Aut P, c

restricts to the isomorphism
¢ TAut : TAut Wy ¢ — TAut B, ¢

between subgroups of tame automorphisms.

In particular, due to the tame nature of automorphism groups of Weyl and Poisson algebras for
n = 1, the homomorphism ¢ gives an isomorphism of the Kontsevich Conjecture between Aut Wi ¢
and Aut P c.

It is not known whether all automorphisms of the Poisson and Weyl algebras are tame for n > 1,
or even stably tame (an automorphism is called stably tame if it becomes tame after adding dummy
variables and extending the action on them by means of the identity automorphism). For the algebra
of polynomials in three variables, the Nagata automorphism

(2,9,2) = (z = 2wz + y*)y — (22 + y*) 2,y + (22 + %)z, 2)
is wild (the famous result due to I.P. Shestakov and Umirbaev [181]).

Nevertheless, tame automorphisms turn out to play a significant role in the context of the Kont-
sevich Conjecture and the Jacobian Conjecture, due to the following reason. Anick [8] showed that
the set of tame automorphisms of the algebra of polynomials F[zq,...,z,] (n > 2) is dense in the
topology of formal power series in the space J of polynomial endomorphisms with nonzero constant
Jacobian. In particular, for any automorphism of a polynomial algebra there exists a sequence of
tame automorphisms converging to it in this topology; in other words, Anick’s theorem implies the
existence of approximations of automorphisms, or approzimations by tame automorphisms (and in
general, endomorphisms with nonzero constant Jacobian). In view of Anick’s theorem, the Jacobian
Conjecture can be formulated as a problem of invertibility of limits of sequences of tame automor-
phisms (this is discussed in the conclusion of [8]). This formulation of the Jacobian Conjecture can be
directly generalized to the case of a field of arbitrary characteristic, see more below as well as in [123].

Anick’s results, together with Theorem 1.2.23, suggest the idea of solving the lifting problem of
polynomial symplectomorphisms to automorphisms of the Weyl algebra (an alternative construction
to that proposed in [41]). Namely, if there is a symplectic analogue of Anick’s theorem, that is, if
there is an approximation of polynomial symplectomorphisms by tame symplectomorphisms, then,
taking a sequence of tame symplectomorphisms converging to a given point, we can take the sequence
of their pre-images under the isomorphism ¢ s, and try to prove that its limit exists and is an
automorphism of the Weyl algebra. The symplectic analogue of Anick’s theorem was proved in [117].
The application of approximation theory to the lifting problem constitutes the main idea of the proof
of Conjecture 1.2.5 in [116].



134 A. M. ELISHEV et al.

However, the direct application of the main result of [117] to the solution of the lifting problem
does not achieve the desired result, since the homomorphism ¢ does not preserve the topology of
formal power series (due to commutation relations in the Weyl algebra). In this connection, the naive
approximation approach needs some modification. It turns out that such a modification is possible
(see [116]). The nature of this modification is significant and is connected with the geometric properties
of Ind-schemes of automorphisms of the corresponding algebras. Therefore, the study of the geometry
of Ind-schemes of automorphisms is justified in the framework of the Kontsevich Conjecture.

1.2.9. Quantization of classical algebras. As already noted, the approach to the Jacobian Con-
jecture, using techniques from the theory of deformation quantization, namely, the approach based
on stable equivalence between the Jacobian Conjecture and the Dixmier Conjecture as well as, to a
somewhat lesser extent, the Kontsevich Conjecture, is currently one of the more promising approaches
to finding a possible solution to the Jacobian Conjecture. However, as in questions of the geometric
theory of Ind-schemes and infinite-dimensional algebraic groups, the issues arising in connection with
the application of quantization methods, due to their nontriviality and depth, is a direction whose
value may well be comparable with the value of a possible solution to the original problem.

Analogues of JC and DC for algebras of quantum polynomials are not obvious and often do not
admit a naive transfer of formulations (for example, E. Backelin [19] wrote about the g-quantum
version of the Dixmier Conjecture). On the other hand, the well-known theorem of Umirbaev [197],
showing the validity of an analogue of the Jacobian Conjecture for free metabelian algebras, may be
considered as an argument in favor of the validity of the Jacobian Conjecture.

Significant development of algebra and non-commutative geometry of quantum polynomials has
been achieved by Artamonov [9-12,15]. In particular, he proved [12] the quantum-algebra analogue
of the Serre Conjecture (Quillen—Suslin theorem) — the result which is extremely non-trivial even in
the commutative case.

In connection with the Jacobian Conjecture, we mention the works of Dicks [73], Dicks and Lewin
[74] as well as Yagzhev [217-220]. In a sense, they can be interpreted as works consistent with
viewing the Jacobian problem as a problem related to quantization. Regarding the practical benefits
of studying relationships induced by quantization-type correspondences, there are known examples of
applications of the elements of the quantization procedure to some (previously proven by other means)
problems of general algebra. An example [120,233] is a new proof of Bergman’s centralizer theorem
77 of the free associative algebra, based on the deformation quantization procedure, which we discuss
in this work.

1.3. ToRuUS ACTIONS ON FREE ASSOCIATIVE ALGEBRAS
AND THE BIALYNICKI-BIRULA THEOREM

In the proof of the results concerning the geometry of Ind-schemes automorphisms, we use the
famous A. Bialynicki-Birula theorem [51,52] on the linearizability of regular actions of a maximal
torus on an affine space merits consists in the following.

Let K be the base field and let K* = K\{0} be the multiplicative group of the field, considered as
an algebraic K-group.

The n-dimensional algebraic K-torus is the group T,, ~ (K*)" (with obviously certain multiplica-
tion).

Definition 1.3.1. An n-dimensional algebraic K-torus is the group T, ~ (K*)" (with obvious
multiplication).

Denote by A™ the affine space of dimension n over K.

Definition 1.3.2. A (left, geometric) torus action is a morphism

o:T, x A" = A™.
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that fulfills the usual axioms (identity and compatibility):
o(l,z) =z, o(t1,0(te,z)) = o(tite, x).
The action o is effective if for every t # 1 there is an element = € A" such that o(¢,z) # x.
In [51], Bialynicki-Birula proved the following two theorems, for K algebraically closed.
Theorem 1.3.3. Any regular action of T,, on A™ has a fized point.

Theorem 1.3.4. Any effective and regular action of T,, on A™ is a representation in some coordi-
nate system.

The notion of regular action means regularity in the sense of algebraic geometry (preservation of
regular functions; Bialynicki-Birula also considered birational actions in [51]). The last theorem states
that any effective regular action of the maximal torus on an affine space is conjugate to a linear action
(representation); in other words, such an action admits linearization.

An algebraic group action on A" is the same as the corresponding action by automorphisms on the
algebra K[z1,...,z,] of coordinate functions. In other words, it is a group homomorphism

o: Ty, — AuwtK[zy,. .., x,].

An action is effective if and only if Kero = {1}.
The polynomial algebra is a quotient of the free associative algebra

Fn:K<Zla"'azn>

by the commutator ideal I (it is the two-sided ideal generated by all elements of the form fg — gf).
The definition of torus action on the free algebra is thus purely algebraic.
The following result has been established in [87,88].

Theorem 1.3.5. Suppose given an action o of the algebraic n-torus T,, on the free algebra F,,. If
o is effective, then it is linearizable.

The theory of algebraic group actions on varieties is a substantial part of the study of Ind-varieties.
Among the significant works on this subject, the reader is well advised to consult the papers of T.
Kambayashi and P. Russell [112], M. Koras and P. Russell [130], T. Asanuma [18], G. Schwartz [176]
and H. Bass [20].

The group action linearity problem asks, generally speaking, whether any action of a given algebraic
group on an affine space is linear in some suitable coordinate system (or, in other words, whether for
any such action there exists an automorphism of the affine space such that it conjugates the action
to a representation). This subject owes its existence largely to the classical work of A. Bialynicki-
Birula [51], who considered regular (i.e. by polynomial mappings) actions of the n-dimensional torus
on the affine space A™ (over algebraically closed ground field) and proved that any faithful action is
conjugate to a representation (or, as we sometimes say, linearizable). The result of Biatynicki-Birula
had motivated the study of various analogous instances, such as those that deal with actions of tori of
dimension smaller than that of the affine space, or, alternatively, linearity conjectures that arise when
the torus is replaced by a different sort of algebraic group. In particular, Biatynicki-Birula himself [52]
had proved that any effective action of (n—1)-dimensional torus on A" is linearizable, and for a while it
was believed [112] that the same was true for arbitrary torus and affine space dimensions. Eventually,

however, the negation of this generalized linearity conjecture was established, with counter-examples
due to Asanuma [18].

More recently, the linearity of effective torus actions has become a stepping stone in the study of
geometry of automorphism groups. In the paper [123], the following result was obtained.

Theorem 1.3.6. Let K be algebraically closed, and let n > 3. Then any Ind-variety automorphism
O of the Ind-group Aut(K[x1,...,x,]) is inner.
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The notions of Ind-variety (or Ind-group in this context) and Ind-variety morphism were introduced
by Shafarevich [177]: an Ind-variety is the direct limit of a system whose morphisms are closed
embeddings. Automorphism groups of algebras with polynomial identities, such as the (commutative)
polynomial algebra and the free associative algebra, are archetypal examples; the corresponding direct
systems of varieties consist of sets AutS" of automorphisms of total degree less or equal to a fixed
number, with the degree induced by the grading. The morphisms are inclusion maps which are
obviously closed embeddings.

Theorem 1.3.6 is proved by means of tame approximation (stemming from the main result of [8]),
with the following Proposition, originally due to E. Rips, constituting one of the key results.

Proposition 1.3.7. Let K be algebraically closed and n > 3 as above, and suppose that ® preserves
the standard mazimal torus action on the commutative polynomial algebra'. Then ® preserves all tame
automorphisms.

The proof relies on the Bialynicki-Birula theorem on the maximal torus action. In a similar fashion,
the paper [123] examines the Ind-group Aut K(zq,...,z,) of automorphisms of the free associative
algebra K(z1,...,x,) in n variables, and establishes results completely analogous to Theorem 1.3.6
and Proposition 1.3.7. 2 In accordance with that, the free associative analogue of the Bialynicki-Birula
theorem was required.

Such an analogue is indeed valid, and we have established it in our notes [87,88] on the subject.
We will provide the proof of this result in the sequel.

Given the existence of a free algebra version of the Bialynicki-Birula theorem, one may inquire
whether various other instances of the linearity problem (such as the Bialynicki-Birula theorem on
the action of the (n — 1)-dimensional torus on Klz1,...,z,]) can be studied. As it turns out, direct
adaptation of proof techniques from the commutative realm is sometimes possible. There are certain
limitations, however. For instance, Bialynicki-Birula’s proof [52] of linearity of (n — 1)-dimensional
torus actions uses commutativity in an essential way. Nevertheless, a neat workaround of that hurdle
can be performed when n = 2, as we show in this note. Also, a special class of torus actions (positive-
root actions) turns out to be linearizable. Finally, some of the proof techniques developed by Asanuma
[18] admit free associative analogues; this will allow us to prove the existence of non-linearizable torus
actions in positive characteristic, in complete analogy with Asanuma’s work.
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M. B. JloMoHocoOBa)

Kopnycos Makcum Onerosuy,
0.¢.-M.-H., npodeccop

(MTY uMm. M. B. JllomoHocoBa)

Macnos BukTop lMaBnosuy,
akapeMuk PAH, npodeccop

(HUY «Bbicluas wKona aKOHOMUKU»)
Opnos OmMutpun Onerosuy,
akapeMuk PAH, a.¢.-M.-H., npodeccop
(MUPAH umM. B. A. CteknoBa)

MeHTyc MaTu PeitHoBMUY,

0.¢.-M.-H., npodeccop

(MTY uMm. M. B. JllomoHocoBa)

MNonos Bnapumnp JleoHnposuy,
un.-kopp. PAH, p.d.-M.-H., npodeccop
(MUPAH umM. B. A. Cteknosa,

HNY «Bbicliasg WwWKona sKOHOMUKMU»)
CapblueB AHppen BacunbeBuy,
0.¢.-M.-H., npodeccop

(YHuBepcutet ®nopeHuumn)

CtenaHoe Cepreu EBreHbeBuy,
0.¢.-M.-H., npoceccop (PuHaHCOBLIN
yHusepcutet npu MNpasutenbctee PO,
BUHUTU PAH)

LWamonuH Makcum Bnagummnposuy,
0.¢.-M.-H., npodeccop

(MTY uMm. M. B. llomoHocoBa)

PEOAKLMOHHbIN COBET
cepumn «CoBpeMeHHaa MaTeMaTMKa M e€ nNpunoxeHus. Tematuyeckme o063opbi»

Arpauyés AHppen AnekcaHapoBuy
Ak6apoe Cepreu CangMysacdaposuy
Kpyroesa EneHa [MaBnoBHa
OBYMHHMKOB Anekcen Butanbesuy

MNonos Bnagumup JleoHnpoBuu
CtenaHoe Cepreu EBreHbeBuy
LWamonuH Makcum Bnagumuposuy
HOnpawes TypcyH KaMmanguHoBuu
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